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Stochastic Equations for Nonequilibrium Processes*t 


P. M. Martuews,{ I. I. Suaprro, ann D. L. Fatxorr§ 
Department of Physics, Brandeis University, Waltham, Massachusetis 


(Received August 3, 1959) 


A system of weakly interacting particles is described by a time- 
dependent joint probability distribution in the occupation 
numbers of the individual particle states. The “master” equation 
for the distribution is obtained by considering the time evolution 
of the system as a Markoff process with transition probabilities 
per unit time given by first-order quantum mechanical pertur- 
bation theory. This is done for particles obeying classical and 
quantum statistics. The resulting equations include the usual rate 
equations for the average occupation numbers as special cases; 
but they also yield all higher moments and correlations in the 
occupation numbers. The general solution and its properties are 


I. INTRODUCTION 


BASIC problem of theoretical physics is that of 
describing the approach to equilibrium, from an 
arbitrary initial state, of a system composed of a large 
number of interacting particles. Ever since the classic 
work of Boltzmann, it has been recognized' that 
statistical, as well as dynamical, considerations must 
play an important role in describing the change in time 
of such systems. In this paper we shall characterize the 
state of the whole system at any time by a joint 
probability distribution (JPD), P(m,---,#;,---; 0), for 
the occupation numbers, m,, of the individual particle 
states, i. Further, assuming that the change of state 
of the system may be described as a Markoff stochastic 
process, we shall obtain the “master equation’” ap- 
* A preliminary account of this work was given in Bull. Am 
Phys. Soc. 4, 15 (1959) 

+ This research was supported by the Office of Naval Research, 
the Air Force Cambridge Research Center, and the National 
Science Foundation. 

t Present address: Department 
Madras, Madras 25, India 

§ Now on leave'at CERN, Geneva, Switzerland. 

1P. Ehrenfest and T. Ehrenfest, Encyclopaedie der Math 
Wissenschaften, Vol. IV, pt. 32, 1911. 

2 This terminology is due to G. E. Uhlenbeck. It refers to the 
differential equation governing the time dependence of the JPD 
of the occupation numbers for a Markoff process. See, for example, 
G. E. Uhlenbeck, Higgins Lectures, Princeton University, 1954 
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discussed for the case in which a relaxing subsystem interacts via 
binary collisions with a larger system having a fixed but not 
necessarily thermal distribution. The explicit solution for the 
joint distribution in occupation numbers for all time is con- 
structed for the case of identical harmonic oscillators which have 
an arbitrary initial distribution. These interact via binary col- 
lisions with a reservoir of similar oscillators, the coupling being 
linear in each oscillator coordinate. This model is also generalized 
and solved for a case in which the number of interacting particles 
is not conserved. 


propriate to such a process for the systems under 
consideration. The transition probabilities per unit time 
are taken from first-order quantum mechanical pertur- 
bation theory. 

This procedure leaves open the question of how far 
such probabilistic equations are derivable from the 
exact quantum dynamical equations of motion. Implicit 
in our approach is the assumption (which has been 
used, for example, by Pauli’ in his derivation of the 
H-theorem) that the occupation numbers remain good 
quantum numbers for all time. Since the occupation 
numbers correspond to diagonal elements of a density 
matrix, it is not obvious why, during the course of time, 
nondiagonal matrix elements should not become equally 
important. Pauli eliminated them by invoking random 
phase averages at all times. Considerable progress 
has been made recently in clarifying this situation, 
mainly through the work of Van Hove,‘ Brout,® and 
Prigogine* which provides both a critique of and a 
justification for the use of a master equation. In 
particular, Van Hove has succeeded in deriving the 


*W. Pauli, Festschrift cum 60 Gebtirtstag A. Sommerfeds (S. 
Hirzel, Leipzig, 1928), p. 30 

‘L. Van Hove, Physica 21, 517 (1955); 23, 441 (1957). 

'*R. Brout, Physica 22, 509 (1956) 

* I. Prigogine and co-workers in numerous papers in Physica 
23, 24, and 25 (1957-1959) 
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master equation, under certain conditions, as a valid 
first approximation from the quantum mechanical 
equations of motion for a system of a large number of 
weakly interacting particles. 

The understanding of the approach to equilibrium 
described by using the master equation has been 
greatly aided by the rapid development of the theory 
of stochastic On the one hand, general 
proved establish such 


processes 7 


theorems have been which 


relevant results as the existence, for a wide class of 
processes, of a unique stationary distribution to which 
a system will relax irrespective of its initial distribution. 
On the other hand, exact treatments of various special 


cases, 1.e., models, have been given which have provided 
greater physical insight into the statistical behavior of 
systems approaching equilibrium. Indeed, although the 
instructiveness of such models has long been ap- 
preciated,” it is only in recent years that even the 
simpler schematic the Ehrenfests’ 
“dog-flea” = and “wind-tree’’ models) have 
treated adequately."*"5 

This paper is a contribution in the latter direction, 
namely, that of delving more deeply into the conse- 
quences of the probabilistic formulation of relaxation 
phenomena. In Sec. 


models (such as 


been 


II, we set up master equations for 
the JPD (joint probability distribution) in the occupa- 
tion numbers for the cases in which the interacting 
particles obey classical or quantum statistics.'® Then in 
Sec ° III, we exhibit some ge neral consequent es of these 
when the interacting 


equations particles 


considered to consist of two sets, one of which (the 


may be 


relaxing set) is free to change its distribution, while the 
other (the reservoir set) has its distribution maintained 
constant in time by some external agency. 

In Sec 


physical situation: the 


IV, a complete solution is given for a special 
relaxation of an arbitrarily 


excited gas of harmonic oscillators interacting via 


binary collisions with a (not necessarily thermal) 


reservoir of similar oscillators. Although this process is 
™M. C 
323 (1945) 


*S. Chandresekhar 


*M. Kac, 


Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 
Revs. Modern Phys. 15, 1 (1943 
Probability and Related Topics in Physical Sciences 
(Interscience Publishers, New York, 1959) 

od | bE Moyal, J Roy. Stat. Soc. B11, 150 (1949) 

" References 6-10 are concerned mainly with physical appli 
cations. More mathematical treatments are given in the books 
W. Feller, Jntroduction to Probability Theory (John Wiley & Sons, 
Inc., New York, 1957); M.S. Bartlett, Introduction to Stochastic 
Processes (Cambridge University Press, New York, 1955); J. S 
Doob, Sto hasti Pro« eSSE John Wiley & sons, Inc > New York, 
1953 

2 P. Ehrenfest and T. Ehrenfest, Physik. Z. 8, 311 

3M. v. Smoluchowski, Physik. Z. 17, 557 (1916 

4M. Kac, Am. Math. Monthly 54, 369 (1947) 

18 A. J. F. Siegert, Phys. Rev. 76, 1708 (1949) 

‘6 This formulation of the relaxation problem is due to Siegert 
and Moyal (references 15 and 10), who, however, were primarily 
concerned with the method rather than with obtaining explicit 
solutions for specific models. Their work is noteworthy in giving 
the Boltzmann Stosszahlansatz a proper probabilistic formulation 
for both classical and quantum statistics; our work is a direct 
continuation of theirs 
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of considerable interest in the study of collisional and 


radiative relaxation of vibrationally excited gases 
has been treated in this connection by Shuler,'’ 
Montroll,'* and Rubin,”* we shall concerned 
with it solely as a model for which one can exhibit in 
detail the occupation number JPD which describes the 
approach to equilibrium 

Finally, in Sec. V, 
solved in which the number of relaxing oscillators is 


, and 


he re be 


a generalization of this model is 


no longer kept constant, thus allowing for the possibility 
of formation and dissociation of diAtomic molecules. 
The essential point in our development which makes 


possible a more complete statistical 


description of 
relaxation phenomena than that given by the con- 
ventional rate equations” is this: the latter are equations 
for the average occupation numbers, fi 
n,; are random variables and we determine their joint 
distribution P(m,,mo,---;1) as a 
obtaining the master equation governing this JPD, 


However, the 


function of time. In 


} 


the same quantum mechanical 
are used as in obtaining the usual rate equations. These 


transition probabilities 


latter, of course, follow from our master equation by 
suitable averaging. But from our JPD, P(m,,me,---; 0), 


’ 


we can obtain in addition all higher moments, e.g., 


correlations, (n,n; and fluctuations, ((m;—7,)*)sy, 


avy 


in the occupation numbers for all time. 


Il. MASTER EQUATION FOR THE PROBABILITY 
DISTRIBUTION AND ITS GENERATING 
FUNCTION 


A. The Master Equation 


In this section we derive the master equation for 


both classical (M. B.) and quantum (B. E. and F. D.) 
statistics and deduce from it the associated equation 
for the generating function of the JPD. 

This joint distribution, P 
satisfies 


mi:t P(n,,ne, 


Piin .§ +- 1) 


where P((m);t 


;/+dt) is the conditional proba- 
bility of finding the set of occupation numbers (| at 

7K. E. Shuler, J. Phys. Chem. 61, 849 

18 E. W. Montroll and K. E. St m. Phys 
1957 : 

%R. J. Rubin and K. E. St hys. 26, 137 

*® See references 17-19 for the rate equations 
acting harmonic oscillators iations for the average 
occupation numbers are used int kinetic treatments of entropy 
or the H-theorem. See, for ample, R. Tolman, Principles of 
Statistical Mechanics i Oxford, 1938): D 
Haar, Elements of Statistical Mechani Rinehart and (¢ 
New York, 1954), Appendix I; or Pauli 
equations are also standard in the theory of paramagnetic 
tion, e.g., N. Bloembergen, R. V ound nd E. M. Purcell 
Rev. 73, 679 (1948 

™ Because of tvp ting tatior th mbol “ a” 
used in place of a bar t ate averages of products of 
variables 


26, 454 
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ing inter 
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t. The summation 


of the occupation 


i+dt, given the set (m| at 
extends over all possible sets (m 
We restrict ourselves to 
stationary transition probabilities so that 


time 


numbers. processes with 


P((m'\;t— (n|; t+dl) 


depe nds only on the time difference df and not on t. 
Assuming that the limit exists, we define 


P((m\; t—> (n\; t4+dt)—J], 6(ny,m,) 


dl 


where 6(j,m,) is unity if m;=m, and is zero otherwise. 


We note that Q satisfies 


O((m, — (n|)20 for (m) #(n 


P((m 


> P(im (2.4b) 


If (m A(n\, then O((m) — (n|) is just the probability 
per unit time that the system undergoes in a transition 
from a state with the set of occupation numbers (m| 
to another with the set of occupation numbers (n 

The matrix elements Q((m| — (n|) differ from zero 
only when the conservation laws are satisfied. From 
(2.1) and (2.2) one gets the master equation 


OP (in|: t 


Pim ;HDQOUm)| — (n 


al 
or, IN more succinct notation, 


0(P(t)| /dt=(P(t)|Q, (2.5a 


P(t)| is a row vector with elements P((n|; ¢ 
and Q.is the matrix whose rows and 
indexed by the sets of occupation numbers (m 
n , respectively. The formal solution to (2.5a) is 


where 
columns are 


and 


Pit 


P(0)! e@*, (2.6 


P(O 
distribution, P((n 


whert is the row vector of the arbitrary initial 
; 0). This deceptively simple-looking 
formal solution is of little use in practice since it can 
entail exponentiating an infinite dimensional matrix if 
the 


equation (2.5) then represents an infinite set of ordinary 


number of states is infinite. Indeed, the master 


differential equations, one 
occupation numbers. The solution of this set of equa- 


for each possible set of 


NONEQUILIBRIUM PROCESSES 

tions for the JPD, with the integral-valued arguments 
n,, is often facilitated by transforming from P to a 
probability generating function (PGF), #, defined by 


the equation 
(2;,20,:--; L)=b(\2 


>, 2,"'2,"2- - - P((n|; t). 


Equation (2.7) determines the one-to-one correspond- 
ence between ® and P. A formal advantage of working 
with ® is that it is an analytic function in each of its 
continuous-valued arguments 2,;it is thus amenable 
to the methods of analysis rather than to those of 
algebra. In fact it will be shown below that #(/2); ¢) 
satisfies a single partial differentia! equation. One also 
readily obtains from # all of the moments of P((n|; 0) 
as well as any desired marginal distributions by noting 
that the summing of P over all values of m,, for any 4, is 
equivalent to setting z;= 1 in &. Thus, using the defini- 
tion of probability and Eq. (2.7), we find that 


he (2.8) 


and that the moments of the occupation numbers are 


given by 


(NNy-* + Ne) av 


ra) 
<p ~ (2.9) 

Az 
A marginal distribution such as, say, P(,,n2; 0) is just 
the 
of &(2),22; 1), the marginal PGF (probability generating 


set of coefficients of 2,"'z2"* in the series expansion 
function), which one gets from (2.7) by setting all 
zj= 1, except 2; and zz. 


The equation satisfied by ® follows from (2.5): 


ab 
ip A mn!) 2". (2.10) 


, t 


CO (im 


x 
On using (2.3b), this can also be written as 


mis iz : (im im 


XC IT « 
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The right-hand side of (2.10) now becomes 


~ V((m|; 


m 


z))( TT 2") P((m!| ; 0) 


20/dz (2.13) 


z))(| 2); t), 


where the derivatives act 


(We use 


this notation to eliminate the explicit dependence on 


only on &(|2); 2). 


the integral-valued occupation numbers.) Hence (2.10) 
may be written as the symbolic operator equation 
Op ( gs): i 


20/02 z))b(| 2): 2). (2.14) 


at 
This is the fundamental equation which we shall 
employ in the following sections.” 

Before proceeding further, we must specify in more 
detail the transition probability matrix Q((m| — (n/\). 
We shall assume that the changes in the state of the 
whole system take place through events in which the 
occupation numbers of several of the states i change 
simultaneously. For an event in which p particles 
disappear from states 1, t2, -, tp and gq particles 
appear in states ky, ke, «++, kg (the occupation numbers 


of all take 


the transition probability per unit time to be given 


other states remaining unchanged), we 


O(n(i;), «°° ,n(k,) — n(t,)—r(1y) 


2.16 reduces 


APTRO, 


AND FALKOFI 


by 
O(n(i;), - 
n(i;)—1, +--+, m(t, 
A(is,° ++ ,tp; Ra, we 
<[1+6n(k;) | 


+, m(t,); n(k, 


[1+6n(k, aa 


Here n(k,) is the occupation number of the state k,; 
and 6=0, +1, and —1 apply, respectively, to particles 
obeying classical (M. B.), B. E., and F. D. 
In the latter two cases the expression (2.15) 
from first order quantum mechanical perturbation 
theory™; the coefficients A (t,---,tp; Ri,--+,k,) are the 
squares of the absolute values of matrix elements of the 
interaction Hamiltonian initial 
and final states of the system. For systems, like a gas 
at low density, that described by 
the 


statistics. 


follows 


term in the between 

are adequately 
(2.15) represents 
Boltzmann Stosszahlansatz. In t p, and the 
A (t;,:++,tp; Ri,--+,Rp) can be interpreted as the 
probability per collision for the transition Ss,°° te > 


classical statistics, familiar 
his Can q 


factor 


ki,-++,kp) while the product n(i n(t,) is 


Pp 


propor- 
tional to the probability per unit time for a collision 
involving p particles i ini 

Equation (2.15) i 
States 


numbers by unity. 


in the initial states $1, 32, °° *, By. 


applicable only to transitions in 


which the involved their occupation 


However, in general, there can be 
transitions in which the occupation numbers change 
by arbitrary amounts. The 


probability per unit time i 


corresponding transition 


1) TT (n(n 


TL (Lt +6n(e,) 101 +0(n(,) +19] 


where the prime ion sign indicates that 


ummat 


in summing over all sing particl two of 


the indices 14), ly, R 7. 


States no 
hould be taken equal 


= Equations of this for re first introduced this text 
Movyal and Bartlett ces 10 and 11 


in the same term, | be counted more 


than once. To be consistent with lowest order pertur 

® See Tolma: reference 20, Sec. 100, or D. I. Blochinzev, 
Osnovt Kovant ! im te Pu g House, Mos 
1949), Sex n RK 
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bation theory, one should retain only the terms of 
lowest order in the expansion (2.17) of I’. 

It may be noted that the sum over all sets of final 
state occupation numbers appearing in the definition 
(2.11) of T is equivalent to the sum over all transitions 
of a given type [characterized by fixed values of 9, q, 
r(i;), r(t2), , r(ip), r(ky), r(Re), «++, r(k,) }—i.e., the 
sum over states in (2.17)—followed by a sum over all 
types of transitions. 

Substitution of (2.17) tmee (2.14) now yields the 


feat 
— 1 5s 
— = ie 
al ‘7k 


FOR NONEQI 


A ijt! (242:—2,2;) [0,0 ;(14+-62,0,) ( 1 +62,0,) }b+ 


ILIBRIUM PROCESSES 
partial differential equation for @ equivalent to the 
master equation (2.5) for P. 

In the sequel we will be concerned with the simple 
case in which interactions between particles occur 
exclusively through binary collisions. Then only four 
types of terms survive in (2.17), namely those for which 


{{q=2, r(ki)=r(ks)=1] 
| or [g=1, r(k)= 2]. 


[p=2, r(is)=r(is)=1] 
or [p=1, r(i;)=2] 


and 


The resulting equation for # is 


BS Age (24t1—2,2)[0,2(14+02404) (1+02,0,) }P 


i 


+3 Yo Ayj** (2,2 —2,2;)[0,0 ;(1+02,0,)(14+6(2.d,4+1)) 
‘4.8 


+> Aj,**(2,2—2,7)[02(1+62,0,)(1+0(2.0,+1)) #=P: 


i,k 


where 0;=0/dz; and A,;*'=A(i,j; k,l). The factors 
} and 4 compensate for multiple counting of identical 
events. (In this equation and in the sequel, if any pair 
of summation indices are equal in a given term, then 
this term is excluded.) 

In the case of a gas, if the individual particle states 
of definite momentum (and energy) are labelled by 
i, j, -, then the coefficients A,;*' vanish whenever 
i=j or k=l, by energy-momentum conservation, so 
that the last three terms in (2.18) drop out, reducing 
the equation to 


+ 2 
kl 


A «j**(2421—2,2;) 


X [0,0 ;(1+02,0,) (1+62,0,) }e. (2.19) 
This is the form considered by Moyal'® and by 
Siegert'® (with 6=0). However there are systems for 
which this simplification is not applicable. For example, 
in a gas of diatomic molecules whose vibrational states 
are labelled by i, j, ---, it is possible for two molecules 
which are initially in the same vibrational state to 
transfer energy during a collision and go to different 
final states so that (2.18) rather than (2.19) is required. 
No general solution is known for Eq. (2.18) or 
(2.19). Siegert'® has obtained a solution of (2.19) for a 
2-state system for all time. Moyal’ has obtained a 
time-independent solution to (2.19) by assuming 
statistical independence of the occupation numbers of 
the various states. His solution corresponds to the 
grand canonical ensemble equilibrium distribution 

with the average occupation numbers #; given by 
fAis/ (1+0n,;) = CaF, (2.20) 


where ¢, is the energy of a particle in state i, and C is a 
normalization constant. [As usual, B= (kT)~'. ] 


20/dz';|2))®, (2.18) 


In Sec. III we shall specialize Eq. (2.19) still further 
so as to be able to exhibit a solution for all time for the 
harmonic oscillator problem of references 17-19. 


B. Rate Equations 


By taking suitable derivatives of the PGF equation 
(2.18) or (2.19), and then setting all the 2’s equal to 
unity according to (2.9), one can obtain rate equations 
for the various moments of the occupation numbers. In 
particular, the equation one gets for the rate of change 
of the averages, 7,;, is not the rate equation commonly 
used in transport theory™ or in discussions of the H- 
theorem.? To exhibit the essential difference, and the 
additional assumptions necessary for the conventional 
equations to be valid, we write down first the rate 
equation one gets from (2.19) for the M.B. 
(@=0)5: 


case 


dri, 


Axi**(myMi)ov |}. (2.21) 


This equation relates the time variation of fm, to the 
time-dependent correlations (n;)sv. Similarly the rate 
of change of the latter depends on (ngtmx)ay, etc. 
Hence, we obtain a hierarchy of interconnected equa- 
tions. Only with the additional assumption 


(NN j)ay=nMN; 


(2.22) 


does Eq. (2.21) reduce to the form of the (nonlinear) 
Boltzmann equation appropriate for the case of a 
spatially homogeneous gas with no external forces. 

SE. A 
1933) 

#5 See also Siegert, reference 15, Appendix II 


Uehling and G. E. Uhlenbeck, Phys. Rev. 43, 552 
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2.21) for 
obtained from (2.19): 


The corresponding ‘ juation to 
bk partic les is read 


*} % i { 
2 LAss On, )(1+6n, 


1+0n,;)(1+0n 23) 


Thi equation wl ilso not reduce to the Boltzmann 


with the modified Stosszahlansatz (used in the 


transport 


form 


theory of degenerate quantum  gases**) 


unless one makes the additional assumption**® 


nn ;(1+On,)(1+6n, nn, (1+-On,) (14+ 67)) 24) 
Ill. SYSTEMS IN INTERACTION WITH 


A RESERVOIR 
A. General Properties 


Let us suppose that the interacting part les of a 


ystem can be divided into two sets (subsystems): a 
set. As that 
are all of the same kind, although 
arily consist of the same kind 
same statistics. 


relaxing set and a reservoir ume within 
each set the particl 
the two sets do not nece: 
However, we 
require that the energy level spacings of the particles 


o that 


of particles or have the 


in the two subsystems be compatible energy 
exchange 1 po ible 

lhe number of particles in the reservoir set is, by 
definition, very large compared to that in the relaxing 
ystem. Consequently, in studying the change in the 
relaxing sct 
of this set and 
need be considered, the effect of 


Interaction within the 


occupation number distribution of the 


only the interaction between parti les 


those of the reservoir 


relaxing set being negligible 
in comparison. On the other hand, the occupation 


number distribution of the reservoir set is assumed to 


be unaffected by its interaction with the relaxing set, 


and its time dependence may be prescribed arbitrarily. 


Such a decomposition is appropriate for many 


| 


physical sy Some examples are 


i) a “R: consisting of a dilute mixture 


of low ma at relaxing set) with an arbitrary 


initial velocity ibution and a homogeneous spatial 


" 
] 
i 


distribution within a vessel of much heavier atoms 


reservoir) which are in thermal equilibrium ; 


ii) a gas of identical diatomic molecules (reservoir), 
] 


a small fraction of which (relaxing has been 


set ) 


excited to various vibrational states by a _ transient 


source of radiation 
with excited 


lll) a state 


the 


paramagneti 
populations relaxin; 
lattice vibrations or phonons (r¢ 

Ii should be 


thermal, i.e., it 


Spin 

which are coupled to 

ervoir 

noted that the re servoir need not be 

need not have an occupation number 

76 That this additior 

applying 2.15 

23, p. 474 
Lord Rayleigh, S 

Press, New York, 1903 


has also | uinzev, reference 


versity 


APTRO, 


AND 
distribution corresponding ome det e temperature 
In fact, the reservoir need even be stationary or 
example, in (ili) the energy difference 
hv are coupled 


to phor nose 


popu 
the 


of the lattice 


lation could be made noma iter than 


average appropriate ior 
bath) by pumping witl generator at the 
resonance freque ney } Che phonon distribution wou d 


then be neither thermal nor stationary 


VU aster | Jualion 


We shall derive the mast juation tor the 
relaxing system. We first note that ther 


System 


now 
are now two 


sets of occupation numbers, one for the relaxing system 


and the other for tne rve We denote these by 
n| and (n’|, respective d PGF of 
their JPD by ® , | ming bu collisions 


between particle 
ab 


al 


(The right Sl may 
effect of 
reservoir.) 


any exter 
Th 
is appropriate whel 
three 


ope rat 


terms in 
collisions within 
the 
relaxing system 
of these 
the beginning of 


reservoir, and 


can be Igno 
assumption of stat 
reservoir and the relax 
d 


where ®x and ®, are t! 
system and for tl 
2’ 1) in (3.1 


second term va! 


he relaxing 


Setting 


equation for 4 


He nce, 
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We have dropped the subscript S on since all future 
PGF’s will refer to the relaxing system.) Equation (3.5) 
shows that only the means and correlations of the 
reservoir occupation numbers affect the relaxing system 
when the interaction is via binary collisions. 

The form of the master equation for the PGF of 
the relaxing system as given by (3.4) is quite general 
the statistical independence 
assumption): This form applies whatever the mecha- 


subject, however, to 
nism of interaction between partic les, as long as only one 
relaxing particle is involved in a collision. The specific 
form of interaction, e.g., 
the explicit structure of the a; 


binary collisions, affects only 
od 

In a similar way one could obtain the master equation 
for the change with time of the reservoir PGF by 
1) in (3.1). However, we shall assume that 
the reservoir distribution is stationary. This can be 
physically to a very good approximation 
whenever (a) the number of reservoir particles is very 


setting 
realize d 


much greater than those of the relaxing set, and (b) in 
the case of a stationary, but not thermal equilibrium 
distribution, the coupling of reservoir particles to the 
external agency is much stronger than their interaction 
with each other. 

One can give a simple proof of, and thereby gain 
insight into, a general property of the a,;* when the 
reservoir is thermal. /f the reservoir is in thermal equi- 
librium corresponding lo 1/(Bk) and 
if its particles are 


a temperature T 
i) M. B. with ni,’ =Ce-**", or 

(i) F.D. or B.E. 
numbers : 


with uncorrelated occupation 


(1+0'n; ) 


= 
Nn; ev 

then 

3.6) 


a,;*=a,' exp[ B(e:— ex) 


) 
Proof: 


for (ii 


Since the proof for (i) is a spec ial case of that 


), consider case (ii). We can write (3.5) as 


1+-4'n,' 


1+0';’) | A+6'n/')/ny' )) 


IL 
ni (1+6'N;'). 


the brackets is 
exp8(e;—e;) and, hence, depends only on the energy 
transfer and 
colliding particles 
in the 


In virtue of (ii factor in curly 


not on the individual energies of the 
Sut from the conservation of energy 
> (kl), it follows that 
quantity in brackets is in- 


therefore be factored 


transition (7,7) 
the 


dependent of 7 and 1. It 


€j—- € 
€; €k; 1.€., square 
may 
outside the sum so that 


= ~ , a 
a;*=[expB(e;— « |}> Ayn, 1+, 


— 


i,t 


[exps(e; > Agen (14+-0n/ 


Ay" EXP €g— € 
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A,;*! 
1,,"7, has been assumed. The basic property (3.6) 
of the a,* is quite general. The validity of the proof 
is not restricted by the assumption of binary collisions ; 
and, in fact, a completely analogous proof can be given 
which includes all higher order collisions as well as the 
possibility of emission and absorption.”* 


In the second step microscopic reversibility, 


2. Rate /quations 


Rate equations for the relaxing system are easily 
obtained from (3.4) by using (2.9). Thus for the mean 


values of the occupation numbers one gets 


di,/dt=>° {as*[i:+-Onane)av | 


Gx ip t+O(ngny)ay |}. (3.7) 


his set of equations is only a partial characterization 

of the relaxation; additional equations are required to 
determine (nt,(t))ay. If the occupation numbers are 
uncorrelated the set of equations (3.7) is closed but 
nonlinear. However, if the relaxing system consists of 
M. B. particles, (3.7 
di,/dt=>- 


—_) 


reduces to 


a,‘n,.)=>- 


(a,*n; 2 i Aceh, (3.8) 


where 
(3.9) 


6,;* is the Kronecker delta.) 
This is a system of linear differential equations with 
the formal solution 


n(L) (n(O), T(t), (3.10) 


where 7,(t), k=O, 1, 2, , are the components of the 
vector (7;(t)|, and the square matrix 7(é) is that 
solution of the matrix equation 


row 


dT/di=TA, (3.11) 


which satisfies the initial condition 
5 (3.12) 


When A is finite dimensional there exists a unique 
matrix 7(t) which satisfies (3.11) and (3.12), namely 


T (t)=e** (3.13) 


When A is an infinite dimensional matrix, there are 
in which there can be more than one solution 
T(t) satisfying (3.11) and (3.12). We shall assume that 
for any A of physical interest the matrix 7(t) defined 


cases? 


2* Although the propert 3.6) is well known, the usual proofs 
entail more restrictive assumptions. See, for example, M. J 
Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954); C. Kittel, 
Elementary Statistical Physics (John Wiley & Sons, Inc., New 
York, 1958), Sec. 39; J. H. Van Vleck, Suppl. Nuovo cimento 
6, 1081 (1957). Our proof is a generalization of one given by R. T 
Revs. Modern Phys. 22, 238 (1950). Cox adopts the point 
f view of Gibbs in that he takes the index i to refer to the state 
of a whole than to an individual 
rticle state as we do (following Boltzmann). The relation of the 
3.6) which he wo states ¢ and j of sub 

stems ol a canonica 

™ See Appendix I ar 


( ox 


macroscopic system rather 


optains apphes to t 
ensemble 
cited there. 


] the references 
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by (3.11) and 
representation 


(3.12) is unique and has a unique spectral 


T()=Xn | x(k) )Xy(b)I, (3.14) 


where Ax, k=O, 
la(k)) and (y(k) 


row eigenvector 


a are eigenvalues of A, and 

are the corresponding column and 
which satisfy the completeness and 
orthogonality relations 


Le! x(k))dy(R) (3.15) 
and 


y(k) | x(1) (3.16) 


where 7 is the unit matrix. 

Explicit determination of the eigenvalues A, and the 
eigenvectors |x(k)) and (y(k)| is usually not simple. 
However, for the case of interacting harmonic oscil- 
lators, considered in the next section, Montroll and 
Shuler'® obtained the solution to (3.8) by a generating 
function method. We shall extract from this solution 
the eigenvalues and eigenvectors appropriate to that 
problem. (See Appendix IT.) 


B. General Solution for M.B. Particles 


We now turn to the problem of exhibiting an explicit 
solution to Eq. (3.4). When @= 1, corresponding to 
F.D. and B.E. particles, Eq. (3.4) is a second order 
partial differential equation which we have been unable 
to solve. However, for @=0, the case of classical M.B. 
particles, the equation reduces to 

Op OP 


2;) 
al i,k 02; i,k 


which, being a first order partial differential equation, 
can be solved by the method of characteristics.” The 
differential equations for the characteristics are 


dt dz./>;Asgzj, 1=0, 1,2 


ya? i 


(3.18) 
or, in matrix form, 


d|z)/dt (3.19) 


The solution of this equation is 
T'(t)|z)=constant vector. (3.20) 


Changing the independent variables in (3.17) to ¢ and 
|n) where 


n)=T(t)|s), (3.21) 


we may write the solution for @(|z);¢) of (3.17) as 


where f is an arbitrary function of the |) which, 
however, is uniquely determinable once the initial 
conditions are specified. These conditions may, for 
Courant and D. Hilbert, Methoden der 


Verlag Julius Springer, Berlin, 1927), 
Bll, 211 (1949) 


® See, for example, R 
Vathematischen Physik 
Vol. IL. Also, M. S. Bartlett, J. Roy. Stat. So 
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example, be the number of particles m/’ in each state 7 
at t=0. More generally we shall suppose that P((n| ; 0) 
at ‘=0 is given.” Thus let 

®('z): 0)=%o('\2z)) 


(3.22) 


be the initial PGF. Then from (3.20 
have 


and (3.21), we 


and hence, 


) Py ( ")) 
(7 (t)|2)). (3.23) 
Equations (3.23) and (3.10) show that the time 

dependent behavior of both the JPD of the occupation 

numbers and the mean values of the occupation 
numbers is determined by the same matrix T(t)=e**, 

In particular, it follows that if one knows the mean 

values of the occupation numbers #,(¢) for all time and 

for an arbitrary set of initial values, then this is suffi- 
cient to determine P((n|; 7?) and, hence, all 
moments (n?(t))a,, wv, etc., for all time. 


higher 
(nn j(l 


1. The Stationary Solution 


now consider the time in- 


(3.17). In particular, 


We stationary, 1.€., 
dependent, solutions of (3.8) and 


we show how to construct the solution of one from that 
of the other. First we list several known properties™ of 


the stochastic matrix 7'(/) 


(i) T,,;()20; 

(ii) >>; 7;()=1; 

(iii) The limit, T(« exists, Or equiva- 
lently, there is at least one A, equal to zero in the 
spectral representation (3.14). All the nonzero \, have 
negative real parts. [That A has in fact at least one 
zero eigenvalue, say Xo, follows from >-; Aj; 
implies that the column vector |x(0) 
ponents equal: 


11M poe Z 


0 which 


with all com- 


r,(U0 1, 1 8 . (3.24) 


is a right eigenvector belonging to \»=0. 

We shall assume, in addition: 

(iv) The relaxing system is ergodic, i.e., that for 
every pair of states 1, k there exists a sequence of states 
dy 42 ts Se such that AsjiAsije- ++ Aspe is 
(Physically, ergodicity means that every 
accessible from every other.) The limit 7;;() is then 
independent of 7. This is equivalent to the non- 
degeneracy of the zero eigenvalue in the spectral 
representation (3.14). Indeed, using this fact and (iii), 
one gets 


4 


nonzero. 
state is 


lim T(t 


t—-@ 


x(O)>(y(Q) 


, (3.25) 


% Specifying the number each 
corresponds to choosing the particuls initial 
P ((m\; 0) = 11,8 (m9 

2M. Fréchet, Recherches Théorique Moderne 
Probabilités (Gauthier-Villars, Paris, 1952 


state at t=0 


distribution 
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so that by (3.24) 


T4;(2)=y;(0). (3.26) 


Finally, we shall use the fact: 


(v) T() is a stationary solution of (3.11). In fact, 
if F(t) is a solution of a differential equation which 
is of the first order in time, such as (3.8), (3.17), or 
(2.5), then if F(o) =lim,.,.F (/) exists it is a stationary 
solution F,, [i.e., F.(t)=F,(t+1) for all ¢], and con- 
versely. Hence, we may obtain the unique stationary 
solution as the lim,.,/(t) when this latter 
F,=F(o). 

We can now completely characterize the stationary 
solutions of (3.8) and (3.17): The stationary solutions 
(i,| and P,((n|) [or ,(\2)) ] are unique, independent 
of initial conditions, and depend only on the row eigen- 
vector (y(O)| of A. If N is the total number of particles 
in the relaxing system, and (A(t)| and P((n|;1t) are any 
solutions for the mean values of the occupation numbers 
and for the JPD respectively, then 


exists: 


(n,| =lim (n(t)| = N(y(0)|, (3.27) 
t-<« 


where (y(Q) 
ho=0; and 


is the row eigenvector of A belonging to 


P,((n|)=lim P((n} ; 1) 


to 


: ITL 
y,;(O) \" 
II a!i 


Nj\ © ) 


tints 


The associated PGF is given by 


| » 2 %=N. (3.28) 


#s(\z))=(y(0)|2)*. (3.29) 


These equations follow directly on using (v), 
and (3.25). Thus, 


(3.24), 


n(x lim (#(O) | T(2) 
ts 
(n(O) | x(0))<y(O) 
N(y(0)|, 

$(|z); ©)=lim #,(T(é)!2)) 

toa 

Po( | x(0)){y(O)! z)) 

= > P((n|;0) TI (yO)! 2)" 
= (y(0)|z)*¥ >> P((n!; 0) 


= (y(O)|2)*. 
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Equation (3.28) for P,((m|) then follows from (3.31) 
by using the multinomial expansion. 

From Eq. (3.31) one can readily obtain all desired 
moments and marginal distributions of the stationary 
JPD (3.28). For example, %(s;; ©), the marginal 
PGF, is obtained by setting all 2’s, except 2;, equal to 
unity in (3.31). Thus, in virtue of (3.16) and (3.24), 
we find 

D(z; 2) [1 l 


ci) ys(O) |*. (3.32) 


The corresponding stationary marginal probability 
distribution of m,; is then readily seen to be 


N ee tn hiz\ N-*s 
P(n;; ~) ( )( ) (:- ) , (3.33) 
n, N N 


which is a binomial distribution with mean #,; and 


). (3.34) 


Similarly, the marginal PGF for the joint occupation 
number distribution for any two states i and 7 is 


relative variance 


, 
Rn?( 2 ) 


©(2;,2;; © )=[1—(1—2,)y,(0)— (1—2,)y,(0)])*, (3.35) 


fy i 
) . Bee 
\ 


The correlation coefficient of these occupation numbers 
is given by 


from which it follows that 


| 
P(n,,n;; 


where 


(my+n;). 


(mj( 2 )2;(% ))sy— (0 )ij(%) 1 
ixj. (3.37) 
n;( © )n;(@ ) \ 
Generally, for the average of the product of the occupa- 


tion numbers for r states i;, i2, «++, t,, one gets 


V! r Ni;(®) 
(iy © )** *Mig\ © ) day IT ( ), (3.38) 


N—r)! i N 


where all the 2; are distinct 

We now state certain obvious consequences of the 
preceding development which are of interest inasmuch 
as they extend the familiar results of statistical me- 
chanics for systems in thermal equilibrium to the 
stationary distribution of an ergodic system interacting 
with any stationary (not necessarily thermal) reservoir. 
For the case of a thermal reservoir, see below.) 

(i) The stationary JPD given by Eq. (3.28) is nol 
a product of independent distributions for each state. 
This is due to the constraint >> n;= N which induces 
a weak but nonvanishing negative correlation in the 
occupation numbers. [See Eq. (3.37). ] 
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(ii) The stationary JPD is expressible wholly in 3. Time Dependent 


terms of the average occupation numbers 7i;(~ ). 
We now return 


(iii) For ' sufficiently large and i,<<N, we find that luti ' 
P <= P solution P z):t) of 
P(n;; ©), given by Eq. (3.33), approaches a Poisson 
Pete ; : dependent correlat 
distribution ; “ages 
tion numbers. To ¢ 


values at / O, we ipp 


for the PGF in the form 


3.39) 


where 7; 


o. ¢ , . . the initial condition 
(iv) The formulas of this section all reduce to those — 


for a canonical ensemble at the temperature T7=1/(e8) “© CEP" ndence 
when the 7;(~) are given by the Maxwell-Boltzmann 
values 

n Ve ba/>” i, (3.40) 


‘ 


(v) The mean occupation numbers 7,;(*) for the i.e., 7;=1 for all i when 
general stationary solution of the rate equation (3.8) follows immediately from 


do not satisfy the detailed balance condition follows from the addition 


; Using these relations, one re 


a ©)=a,'n,(e), all, ke. 3.41) 


of the oc upation number 
For this condition to be satisfied the a;* must satisfy ih 7 
the consisten¢ y relation 
a;*a,'a a,;'a;*a,', i%lARAL. 3.42) 
In a similar manner one 
(vi) The form of the stationary JPD (3.28) is a of all other higher 
multinomial distribution in the occupation numbers. — tions in the oc 
This form has the remarkable property that if the In the limit 
initial JPD has this form, then the JPD will preserve this 
form for all time with the mean occupation numbers, 
n,(t), being given by the solution (3.10) of the rate 


and we ea 


equation (3.8) for the given initial means 7,(0) MS variance and cov 


‘ } Folio rdils 2 90) ' 2 32)- 
onclusion follows readily from (3.29) and (3.23): ary distribution 


& - f) &)(7 l\\e 1/N%)(n(0)! T(t)! 2) It is noteworthy 
(1/N*) (a(t) |!) the JPD at any finite time 
‘ solely in terms of the me 
time. 


> j 


2. Stationary Solution with Thermal Reservoir 


‘ IV. RELAXING SET OF HARMONIC OSCILLATORS 


Let us now assume that the relaxing set interacts 
with a thermal reservoir at the temperature 7. Since We now consider ; 
the form of the JPD is given by (3.28), it remains only system in interaction with a . 


lppose 
to determine the unique set of 7;(2) appropriate to that both the * 
this case. We do this by noting that in virtue of (3.6), identical harmoni 

the a,* for the case of a thermal reservoir do satisfy the modes of identi 

consistency relation 3.42 Hence, a possible solution portion of these 

of the rate equation 3.8) is that for which the #,;() tained with a } 

satisfy the detailed balance relation (3.41). From this bution. while the remai 


and (3.6) one gets the M.B. average occupation have an arbitrarv distri 


i riput 
numbers (3.40). From the discussion of the preceding Relaxation takes pla 


subsection, it follows that this solution is unique and _ reservoir oscillators. It is 


corresponds to the canonical ensemble.* and Teller.*® that the 


It was, of course, to be expected that a system oscillators depend 


Is 
interacting with a thermal reservoir would approach a_ ordinate of each of 
thermal distribution at the reservoir temperature. during the “co 


However, in Sec. IV we give an example showing that changes in the 


it is possible for the relaxing system to approach 


oe : 4 Note that 
thermal equilibrium even when the reservoir is not which the eigen. 
thermal. the occupation 1 
L. Landau 
% For a different proof e Siegert, reference 1936 
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tion probabilities per collision, (7,7) —> (&,/), as obtained 
from first order quantum mechanical perturbation 


theory, are** 


A,;**=0 unless k=it1 and /=j#¥1, 


Aj;*-=C(i+1)j, 
A, =Ci(j+1), 


where the positive constant C is a measure of the 
coupling strength between the oscillators. (For a 
discussion of the application of this model to chemical 
kinetics and the relaxation of vibrationally excited 
gases, see references 17-19.) 

It follows from (3.5) (with 6=0) and (4.1) that 


a,*=0 unless k=i+1, 


x 


C(i+1) ¥ (j+1)n, 


j 


y 
a*H=C(i+1) > jn, 
0 
where the 7,’ are the mean occupation numbers for the 
(not necessarily thermal) reservoir. 
For oscillators with frequency v, the energy levels 
= (i+4})hv, and the average energy of a reservoir 
oscillator is (in units of hv) 


are €; 


>) 


‘in 2 5 Je , - Ul 
_~ (J+); >; 7,;’. 


(4.3) 


Defining 


we may write 
rT ele 
(4.4) 


Ain 


(e+4) & 


This ratio depends only on the average energy per 
particle of the reservoir. In particular, it is independent 
of the state 7. If the reservoir is thermal (4.4) reduces 
to (3.6). Note also that 


Gin1'—a,;"*'=C(i+1) > nj/'=cl(it+1), © (4.5) 
where c=C > i,’ 

Thus. for this model the a.’, and hence the entire 
probabilistic desc ription of the relaxation process, 


depend only on the two physical parameters ¢ and é. 


* This expression for the transition probability per collision 
is correct only so long as Cij<1, since its derivation tacitly 
assumes that, during the effective interaction time, each of the 
oscillators participating in a collision undergoes only one transition 
or none at all). The expression is no longer valid for collisions 
between oscillators in very high energy states (4, 7 large) because 
there is then a finite probability for the occurrence of several 
transitions during the course of one collision. This would leave 
the oscillators in final states whose quantum numbers, in genera! 
would differ from those of the initial states by more than one, 
contrary to our assumption. We shall avoid this difficulty by 
confining our attention to systems in which the populations of 
such high energy states are negligibly small. Hence, while con 
tinuing to use the same expression for the transition probability, 
we shall refrain from interpreting Cij as a transition probability 
per collision when 7 is large 
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In terms of these the A matrix can be written as 


0 
0 
| 
(4.6) 
The problem now is to use this A matrix to deter- 
mine (#(t)|, the solution to the rate equation (3.8). 
Then the solution (3.23) for #(\2);72) will also be 
determined. Montroll and Shuler'* obtained (f#(#)| by 
solving for the generating function G(u;?) defined by 
Eq. (AIL5). They were not concerned with, and 
therefore did not obtain, the matrix elements 7,,;(t), or 
the eigenvalues and eigenvectors of the matrix A which 
are needed to determine the time dependent correlations 
in the occupation numbers. [See Eqs. (3.45) and 
(3.14). ] In Appendix II, we shall obtain the eigenvalues 
and eigenvectors for a slightly more general matrix than 
(4.6). On specializing that result to the present case, we 
find that the double generating function 


G(u,v; t) T,,(t)v'u? (4.7) 


of T,;(t) is given by 


G(u,v; 1) = (L(g. —ue_) — e(1l—u)e**] 


-ue_)—e,(1—u)e**]}". 


(4.8) 


Expansion of (4.8) leads to the two alternative 


expressions 


fe,(l—e et) he 


T,;(2) 


-s), (4.9b) 
where 


ct got... 1 
ee *"') (exe a.) F*, 


(4.10) 
and the »/; are hypergeometric functions simply 
related to the Jacobi polynomials. The identity” 


(1—w 


ie 'i-—w +sw)-* 


of \(—n, a; 1; 5); 


wi<1, |w(1—s)! <1, 


(4.11) 
has been used in obtaining the above expressions. 

In the present case, the eigenvalues A, in the spectral 
representation (3.14) of T(t) are (see Appendix IT): 


Ak=—kc, k=O, 1, 2, 


’ 


; (4.12) 
* See, for example, A 

Functions (McGraw-Hill 

1953), Vol. I, p. 82 


Erdelyi et al., Higher Transcendental 
Book Company, Inc., New York, 
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The corresponding row and column eigenvectors have 
the respective generating functions 


Ge(u,k)=>; yi(k)u* 
a 33) 


e_*(1—u)*(e,— eu) ’ 


and 


Ge(v,k) =>; x(k) v* 
(4.14) 


'(e_—e,v)* 


These equations, in conjunction with (3.14) and 
(3.23), give the time dependent JPD in the occupation 
numbers explicitly for the system under consideration. 
We now examine several properties of our solution 
which are specific to this model. 

Consider first the stationary JPD P((n ; ~) given 
by (3.28). To determine this JPD, one needs the 
fi;(*)= Ny,(0). From (4.13), one gets 


y, (0) =e, 1(e_/e,)* 
(e_/e,)**4 


> (e/e,)* 


pod 


Let us now introduce a parameter T defined by the 
relation™ 


T= (1/kR) In(e,/e€). (4.16) 


Then the average occupation numbers for the stationary 
distribution of the relaxing oscillators are given by 


exp — (i+4)/kT | 


: ———. (4.17) 
Es expl—(j+4)/kT] 


fi,(o)=N 


These are precisely the Maxwell-Boltzmann values of 
the 7i,(*) [see (3.40)] for a system of 
oscillators of frequency v in thermal equilibrium at the 
temperature 7.” Thus, the stationary JPD of the 
occupation numbers of the relaxing set of harmoni 
oscillators is the same as that for a canonical ensemble 
corresponding to thermal equilibrium at a temperature 
T defined by (4.16) irrespective of the reservoir distri- 
bution. The equilibrium temperature 7 of the relaxing 
system is determined only by the average energy per 


harmonk 


reservoir particle. The reservoir itself need not be in 
thermal equilibrium! 

One can give another formal argument why the 
stationary values of the average occupation numbers 
should correspond to a thermal distribution for the 
case of interacting oscillators considered here. Namely, 
in Sec. III.B.2, it was seen that if the a,’ satisfy (3.6) 
the #,;() for the relaxing set will be Maxwellian. But 
in virtue of (4.2), (4.4), and the definition (4.16), the 
relation (3.6) is satisfied for this system irrespective of 


% In particular, if the reservoir is thermal at a temperature Tg, 
then (4.3) yields the familiar average energy per oscillator 
€=4} coth(1/2kTR), and (4.16) yields T=T, 

* Note that all energies are expressed in units of /y 
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the specification of the average occupation numbers 
n;’ of the reservoir. One may readily verify that this 
striking result would no longer be true if the interaction 
energy between harmonic were taken as 
proportional to the cube of each oscillator coordinate 
rather than linear in it, or if the energy levels of the 
interacting system were discrete but had at least one 
spacing incommensurable with the others. 

For most initial conditions the explicit expression for 
#(|z); 2) is not particularly perspicuous. However, 
there is one important exception which we now consider. 
Let the initial distribution of the relaxing system be 
thermal at a temperature 7)># 7, where T is defined by 
(4.16). Then the initial PGF is 


oscillators 


Do ( 2)) (4.18) 


[dS je Po( 1 — ¢¥0) 2. 


A simple computation based on (3.10) and (3.23) then 
shows that at any later time 


&(|2); 2) = (05 PO (1—e O™) 2; 9, 
where 


e et(1 — pe Bo) — ga(] —¢ Bo) 
B(t) n( —— ), (4.20) 


€ et(] — pbx 60). (1 ~¢ Bo) 


(4.19) 


Bo=1/(kTo), and 8,=1/(kT). [By differentiating 
(4.20), one can easily show that §(f) is a monotonic 
function of ¢.| This establishes that if the JPD of the 
occupation numbers is initially thermal it remains thermal 
with a temperature T(t) which varies monotonically with 
time from the given inilial To to a final value T at t= = 
determined by the reservoir | see (4.16) |. This is not sur 
prising in view of the corresponding result for the mean 
values of the occupation numbers obtained by Montroll 
and Shuler'* for this model, and the general property, 
mentioned in remark III.B.1, that the 
multinomial JPD preserves its form for all time. 
Another interesting the approach to 
equilibrium, which was noted by Montroll and Shuler,"* 
is that the mean energy content E(é) of the relaxing 
system approaches its equilibrium value exponentially. 
This result follows directly on using the eigenvalues and 
eigenvectors of A. Thus, using (3.10), we see that 


E(t) => ,(j+4)8;(0 =d..50(+3 


(vi) of Sec. 


aspec t of 


T:(0), (4.21) 


and noting that >>; 77.;(t) is the coefficient of v‘ in the 
expansion of [0G(u,v; t)/du},..1 we obtain 
E(t)= (EO — Né je~*'+ Nz. 
Hence, 
(4.23) 
and 
(4.24) 


E()—E(~)=[E(0)—E(~)]e#, 


which shows that the of the relaxing 
system at any time depends only on the average energy 
at ‘=O and not on was distributed initially 


among the various states. We can, 


average 


energy 


how it 
using our more 
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general method, obtain a similar result for the variance 


of the energy. Thus, 


ox’ (t)= (E*(t) )w—E* (0) 
wa Ds.s(it+4) (7+4) Dd af (O)[T ee ~— TesT x; | 
+3501 [me s(0) )ov— (0) (0) JT 1:75}. (4.25) 


Using the generating function G(u,v;/) as before, we 
obtain, after some calculation 
[ox*(t)—ox?(% )]-LE()—E(~)) 


=e *t, (4.26) 


[os*(0)—ox*(@)]—eB(0)—B(~)] 


V. RELAXATION INCLUDING NONCONSERVATION 
OF PARTICLES 


In the example treated in Sec. IV, the number of 
harmonic oscillators remained constant throughout the 
relaxation process. 

In this section we consider a generalization of this 
model, allowing for the possibilities that during the 
relaxation process 


(1) Harmonic oscillators appear in the various 
states i at a rate which is a function only of i (and 
not of m,), and 

(2) Harmonic oscillators disappear from the various 
states i at a rate which is a function of i and ny. 


The first possibility arises when a chemical reaction 
is taking place which produces harmonic oscillators in 
various states at varying rates. The second occurs in 
practice due to the dissociation of the harmonic 
oscillators (or, rather, of the diatomic molecules) which 
are in states with energy greater than the dissociation 
energy.” 

The determination of the JPD in these cases, as in 
the simpler case treated in the last section, is intimately 
related to the solution of the equations for the average 
occupation numbers 7;. It has not been possible to 
solve these equations explicitly with a completely 
realistic energy dependence for the dissociation rate, 
but the explicit solution can be obtained if this rate 
increases linearly with energy. We present this deri- 
vation below, since it gives a further illustration of the 
method outlined in the last section; it may also be 
expected that the solution exhibits the main features of 
the actual problem with dissociation. 

We make the following definitions : 


(1) »;=probability per unit time that in the relaxing 
subsystem a new oscillator is created in the state i, and 

(2) ngw.= probability per unit time that an oscillator 
disappears (through “dissociation’’) from state i, given 
that the occupation number of this state is m,. 


The equation for the JPD of the occupation numbers 
now foliows from (2.5) when the appropriate Q is 


Related problems have been considered by E. W. Montroll 
and K. Shuler, Advances in Chemical Physics (Interscience 
Publishers, Inc., New York, 1958), Vol. I; and F. Buff and D 
Wilson, J. Chem. Phys. 32, 677 (1960). 
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introduced. We readily find 
dP ((n|; t) . | 
= > P((m|;)Q1((m| — (n|) 
al (m| 
+E [— (vit mes) P((n| ; 


+viP (m1, m2, -- 


atic, oo ee 
n:+1, ; 4) }. 


Here Q is that part of Q which refers to collisions 
between particles of the relaxing system and those of 
the reservoir. In the equation for the generating function 
#, it leads to a term identical with the right side of 
(3.4) (with @=0). We thus have 


+piP (m1, M2, >*-, (S.1) 


0(| *); ae 


E|- 2 ai! nite 


02; 


+ (-/ 


— pi ~)e (5.2) 


It must be noted that the operator acting on the 
right side of (5.2) is not of the form obtained by re- 
placing m by 2(0/dz) in (2.17). The reason is that the Q 
of the present case has a part that depends on » and 
hence represents the production of particles by an 
external agency (independent of the occupation 
numbers). This part is not of the form (2.16) on which 
(2.17) is based. 

If we now set z,—1 (5.2) becomes 


w;, Eq. 


(5.3) 


op 
— = b Lijos— + rae | 
Ow, 


where 


Lis 1~5) (Soa as*+ yi). 


(The symbol is retained for convenience.) 
Note that the mean values of the occupation numbers 
obey the equation 


(5.4) 


(0/dt)(n(t)| = (i| L+), (5.5) 


with the formal solution 


(n(t)| = (n(0) | e”*— (| L7(A—e"). (5.6) 
Here L is the matrix with elements L,; given by (5.4), 
and L~ is its inverse. If L is singular, L~'(1—e“*) is to 
be understood inthe sense of a limit. 

Passing now to the solution of (5.3), we observe that 
the method of characteristics is applicable; the charac- 
teristics are 

e!'|w)= |), (5.7) 
where |@) is a constant vector. On replacing the w’s by 


new variables ¢ defined by (5.7), Eq. (5.3) reduces to 


Ob/d1= > 5 vaw( |b); DO= (ve "|g. (5.8) 


ae 
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Integration of this equation is trivial; reverting to the 
old variables w, and applying the initial condition 


(| w): 0)=%o(| w)) (5.9) 


’ 
we finally obtain 


&(\w); 0 =expl[—(v L Lt) | w) |] 


Xbo(e|w)). (5.10) 


This is the general solution to our problem. Both 
(5.10) and (5.6) depend on the same matrix operator 
e“*. An explicit determination of this operator can 
be made in the case of harmonic oscillators, with the 
“dissociation” rate u;= iu, interacting with a reservoir 
characterized as in the last section by the constants @ 
and c. This is done in Appendix II. The result is that 


the double generating function 


G(u,v; )= > (e"), o'w (5.11) 


2 


Lt 


of the matrix elements of e”! is given by 


G(1,v; t) 


L(y 
5.12) 
where the constants c’, ¢ : (O<a<1l<y) are 
defined in Appendix IT. The eigenvalues of L appearing 
in the spectral expansion of e“‘ are 


k=0, 1, 


The column and row. eigenvectors, 
p(k (A 11.25) and (A II.26), 


respectively, form a complete set in terms of which 
Thus 


corresponding 


and given in 


q(k) 


(5.10) can be expressed 


(ix -¥ (v| plk 


exp ; = 


xb > ae (5.14) 


Neither 


lations, et 


(5.14) nor the for the 
that follow from it simplify appreciably 


expressions corre 


ific eigenvectors and eigenvalues 
for our proble m. Therefore, 


when we use the spe: 
in the following we shall 
restrict ourselves to a consideration of the qualitative 
differences in (5.14) 
with uO, vx¥0 and the special case for which w= v=0 
(which was treated in Sec. I\ 

When » +0, all the /, are negative so that exp(/;,t) — 0 
as {— ~, and 


asymptotic behavior between 


(|x expL—> 
Here we have made use of the fact that 


[o(|w)) Ton = o=[# 


H p(k l, g(k u 
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Evidently (5.15) can be se parated into tactors, each of 
which contains only one wu g w,=2;,—1, 
we can rewrite (5.15) a 


(/\2); . Z . 16) 


where 


?,(z,;; ~) exp ry 


Correspondingiy, 


where 
19 
and 


} 


Daly! p(R) le 'gi(R) ; (5.20 


n1,=n,\ = 


that is, 
Poisson distributions with means 7 


the occupation numbers n; have independent 
given by (5.20). 
This may be contrasted with the case y= v=O0, for 
which (5.14) 
t= x ."' In this case the n total 
number of relaxing though the 


correlation tends to zero as the total number of partic les 


goes into the form (3.31) when 


over 
are correlated since the 
particles is fixed, 
becomes very large 


ACKNOWLEDGMENT 


to € xpress h 


One of us (D. L. F 
ciation of the hospitality 


would like Is appre- 
: extended to him by the 
Department of Physics, Harvard University, during 
part of his tenure of a National Science 


Senior Postdoctoral Fellows! ip 


Foundation 


APPENDIX I 


In the infinite dimensional case, the necessary and 
sufficient conditions for the uniqueness of the solution 
T(t) to Eqs. (3.11 
only for a special class of A matrices (occurring in the 
theory of birth and death processes 
requirement that the T i ;(t non- 
negative and bounded.” But in most physical problems 
one may safely assume that the A matrix is such as to 
lead to a unique solution 7 


straints. 


been established 


\ 
and (3.12) have 


and with the 


elements remain 


satisfying these con- 
from the 


average 


In our case, the constraints arise 
physical significance of the #;: These are 
occupation numbers and hence are non-negative and 
cannot exceed the total number of particles 

It is not clear that similar reasons exist to constrain 
the elements of the matrix whic} 
(3.20) of (3.19 


with no physical significance 


appears In the solution 
, because the 2’s are auxiliary variables 
This causes no difficulty, 
however, because this matrix must 


that in (3.10) 


be identical with 


as we have already indicated by the 
“Note that for uw=v=0, we have 

k=1,2,---; | p(k > x(k)); and (g¢ 

@S. Karlin and J. McGregor, Prox 

1955); also, W. Feller, Ann. Math. 65 
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use of the same notation 7(/) in both cases 
of the relation (2.9) between # and fj. 

The spectral representation (3.14) of T(¢) is valid 
when A is finite dimensional and has a compiete set of 
eigenvectors. When A is of infinite dimensionality, a 
spectral representation for T(t) as a sum involving a 
denumerable set of eigenvalues A, cannot always be 
found; in fact, the representation may be an integral 
with respect to a continuous variable \ over a finite 
or infinite region. Examples of simple matrices A with 
both discrete and continuous spectra are given by 
Ledermann et al.“ We shall, however, assume that all 
A matrices of interest to us have discrete spectra. 

It may be mentioned here that the particular matrix 
A considered in detail in Sec. IV does satisfy the 
conditions for uniqueness of T(t), given by Karlin and 
McGregor.” It also has a discrete spectrum and hence 
(3.14) is valid. The matrix LZ, Eq. (A II.2), is of a more 
general type than the matrices the 
literature, but it too satisfies all our assumptions. 


on account 


considered in 


APPENDIX II 


To obtain the spectral decomposition (for the case 
u;= iu) of the operator e”' appearing in (5.10), we shall 
consider the solution of the matrix equation 


(d/dt)(n(t) (n(t)| L, (A IL.1) 


where 


+ 2y/c) 


(A IT.2) 


IV will then be obtained 
as a special case by setting w=0 [in which case L 
reduces to the matrix of (4.6) }. 

We observe by comparison with (5.5) that (A II.1) 
describes the changes that occur in the mean occupation 
numbers #,; of harmonic oscillators in states i through 
“dissociation” and through collisions with reservoir 
oscillators. Note that 


DD n() <>; 7,(0)=No, 


The results required in Sec. 


(A IT.3) 


where No is the finite number of initial particles in the 
relaxing system. The equality sign in (A II.3) holds 
when u=0 (no “‘dissociation’’). 

Consider now the forma! solution of (A II.1 
form 


in the 


(A IL.4) 


“ W. Ledermann and G. E. H. Reuter, Phil. Trans. Roy. So 
(London) A246, 321 (1953-54) 

“Tt is clear from inspection of (A II.2) that any number what 
ever is an eigenvalue of L since, for any |, one can construct the 
components of the associated eigenvector by solving the resultant 
system of linear equations recursively. However, since the elements 
of allowable eigenfunctions are restricted by (A IT.3), we obtain 
the discrete spectrum (A II.22 


(n(t)| =doe(n(O) | p(k) )e™*"(g(k) |, 
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where the 2 are eigenvalues of L, and | p(k)) and 
(g(k)| are the corresponding column and row eigen- 
vectors. We want to determine these. This is most 
easily done in terms of generating functions. Define the 
generating function 

G(u; i= > 


— 
wd 


ni, (t)u'=(ni(t)!| u), (A IT.5) 


u) is a column vector with elements u,;=w'. 
In view of (AII.3), the generating function G is 
certainly analytic for «<1. From (AIIL4) we then 
have 


where 


(A IT.6) 


— 


G(u; t)=>-(A(0) | p(k) )e"*'Gr(u,k), 


where 
Gr(u,k) 


= (q(k) | u) (A IL.7) 


is the generating function of the elements of the row 
eigenvector (g(k)| of L. If we denote by G(u,v; ¢) the 
special case of (A II.6) corresponding to the particular 
initial conditions 


n(O)=v': v<l, (A IL.8) 
then 
G(u,v; t) 


>. Gelv,ke™'Gr(u,k), (AIL9) 


where 


Go(2,k) Di vps (k) 


the 


(v| p(k) (A I1.10) 
is the generating function of 
column eigenvector | p(k)). 

To obtain the eigenvalues /,, and the corresponding 
eigenfunctions | p(k)) and (g(k)| (via their respective 
generating functions Gc and Gr), we need only use the 
method of generating functions to solve (A II.1) with 
the special initial conditions (A II.8), and then expand 
the function G(u,v;?) thus obtained, in the form 
(A 11.9). We proceed to do this below 

It can easily be shown from (A II.1) and (A IT.2) 
that the equation satisfied by G(u;f) is 


elements of the 


0G /dt=ce_(u—1) 


+-[c4e_u?— (2cé#+-p)utce, )0G/du. (AIL11) 


The characteristic equation for this first order partial 
differential equation is 


du 
dt 


ce_u’?— (2c%¥4-pp)ut+ ce, 


du 
, (A I1.12) 


ce_\4—a)\u—y) 


where 


(2+? + 4céu)! | 
(A 11.13) 


cé+ pt (C+ yp? + 4%)? | 


L 
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The solution of (A II.12) is 
u—a 
(—). e-(y-a)t=Y=constant. (A II.14) 
u—y 


On using y as a new variable instead of u, Eq. (A IT.11) 


reduces to 
1)é (A 11.15) 


0G y-—ae~*'! 
) =< 

al, ye’ 

ce_(y—a). The solution to this equation is 


(A IT.16) 


; 
where ¢ 


G= eT VY 'y—e “)h(y), 

where A(y) is an arbitrary function of y, to be deter- 

mined by the initial condition. If the latter is 
G(u;0)=> 


2-1 2 (O)ut=Go(u), (A IT.17) 


we finally obtain 


\¥Y aje~*” 
G(u; t) 
et 


-~y(a—u)e~*'! 
), (A 11.18) 


(a—u)e~"' 


(y— &) a—Uje 


a\y—t&) 


where c’’ = ce_(1—a) 


This gives the generating function of the #,(¢) for 
arbitrary initial conditions. To determine the eigen- 
values and eigenvectors we now consider the special 
condition (A II.8) for which 

Go(u)=1/ (01 (A IL.19) 
Hence, 


G(u,v; t) 
y¥~aje * 


[(y—")— (a—u)e~** ] —rLa(y —u)—yla—u)e add 
(A IT.20) 


x 


(a—u (1—vy)* 


) i7T—a@) 


bd) (y—u)** (1—ta) *t! 


xexp{—[ke’+c" jt}. (A 11.21) 


SHAPIRO, 


AND FALKOFI 


Comparing this with (A II.9), we deduce that 


= —[ke’+c"], k=0,1,---, (AIL22) 


Gc(v,k) = (1—vy)*(1—+ (A I1.23) 


and 
Gr(u,k) \ 11.24) 


(y¥—a)(a—u)*( ul 


Using the identity (4.11), we expand the last two 
equations in powers of v and u, respectively, and obtain 


pit¥=r7' oF i(—i, k+1; 1; 1-—a/ (A IT.25) 


and 


gj*= (1—a/y) (a 


Mam? of y( ~ eT is ks (A I1.26) 
Since 
(A II.27) 


G( uv; 


a direct expansion of (A II.20) in powers of u and 1 
[rather than in powers of 
(A II.21)] yields the following two alternative ex- 
pressions for (e”'),; 


the exponential as in 


(A IT.28a) 


where 


\y~—ae 


lo obtain the results used i 
in the above formulas, so that 


(A IT1.30) 


nd (A II.24) 
for lk, Gc, and Gr go over into (4.12), (4.14), and 
(4.13), The (4.9a,b) for 
T;;= (e“*);; are obtained from (A IT.28a, b). 


and the expressions (A II.22), (A II.23), a 


respectively. expressions 
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Recent experiments by Pound and Rebka on the temperature dependence of the Méssbauer effect in Fe*’, 
and by Hay, Schiffer, Cranshaw, and Egelstaff using an Fe*’ absorber on a rotating drum are shown to pro- 
vide the first direct experimental verification of the time-keeping properties of accelerated clocks such as 
occur in the classic “clock paradox’’ of relativity. In the experiment by Pound and Rebka, the thermal 
vibrations of the lattice impart rms velocities of about 10~*c, and nearly continuous, randomly-oriented 
accelerations of the order of 10'*g to both the source and the absorber nuclei. In the experiment by Hay 
et al. the acceleration of the absorber was 6X 10*g. The photon provides continuous communication of time 
data between the two nuclei for the duration of the “journey” (the emission time of the quantum). In each 
case the observed fractional frequency shift 4///, which occurs between the source and the absorber is 
found to be —»,?/2c?+-2,7/2c*, where v, and » are the rms velocities of the source and the absorber nuclei, 
respectively. These results are in quantitative agreement with the generaliy accepted calculations for the 
“clock paradox’’, in which two clocks pursue independent paths (at least one of which involves accelera- 
tions) in a common inertial frame, but are compared at two or more points where they coincide in space and 
time. The temperature-dependent experiments also demonstrate that accelerations of the order of 10'*g, 
arising from lattice vibrations, produce no intrinsic frequency shift in Fe*’ nuclei to an accuracy exceeding 


1 part in 10", 


I. INTRODUCTION 


N his original paper on special relativity, Einstein' 

predicted that a clock which departed from a given 
point in an inertial frame S, made a trip with a time- 
varying velocity »v(/), and returned to the starting 
point, would there be found to indicate an elapsed time 
s which is retarded compared to an identical clock 
(reading time /) which remained at the starting point, 
according to 


s= f (1—[v(t) }#/e2} Mat. (1) 


The traveling clock runs slow compared to the rest 
clock. Thus, (1) implies an intrinsic asymmetry be- 
tween the two clocks, and this is associated with the 
fact that the rest clock remains in the inertial frame S, 
but the frame in which the traveling clock is at rest is 
not inertial, since it experiences accelerations. 

The purpose of this paper is to point out that recent 
experiments have provided the first direct experimental! 
verification of the prediction (1). They show that the 
clock which experiences the accelerations is unambigu- 
ously retarded, compared to the rest clock, and also, 
in accordance with (1), that the amount of retardation 
is determined by the average value of »* during the 
trip (for x<<c). Before describing the experiments, how- 
ever, we shall briefly point out from the experimental 
or operational point of view why these new tests of 
relativity are significant. 

This problem, which might be described as the trans- 
verse Doppler effect for accelerating systems, but which 
is also known as the “clock paradox,” is unusual in 
that it forms a bridge between the special theory and 

* Supported in part by the tri-Service contract with the Co- 
ordinated Sciences Laboratory of the University of Illinois, ad- 


ministered by the U. S. Army Signal Corps. 
1 A. Einstein, Ann. Physik 17, 891 (1905). 


the general theory. When analyzed in the inertial frame 
S or any other inertial frame, the result (1) follows 
directly from the special theory,?~* and in this sense 
the new experimental result might be regarded as 
being trivial, particularly, since time-dilation for clocks 
in uniform translation is an established fact.5-? When, 
however, this problem is analyzed in a reference frame 
attached to the traveling clock—and no theory of rela- 
tive motion can be regarded as being completely satis- 
factory unless it can describe the same experiment 
from the point of view of either of the two bodies 
which have the relative motion—the problem is far 
from simple. Einstein,’ Pauli,? Tolman,’ Mller, and 
McVittie,” for example, all resort to the principle of 
equivalence and general relativity in order to explain 
from the standpoint of the traveling clock the same 
result which is predicted by special relativity." Thus, 
the experimental verification of (1) raises from a new 
standpoint, the fundamental question: Why are inertial 
frames privileged above all other reference frames? 
For, the two clocks are calculated to behave differently 
for precisely the reason that inertial frames are unique. 


2 W. Pauli, Theory of Relativity, translated by G. Feld (Perga- 
mon Press,New York, 1958), pp. 13, 72. 

*C. Mdller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
20, No. 19 (1943). 

*C. Mller, The Fheory of Relativity (Oxford University Press, 
New York, 1952), p. 49. 

* H. E. Ives and C. R. Stilwell, J. Opt. Soc. Am. 28, 215 (1938); 
and 31, 369 (1941). 

* B. Rossi and D. B. Hall, Phys. Rev. 59, 223 (1941) 

7R. Durbin, H. H. Loar, and W. W. Havens, Phys. Rev. 88, 
179 (1952). 

* A. Einstein, Naturwissenshaften 6, 697 (1918). 

*R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, New York, 1934), p. 192. 

” G. C. McVittie, Astron. J. 63, 448 (1958). 

" This position has not been held universally, however. For 
example, G. Builder [Australian J. Phys. 10, 246 (1957)] holds 
that an adequate analysis is possible without resort to general 
relativity. 
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Put another way, noninertial frames may be identified 
experimentally not only by the deflections of acceler- 
ometers, but also by the distinctive behavior of clocks. 
Thus, as was first pointed by Ives,” out of many 
clocks undergoing various relative motions, the one 
which runs the fastest has the lowest rms velocity with 
respect to an inertial frame. 

Also, this experiment provides a new way of mea- 
suring speed. Given that the rest clock is in an inertial 
frame (as indicated by the null reading of attached 
accelerometers, for example), one can measure the rms 
velocity of the traveling clock (in units of the speed of 
light) with respect to the specified inertial frame (over 
the duration of the trip) merely by reading the two 
clock faces at each of the two spatial coincidences. 
This determination of average speed is novel from the 
operational point of view. It involves no distance 
measurements relating to the path of the traveling 
clock, no kinetic energy 
measurements. 

In addition, the operations employed in the measure- 
ment of the relativistic time difference in the “‘clock 
paradox” experiment are, in principle, completely in- 
dependent of the propagation properties of light. For 
example, one can simply photograph the two clock 
faces at each of the two instants of spatial coincidence. 


measurements, and no mass 


By contrast, all time dilatation experiments between 
clocks in uniform relative translation necessarily involve 
the propagation properties of light signals, since in this 
latter case the clocks can be in spatial coincidence only 
once, and the use of light signals in some form is un- 
avoidable (in at one of the inertial frames) in 
order to locate the terminus of the (nonproper) time 
interval. If there is any lesson we have learned from the 
theory of relativity, it is that we must be critical when- 
ever seemingly familiar quantities are measured by new 
or different operations. 

It is the completely unambiguous nature of the result 
in the “clock paradox”’ experiment which is, perhaps, 
its most unique feature. Here for the first time, one is 
comparing a proper time interval in one inertial frame 
to what might be described as the sum of proper time 
intervals which were collected by the traveling clock 
in several different inertial frames. The result is com- 
pletely unambiguous: One particular clock certainly 
runs fast, and the other certainly runs slow. By con- 
trast, in experiments involving uniform translation 
(where one is comparing a proper time interval in one 


least 


inertial frame with a nonproper time interval in another 
inertial frame) the clock rates (as determined by the 
prescribed operational procedures) are ambiguous, that 
is, the observers in each frame measure the other clock 
to be running slow. 

The new experiments are also significant because 
there is a small minority, notably Dingle’ and Cull- 

7H. E. Ives, J. Opt. Soc. Am. 27, 305 (1937 


13H. Dingle, Nature 144, 888 (1939); Proc. Phys. So« 
A69, 925 (1956); Nature 180, 1275 (1957 
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wick,“ who have remained unconvinced by the theo- 
retical arguments based on 
tation of the theory of relativity.’ 


the conventional interpre 
” Dingle and 
Cullwick might be characterized as being “pure rela- 
tivists.”” They hold that in 
effects it is only relative motion between two physical 


determining relativistic 
objects which has meaning and what the rest of the 
universe is doing does not make any difference. They 
accept the usual time dilatation as observed between 
clocks in uniform translation, but predict that in the 
case of the “clock paradox,” there will be no relative 
retardation. The new experiments, however, demon- 
strate the contrary. Thus, 
difficulties may be, “pure relativism” is 
experimentally. The experimental results, however, are 


whatever its theoretical 


untenable 


in full agreement with the conventional theory which 
assigns a unique status to inertial frames, and which, 
as Ives" first noted and Builder* discusses at length, 
denies the possibility of predicting the time difference 
of the two clocks solely from the knowledge of their 
relative motion. 

From the conceptual standpoint, the problem of 
what happens physically to the traveling clock during 
its trip is not simple. The returning clock has been 
permanently altered by its trip (it has suffered a change 
in phase). The effect is uniquely associated with the 
fact that acceleration has occurred, but it is quantita- 
tively related not to the acceleration, but to the average 
speed. Supposing, for convenience, that the acceleration 
takes place in a very small interval and that the clock 


is unchanged by the acceleration process per se, it is 


clear that essentially all of the 
accumulated [as (1 
velocity regions of the path 


phase difference is 
during the 
this effect 
servable without dependence either on the propagation 


implies constant- 


Since is ob- 
properties of light, or upon any measurement opera- 
tions using meter sticks, it cannot be dismissed as being 
an ‘‘apparent effect” hi with the 

distant 
that 
clocks having a velocity in an inertial frame are literally 
slowed down by the speed itself. It is this very deduction 
which makes the generally accepted prediction regard- 
ing the “‘clock paradox” unacceptable to Dingle,” but 
which has led both and Builder to consider 
interpretations of special relativity in which an ether 


iving to do somehow 


processes of determining what happens at 


points. One is led therefore to the conclusion 


Ives 


plays an important role, at least from the philosophical 
point of view. 

Finally, and aside from considerations of relativity, 
the experimental observation of clocks under various 

4 E. G. Cullwick, Flect ty and Maenet 1 gmans 
and Company, London, 1957), p. 70 

16 W. H. McRaea, Nature 167, 680 (1951 

16H. E. Ives, Nature 168, 246 (1951 

17 F. S. Crawford, Jr., Nature 179, 35, 1071 (1957 

18 C. G. Darwin, Nature 180, 976 (1957 

’% G. Builder, Australian J. Phys. 10, 246 

» E. M. McMillen, Science 126, 381 (1957 

* G. Builder, Australian J. Ph 11, 279 (1958 

2H. Dingle, Nature 179, 866 (1957 
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EXPERIMENTAL TESTS OF 
conditions of acceleration may be of interest in its own 
right. For example, changes in the time-keeping proper- 
ties of a clock (such as a nucleus) under adequately 
large accelerations might contribute to our understand- 
ing of its structure. 

In the following sections we shall discuss two recent 
experiments both of which exploit the recoil-free emis- 
sion of gamma rays (the Mésshauer effect) in Fe*’. The 
first experiment takes advantage of the differences in 
nuclear motion associated with the temperature differ- 
ences between the source and the absorber, and tests 
the general case of the “clock paradox.” The second 
experiment employs mechanical rotation to produce 
the necessary acceleration and (partiaily) tests a special 
case. 


Il. THE TEMPERATURE-DEPENDENT 
MOSSBAUER EFFECT 


Pound and Rebka™ working with the 14.4-kev 
gamma ray which is emitted and absorbed without 
recoil in Fe®’, observed that a difference in temperature 
AT°K between emitter and absorber produced an ob- 
servable shift Af in the absorption line as observed by 
the usual Doppler-shift method. This result was inde- 
pendently predicted by Josephson,* who also noted as 
did Pound and Rebka that it is a consequence of the 
relativistic time dilation caused by the motion of the 
nuclei in the crystal lattice due to thermal vibrations. 
If fo is the mean frequency of the emitted gamma ray 
when the nucleus is at rest in an inertial frame, and 
f, is the shift in the frequency of the emitted gamma 
ray when the nucleus is in a lattice at the temperature 
T°K, then in the classical limit, 
fi/ fo= (1-2/2) '— 


1 —2?/2¢2 


= —3kT/2M2= —2.4X10-T, 


(2) 
where v* is the mean square velocity of the nucleus of 
mass M due to the thermal vibrations of the lattice. 
The shift in the resonant frequency of the absorbing 
nucleus is also given by (2), so that if the source is at 
temperature 7, and the absorber is at 7,, then the 
frequency difference Af between the source frequency 
f, and the absorber frequency f, (again in the classical 
limit) is given by 


(1—2,7/c)§—(1 
4+-9,?/2?= —3RAT/2M2 


= —2.4X10-"AT, 


Af/fo ~tq2/c*)% 


(3) 


where AT=T7,—T,, and Af=f,—f..** Thus, if the 
source is at a higher temperature than the absorber, 
then Af is negative, that is, the source has a lower fre- 


* RK. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 274 
1960 

* B. D. Josephson, Phys. Rev. Letters 4, 341 (1960) 

% Although Eq. (2) applies to the general case where the two 
clocks are both accelerating with respect to a common inertial 
frame, as Mgller* points out, this does not change the problem 
significantly. Builder™ discusses this case at some length 
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quency than the absorber. If resonance absorption is 
to-occur, the absorber must be given a small velocity 
away from the source. By contrast, if the source is at a 
lower temperature than the absorber, then for reso- 
nance to occur, it is found necessary that the absorber 
move toward the source. 

Pound and Rebka point out thai for the case of iron 
near room temperature, the numerical coefficient in 
(3) should be about 0.9 times the classical value. (The 
Debye temperature is 467°.) Thus, (3) should read 
Af/fo= —2.21K10-" AT. They report an experimental 
value of (—2.09+0.24)«10~'*/deg K for the constant 
coefficient, at room temperature. Thus, the second- 
order Doppler shift gives a satisfactory explanation of 
the temperature dependence of the mean frequency of 
the Fe*’ reccil-free gamma resonance absorption. 


III. THE RELATIONSHIP BETWEEN THE 
TEMPERATURE DEPENDENCE OF THE 
Fe” RESONANCE AND THE 
“CLOCK PARADOX” 


It is apparent that the Fe*’ nuclei are playing the 
role of the clocks of the “clock paradox.” Due to their 
participation in the lattice vibrations, the nuclei have 
rms velocities (at room temperature) of about 3X 10* 
cm/sec—about the speed of a jet airplane. Also, the 
electromagnetic signals which are sent from the source 
to the absorber (in the form of photons) are trans- 
mitting time data, between the two “space ships,” in 
the same manner that radio signals are used in the 
analyses of the macroscopic Gedankenexperiment (used 
by Darwin'* and Builder'’). (Builder'® makes a detailed 
world diagram of the light signals traveling both ways 
between a “rest clock” and the “traveling clock.’’) In 
these analyses, a receiving device at each clock counts 
the total number of cycles received from the other 
clock in the time interval between the two points of 
spatial coincidence. This number is compared to the 
total number of cycles produced by the local clock 
during the same two spacetime events. The fact that 
the Fe*’ nuclei are undergoing numerous (rather than 
a few) acceleration processes during the time of the 
“trip” (that is, during the transmission time for one 
photon) is a detail. Accelerations are in any case essen- 
tial, but if they do not produce any intrinsic effects on 
the clocks, it makes no difference whether they occur 
frequently or rarely, or are large or small. 

We may estimate the frequency of vibration v of the 
lattice from Av=kO, where © is the Debye tempera- 
ture. We obtain y~10" cps. Assuming harmonic oscilla- 
tion, the maximum acceleration of the nuclei is calcu- 
lated to be the order of 10g, which is very large by 
macroscopic standards, of course, but very low by 
atomic or nuclear standards. 

Also, the fact that the time signals are transmitted 
by a single photon rather than by many, as in a radio 
transmission, is only a matter of detail. The waves 
representing the photon obey Maxwell’s equations, and 
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are propagated in exact accordance with requirements 
of special relativity even though they are detected by 
the usual discrete quantum events. Furthermore, in 
quantum mechanics, the excitation and de-excitation 
of states by electromagnetic waves is calculated as if 
the process that is, in a manner 
essentially identical to that used for macroscopic reso- 
nant structures. It is only in the matter of the inter- 
pretation and the observation of the calculated state 
discrete quantum 


were continuous, 


amplitudes that the characteristic 
effects enter. 

The receiving nucleus measures the frequency of the 
probability waves representing the photons emitted by 
the source nucleus, using its own characteristic fre- 
quency as a standard of comparison. Since the center 
frequency fo is 3.46X10'* cps, and since the mean life 
of the excited state is 1.410~7 sec, there are about 
5X10" complete cycles in the (intense part of the) 
wave train representing the photon. So sensitive is the 
receiving nucleus to the frequency of the incoming 
signal that if the total number of cycles arriving in a 
given time is say 10", it will have a large probability 
of absorbing the quantum, but if the total number of 
cycles arriving in this interval should fall short of 10” 
by just one cycle (or exceed it by one) the receiving 
nucleus will have a very low probability of absorbing 
the quantum. It is of interest to note that if the receiv- 
ing nucleus is properly Doppler-shifted,* so that it is 
in resonance with the mean frequency of the source, it 
maintains ‘‘phase-lock”’ with the incoming signals de- 
spite the fact that both the transmitting and receiving 
nuclei have large rms velocites (of the order of 1 part 
in 10° of the velocity of light). This arises from the fact 
that a complete frequency modulation cycle in the 
signal (due to the first-order Doppler effect arising 
from the periodic lattice vibrations) has a duration of 
only about 10~" sec, during which time about 3X 10° 
complete cycles are transmitted (and received). Al- 
though the average first-order Doppler frequency shift 
is Af= fo(v/c)= foX10~*, the velocity never continues 
long enough in one direction so as to produce a cumula- 
tive error in phase of more than about 10~ cycle, or 
30°. Under these conditions, therefore, the receiving 
nucleus may properly be regarded as keeping track of 
the exact number of cycles arriving in a given time 
interval—a situation which closely parallels the macro- 
scopic Gedankenex periment. 

Since the source and the absorber are physically 
separated during the entire “journey,” and electro- 
magnetic signals are used to connect the two, the 
actual experiment does not exactly correspond to the 
Gedankenex periment discussed in the Introduction. The 
key point, however, is that there is no net change in 
distance between the source and the absorber during 
the trip. Thus, no corrections are needed which involve 

* Even with AT=300°, the velocity needed to produce the 


first-order Doppler shift which is necessary to correct for the 
difference in time dilation, is only about 0.01 cm/sec 
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either distance measurements or the propagation prop- 
erties of light. The operations of time comparison (or, 
more exactly, frequency comparison) are identical, 
whether the source and absorber are both at rest in the 
laboratory, or are moving, and we can assume that 
any possible effects which might arise from the spatial 
displacement will not affect the difference between the 
two experimental situations. 


IV. AN EXPERIMENT EMPLOYING MECHANICAL 


ACCELERATION 


Hay, Schiffer, Cranshaw, and Egelstaff*’ placed a 
Co*” source near the center of a rotating wheel, a thin 
iron absorber in the form of a band around its circum- 
ference at a radius of 6.6 cm, and a counter at rest a 
short distance beyond the absorber. The gamma-ray 
transmission was observed as a function of the angular 
velocity of the wheel. The maximum tangential speed 
was 2.0710 cm/sec, corresponding to a radial ac- 
celeration of 6.6X10'g. The transmission was observed 
to increase as the velocity of the absorber increased, 
indicating a shift in the characteristic frequency of the 
absorber, presumably toward lower frequency, although 
this point was not tested due to experimental limita- 
tions. Since the line shape was known experimentally 
(for the absorber at rest), the magnitude of the fre- 
quency shift due to the second-order, or relativistic, 
Doppler effect could be measured, and it was found to 
agree with that predicted by (1), to an accuracy of a 
few percent. 

In this experiment, the 
only 2X 10~* cm during the quantum transmission time, 
so that it does not have a chance to make a complete 
trip.2* If, however, the quantum transmission time 
were to be extended over a complete rotation of the 
wheel (which is possible in principle) the accelerating 
nucleus would return to its starting point, and the 
conditions for the “clock paradox” would be met in a 
literal sense. This is, of course, unnecessary, since, due 
to the geometrical symmetry, the relative rates of the 
clocks can be accurately established during a small 
fraction of a complete revolution. This is a particular 
case of the “clock paradox” since the acceleration is 
constant, and is normal to the velocity during the 
quantum transmission time. Nonetheless, the observed 


absorbing nucleus moves 


frequency shift is explicable (within experimental error) 
entirely in terms of the velocity of the absorber. 

We note that once again that this experiment differs 
from all measurements of the transverse Doppler effect 
for uniform translation in that there is no change in the 
distance separating the source and the moving absorber 
during the frequency comparison operation. Also, this 


27 J. J. Hay, J. P. Schiffer, T. E. Cranshaw, and P. A. Egelstaff, 
Phys. Rev. Letters 4, 165 (1960 

28 Even so, this small motion, if it were in a straight line, would 
cause a first-order Doppler broadening which is 1000 times as 
great as the second-order Doppler frequen ft. Thus, the 
rotational motion is essential for a practical experiment of this 
type 
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distance is identical to that involved in making the 
corresponding observation in the experiment in which 
the absorber is at rest. 


V. CONCLUSIONS 


The experiments of Pound and Rebka® demonstrate 
that the clock with the higher rms velocity invariably 
runs more slowly than the clock with the lower rms 
velocity, and, in spite of the very large, randomly- 
oriented, approximately periodic accelerations of mag- 
nitude 10'*g, the observed time differences are explicable 
(within an experimental error of about 10%) entirely 
in terms of the velocities of the clocks. The maximum 
second-order velocity-dependent effect occurs when the 
source and the absorber have the maximum practical 
temperature difference (one near zero degrees, and one 
at room temperature), and for this case, Af/ fy=v®/2e 
=0.510-". The agreement between the calculated 
shift and the observed shift in frequency (to within 
about 10%) implies that any specific acceleration- 
dependent effect must be at least one order of magni- 
tude smaller, that is, the order of 1 part in 10", or less. 

The rotating wheel experiment of Hay ef al.”” demon- 
strates that clocks which have an acceleration of con- 
stant magnitude (6X10*g) directed normal to their 
velocity in an inertial frame have the predicted second- 
order Doppler shift. 

Although, on a nuclear scale, accelerations of 10% 


are very small, it is possible that significant distortions 
of the nuclear structure could still result. Let us make 
a rough estimate of the magnitude of the deformation 
of the Fe*’ nucleus arising from this acceleration. From 
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the “‘giant” gamma ray resonance at about 15 Mev, 
one estimates the force constant associated with the 
relative displacement of the proton and neutron com- 
ponents of the nuclear structure to be 3X 10" dynes/cm. 
Then, noting that the electric forces which cause the 
acceleration act only on the protons, we find that, 
under accelerations of about 10'*g, the neutron and 
proton components of the nucleus should suffer a 
maximum relative displacement of about 1 part in 10" 
of the nuclear diameter. Even using the great sensi- 
iivity of the Méssbauer resonance, such a small dis- 
tortion is not likely to produce an observable effect. 
First, it would have to produce a relative shift of the 
same order of magnitude between the two states which 
define the resonance. Second, the change in the reso- 
nance frequency arising from the acceleration would 
have to be independent of the direction of the accelera- 
tion, for, if it were not, the rapidly varying, cyclical 
acceleration patterns would have their effects averaged 
to zero over the emission time of a quantum (in a 
manner similar to that of the first-order Doppler 
shift arising from lattice vibrations). We conclude 
from this rough calculation that the mechanical dis- 
tortion of the nuclear structure under the accelerations 
due to the lattice vibrations is very small, but under 
favorable circumstances an intrinsic acceleration-de- 
pendent effect in the resonance frequency might be 
observable. A detailed analysis based on specific nu- 
clear models is needed for a further evaluation of this 
possibility. In any case, the experiments to date appear 
to be adequately explained without recourse to any 
acceleration-dependent effects. 
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Ihe spherical lattice gas is a modification of the ordinary lattice gas in 
h ce permitted to be any real number rather than +1. However, th 


the number of cells. This permits one to ev 


required to equal 


integrating over the surface of a certain sphere rather than by summing 01 


he partition function and the equation of state of the gas are evaluated ir 
dimensions the gas condenses, but not in one or two dimensions. Graphs 
of the isotherms in three, two, and one dimension are presented 

rhe analytical work is simplified by taking advantage of the relationship 
lattice gas and of the Ising model of a ferromagnet. This relationship, demonstr 
Lee for the ordinary lattice gas and Ising model, also applic s to the spherica 
model of a ferromagnet. The properties of the latter have been evaluates 
Graphs of the isotherms of the spherical model of the magnet, which were f 


are aiso pre sented 


1. INTRODUCTION lattice ons is obtained that for the erdmar 


; aa : Sh se os soe eas by replacing sums over lattice pomts whic! 
HE spherical lattice gas is a simplified model of a lattice gas by replacing sums over lattice points which 
| | 


: ‘ > ies ere ) bv integrals ove that sphere. 
gas. We introduce it because we can deduce its lie on the sphere (1) by BI ce hear abl 
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ss the work of Yang and Lee' and that of Berlin and Kae 


it undergoes phase transition in three dimensions, : =p 
Yang and Lee showed that O the grand partition 
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for a two-dimensional one with H#0 
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live pressure al very large and very small specih 
volumes. This can be traced to an inadequacy of the 


model for such specifi volumes. spontaneous magnetiza I ky , 
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EQUATION OF STATE OF 
taneous magnetization of the spherical Ising model 
Therefore these curves are also included. 

Berlin, Witten, and Gersch® have studied a cellular 
model of the imperfect gas. In it the numbers of 
particles in the cells are taken as the statistical variables. 
Their partition function, like ours, involves an integral 
of the exponential of a quadratic form. However, whereas 
our integration extends over a hypersphere, theirs 
extends over a hyperplane. Their integrand includes a 
weighting factor wnich damps their integrand when it 
deviates from the average configuration of one particle 
per cell. In three dimensions their model exhibits con- 
densation-like behavior below a critical temperature. 
There the p-v isotherms are nonanalytic functions of 1 
consisting of three pieces. However, the condensation 
region is not characterized by constant pressure, and for 
temperatures sufficiently low the isotherms show thermo- 
dynamic instability. Thus their condensation phe- 
nomena are rather different from ours. 


2. BASIC FORMULAS 


The grand partition function of the lattice gas is* 


J V 
+2 a, jC 0; 


ev I 2 t.ja~l 


> exp 


— 


Lf 
Xexp[(cg+4 Iny) © o;] exp[}(cg+iny)V 


Here o; equals +1 if cell 7 is occupied by a particle 
and —1 if it is not. We note that the o,; satisfy (1) and 


o7=1. (3) 


The constant J is defined in terms of Boltzmann’s con- 


stant & and the absolute temperature 7 by 
j=J/kT. 4) 


The quantity a;; equals +1 if cells i and 7 are nearest 
neighbors and is zero otherwise, while c¢ is the number 
of nearest neighbors of a cell. For cubic cells in one, 
two, and three dimensions c equals two, four, and six, 
respectively. The fugacity is denoted by y. 

From the definition of the spherical lattice gas, its 
grand partition function is 
Osg(t a 


x exp[(cg+4 Iny) & ¢,;) exp[}(cg+lny) V ] 


where 2 represents the spherical surface }-¢?7= V. 
*T.H 
1953 
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The partition function for the Ising model of ferro 
magnetism is® 
mt pa 


x ¢ xp 


In (6) N is the total number of lattice sites and 


K= poll /kT. (7) 
Here yo is the magnetic moment per particle. The parti- 


tion function for the spherical model of ferromagnetism 
2 af 
1S 


Osi (.N,9,0) f + feo , 


mK xp 
In (2) let us replace V by N and set 
Iny= 2[K—cg ]. 


Then by comparing (2) with (6) we obtain the following 
relationship, first obtained by Yang: 


C4) )) 


exp K 


Oa (N,J, exp! 2(K 


1¢J]O1(N,9,H). (9) 


Upon comparing 5) and (8) we obtain the correspond- 


ing relation for the spherical models, 


cJ) }) 


exp K 


Ose(V,J, exp[2(K 


bc WOs1(N,9,®). (10) 


From either (9) or (10) it follows that’ the thermo- 
dynamic properties of the lattice gas are related to 
those of the magnet. These relations are the same for 


the spherical and the original models. They are 
p*' 


v(9,50) 2 


j,5C) = (F+3C) 


(11) 
(12) 


§—4c, 
(14+). 


Here p*= p/J where p is the pressure of the gas, 0 is its 
specific volume, and 3%=M/yo where M is the mag- 
netization of the magnet. F, the limiting free energy 
per particle of the magnet, is defined by 


1 
Lim — InQ 


Ne \ 


(13) 


or O, or Oss. SH is given by 
ey 
5 See reference 4 


* See reference 2, 
See reference 4, 
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Fic. 1. Isotherms of the one-dimensional Ising model of a ferro 
magnet. The curves, based on Eq. (20), give the normalized 
magnetization IN = M /yo as a function of the normalized external 
field = //kT for constant values of 6=J/kT. Since M is an odd 
function of %, only the non-negative values of # are shown 


Equations (11) and (12) are the parametric form of the 
equation of state of either the lattice gas or the spherical 
lattice gas. The parameter is 3, which ranges from 
minus infinity to plus infinity. 

To obtain the equation of state of the spherical 
lattice gas we must insert F(5,J), the limiting free 
energy per particle of the spherical Ising model, into 
(11) and (14) and then use (14) in (12). For a simple 
1,2, 3), Berlin and Kac? 
have evaluated this free energy which we denote by 
F,(®,9). They obtain 


cubic lattice in m dimensions (n 


T J? 
In } z)+ 424 


F (3,9) 
J 49(z—n 


15 





In (15) we have omitted an additive constant which 


occurs in reference 2 due to multiplication of Og; by a 
tor. Here z 1 


normalization fac a real positive solution 


of the equation 


The function f,(z) is defined by 


1 ir _F 
fn(Z) f of dw,---+ du 
(2r)" J 


Ii will prove convenient later to note that (16) implies 


dF ,,(z)/dz=0 and that z is an even 


function of 3¢. Then 
(15) shows that F, is al f 


)an even function of K 


The equation of st he spherical Ising model of 


g (15) into (14). It is 


a magnet is obtained by 


From (18) we see that an odd function of K 
following sections we examine the equation 


gas and of the spheri 


state of the spherical lattice 
Ising model in detail on the basis of the above e juation 
In order to compare the properties of the spherica 


lattice gas with those of the lattice gas, we mu 


determine the properties of the latter. We can do this i 


the one-dimensional case. The | 


imiting free energy per 


> 


Isothern Ss ol 


limensional lat 


of specifi 
for various 


1 /k1 
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particle of the one-dimensional Ising model F;, is* 
3,3) =Inf{expJ cosh3e 
+[exp(29) sinh*3¢+exp(— 249) }}. 
Upon substituting (19) into (14) we obtain 
Mir(H,J) = [sinh*+exp(—4g) |! sinh. (20) 


(This formula is misprinted in reference 4.) From 
we deduce, omitting the subscripts, 


(20) 


Mz (5C,0) = tanh ; 21a) 
(21b) 
(21c) 


21d) 


M(K,02)=1, K>0; 


m(0,g)=0, J<o; 


M( 2 ,J)=1. 


Equation (21c) demonstrates the well-known fact that 
spontaneous magnetization does not occur in the one- 
dimensional Ising model. Magnetization curves based 
on (20) are shown in Fig. 1. Less complete graphs are 
given in reference 4. 

Upon substituting (19) into (11) and (20) into (12) 
we obtain the equation of state of the one-dimensional 
lattice gas in parametric form, 


1 
Infexpg coshK 
J 


p* 


+[Lexp(2g) sinh? +exp(— 2g) }'4+-3c} —1, 
2{1+[sinh*3¢+exp(—4g) }-! sinh3c}-". 


Isotherms of the one-dimensional lattice gas based on 
(22) and (23) are shown in Fig. 2. We see from (23) 
that as 3 varies from +2 to — ©, » varies continu- 
ously and hence no phase transition occurs. We also 
obtain easily the values listed in Table I. We see that 
the equations of state of the one-dimensional Ising 
model and of the one-dimensional lattice gas 
physically quite reasonable. 


are 


3. THE ONE-DIMENSIONAL SPHERICAL 
LATTICE GAS 


Since the properties of the spherical lattice gas can 
be found in terms of those of the spherical Ising model, 
we shall first examine that model. Its equation of 
state is given by (16) and (18) which become, in one 


TABLE I. Three pairs of values of and MM for the one-dimer 
sional Ising model of a ferromagnet and the corresponding pairs 
of values of » and p* for the one-dimensional lattice gas 


p* 


~2R/§+~+” 
(1/9) In(2 cosh¢)—1 
0 


® See reference 4, p 
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Fic. 3. Isotherms of the one-dimensional spherical model of a 

ferromagnet based on Eqs. (24) and (25). The normalized mag 

netization I= M/po is shown as a function of the normalized 

external field 0 =H/kT for various constant values of 6=J/kT 

These curves lie below the corresponding ones of the Ising model 

shown in Fig. 1 


dimension, 


W=5C/29(z—1) 
From (24) and (25) we find that 
g2(5C,0) (26a) 


(26b) 


21+ (14+4%?)'}; 


M(K,0)=1, H>O0; 


m(0,g)=0, j<« 


. (26c) 


MU , J) =1. (26d) 


The proofs of these results are similar to, but simpler 
than, those given in Appendix B for the three-dimen- 
sional case. Equation (26c) shows that spontaneous 
magnetization does not occur in this case. Magnetiza- 
tion curves of the spherical Ising model, based on (24) 
and (25), are shown in Fig. 3. For a given & and J, the 
magnetization of the spherical model is less than that 
of the Ising model (Fig. 1). 

From (11) and (15) we obtain for the spherical 
lattice gas in one dimension 


(28) 


From (12) and (25) we obtain 


»(J,) = 2(1+3¢/[2 


[29(z—1) ]}-. (30) 


Equations (28)-—(30) express the equation of state of 
the one-dimensional! spherical] lattice gas in terms of the 
parameter X. The quantity z is defined as a root of (24). 








Isotherms of the one-dimensional spherical lattice gas 
based on (28)-(30) are shown in Fig. 4. The method of 
computation used in preparing this and the subsequent 
figures is explained in Appendix A. Since spontaneous 
magnetization does not occur in the spherical magnet, 
phase transition does not occur in the spherical lattice 
gas. Much as in Appendix B we obtain the special 
results shown in Table II. We note from the third line 
[ table that wher becomes large, p becomes 
negative. Furthermore for large v the isotherms corre 
sponding to large values ol § lie below those « orrespond- 
ing to smaller values of J. This unphysical behavior of 
the equation of state for large v is due to the inadequacy Upon inte 


of the spherical model in this limit 


4. THE TWO-DIMENSIONAL SPHERICAL 
LATTICE GAS 
For n= 2, Eqs. (16) and (18) for the spherica 
model become 
rasie Il. Three 
dimensional! spherica 
ing pairs of vaiues 
lattice gas 


In (31), A(a he complete integral of 
first kind, O0<a< ro ul 32) we find 
26) is still valid for » ywn as In Appendiy 
B by using the facts that r2 and A(1 x 
From (26c) we see t spontaneous magnetization does 


-_ 
i 


el when n=2. 


not occur for the sphe Ing mov 
The Ising mode W T oe xhibit spontaneous 
magnetizatl I d metization curves based 
on (31 and 5 


lo obtain the equa 


gas in two dimensions, we set and (15 
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From (12) and (32) we obtain 


v( 935 [ i( | 37 
t pS) L ‘ he /) 


Isotherms of the two-dimensional spherical lattice 
gas based on (34)-(37) are shown in Fig. 6. From (26), 

34), and (37), by considerations like those in Appendix 
B, we obtain the special results in Table III. Here z,, 
solution of Eq. (3) in Appendix C. We see from 
the third line of the table that for large v the behavior 
of the two-dimensional spherical lattice gas is un- 
physical, just as in the one-dimensional case. 


is the 


5. THE THREE-DIMENSIONAL SPHERICAL 
LATTICE GAS 


In three dimensions, (16) and (18) for the spherical 


Ising model become 


uf 


38), df;/dz is given by 


af + 


In Appendix B we s| 


IN(5C,O 


6. Isotherms of 
»-dimensiona] 
cal lattice gas 
Eqs 34 
The curves show 
malized pressure 
J as a function of 
volume ov for 
values of 
kT. Eachisotherm 
the axis p*=0 
sufficiently large 
»f v indicating the 
uacy of the model 
h large values of v 














lad 


ric. 5. Isotherms of the two-dimensional spherical model of a 
ferromagnet based on Eqs. (31) and (32). The normalized mag 
netization N= M/yo is shown as a function of the normalized 
external field X=///kT for various constant values of ¢=J/k7 


(41c) 


for |= 0.2527: -- 


» (41d) 
(4le) 


lor |< 


show that 


$1d) 


magnetization occurs for J>4 


Equations (41c) and spontaneous 


In Appendix D it is proved that 
am 
dK 
am 
dm 
am 
ax 
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ric. 7. Isotherms of the three-dimensional spherical model of 
a ferromagnet based on Eqs. (38)-(40). The normalized mag- 
netization I0=—M/yo is shown as a function of the normalized 
external field # =///kT for various constant values of 6=J/kT 
Spontaneous magnetization occurs for 9>4,=0.2527. This is 
shown by the fact that for such values of 9, the magnetization is 
different trom zero tor % 0 


Here z,, is the solution of Eq. (4) of Appendix C. Mag- 
netization curves (38)-(41) are shown in 
Fig. 7. The spontaneous magnetization curve based on 
(41c) is shown in Fig. 8 


based on 


the three-dimensional 
pherical lattice gas is now obtained by setting n= 
(11) and (15) which become 


The equation of tate of 


3 in 


Here f3(z) is given by 


1 © ’ 
f3(2Z) f [ f dw du 
dn . 


— COS 2 COSU 


lic. 8. Spontaneous magnetization of the three-dimensional 
spherical model of a ferromagnet based on Eq. (41c). The ordinate 
is the limiting value of the magnetization M(H.) as K tends to 
zero through positive values. It is just the intercept of the iso 
therms with the axis =O in Fig. 7. The abscissa is 9./9 


. . 
Equations (12) and 


4,K < c—3) | 48) 


From (41), (45), and (48 
the entries of Table IV. In this table z,, is the solution 
of Eq. (4) of Appendix C 
mined by the equations 


we derive, in Appendix _ be 


while vy, and vq are deter- 


(49) 
1-1/0, (50) 


For very small and very large v, the isotherms behave 
as they do in the one- and two-dimensional cases. How- 
ever for J> J-, a discontinuity occurs in the p*, » curves 
at the parameter value #=0. At this value we obtain 
two different sper ific volumes for each at We designate 
the smaller vz, to indicate the value at which the liquid 


begins to vaporize. The larger we call vg, which is the 


TABLE III. Three pairs of values of and IN for the two 
dimensional! spherical n the correspond 
ing pairs of values of » and nsional spherical 
lattice gas. 


lel of 
el OF 


K 


specific volume at whi 
jump in specific volume 


Equation (52) defines that half of the phase transition 
curve, or boundary of the two-phase region, in the p*,t 
1 begu 


half of this curve is obtained by elin 


plane at which the liqui rhe other 


nating ?, 


0 vaporize 
from 
52) by means of (50), whi 
p* and vq. This is the half of the phase transition curve 
at which the gas begins to liquify 


ls a relation between 


The maximum of p* 
on this curve occurs at 1 ra 
ap* Ovc=0. It 


maximum 0@p/¢@ 


oie i 
where op'/d 


transition curve is not 
of the two-dimensiona 





EQUATION OF oO} 
transition curve or two-phase boundary is shown as a 
dashed line in Fig. 9. 

In order to examine the isotherms of the three- 
dimensional spherical lattice gas, we prove in Appendix 
D that 

dp* 


= (ta—3), 


0, g>4,. (54) 


| 
dt |v =rz, tg 


From (54) we see that the isotherms meet the two-phase 
boundary with zero slope and that the compressibility 
is infinite at this boundary. The isotherms are shown in 
Fig. 9. The horizontal line within the two-phase region 
in that figure represents the discontinuity (51). 

Although Fig. 9 bears a marked qualitative resem 
blance to the p, » diagram of a real gas-liquid system, 
it is unrealistic for large J at small v and for all g at 
large v. This is shown by the small negative trough of 
the condensation curve for 1<v<2 and by a corre- 
sponding one of the same depth but of infinite extent 
for large values of 2. 


6. FINAL REMARKS 


Our method of computation of the isotherms from 
(45)—(48) is described in Appendix A. In this compu- 
tation for each J, values were assigned to the two 
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GAS 


Taste IV. Five pairs of values of K and MM for the three 
dimensional spherical model of a ferromagnet and the corre 
sponding pairs of values of » and p* for the three-dimensional 
spherical lattice gas. Since spontaneous magnetization occurs 
below the critical temperature (¢> s,), the value of KH depends 
upon whether % tends to zero through positive or negative values. 
For the spherical lattice gas below the critical temperature on the 
condensation curve, the pressure is the same for 0) =», as for »=0¢ 


p* 


T 
In—+2462m— fs(8m) |—3 
4 


($< 8.) 


(¢>4-) +m(0+,9) 


a 
in-— f,(3) 
s 


a> 4, m(0+,4) »o 24 


In| 3C} 


24 


parameters z and %, and corresponding values of p* 
and » were computed. The values of 3 ranged from 
—«x to + and those of z ranged from z, to +. 
The minimum value z,, is determined in Appendix C as 
a root of Eq. (1) of that Appendix. We now wish to 
determine whether the isotherms can be continued 
beyond the two-phase boundary by choosing <2. If 
so, we wish to see if such a continuation has physical 

















Fic. 9. Isotherms of the three-dimensional spherical lattice gas 


vased on Eqs. (45)-(48). The curves show the normalized pressure 


p* = p/J as a function of specific volume » for various values of ¢=J/kT. Each isotherm crosses the axis p* =O for a sufficiently large 
value of 2 indicating the inadequacy of the model for such large values of ». The dashed curve is the boundary of the two-phase region. 


Half of it is given by (52) and the other half by (50) and 


52). The horizontal part of each isotherm in the two-phase region has been 


drawn to connect the end points of the two other portions of the isotherm. This horizontal part is not described by our equations, 


which do not yield any isotherms in this region. 
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significance. In particular, does it yield metastable 
states? 

We first consider the spherical Ising model and write 
(16) and (18) in the form 


56 


In one, two, and three dimensions the following remarks 
apply. If n<z- San, Il follows that (1 29)df. z)/dz>1 
Then (55) shows that SM is imaginary. If |z| <m then 
from (17) we find that df,,/dz is infinite. Hence we need 
consider only z< —n. 

From (17) we note that df,(z)/dz is an odd function 
of z. Therefore we replace z by 


zin (55) and (56) and 


obtain 
df, 
dz 
(58) 


29M (2-+n), >in 


Since df,/dz is 57) and 
(58) yield two real continuations for IN and 35 since 
the 


finite and positive for 2>n, 


two values of square root can be used in (57). 


According to (58), IN and K have opposite signs for 
mm! >1. Thus both of 


these continuations seem to be physically unrealistic. 


each solution, and from (57) 
We shall now consider the possibility of continuing 


the isotherms of the spherical lattice gas. First we 


consider the range n Since Wl is imaginary in 
12) that 
if s<m, (17) 
and (11) show that p* is not real. 
are real, there is no real continuation 


this range, we see from will be complex 


On the other hand, shows that f,(z) is 
complex. Then 15 
Thus if 2 and K 
of the isotherms. 


Next 


real then zs and K 


that when 
must be real 

12), 
(55) it follows that 
(17) df, dz and then (55) 
show that I would not be real. Finally from 

reality ol Zi imph at i Is 
that of the 


we shall show 


p*, and g are all 
lo show this we first 
is real. Then from 


note that from WM is real if 1 


c is real. For if z were not real, by 


would not be real would 
18), the 
This result and 
g paragraph show that, on the 


basis of our equations, there is no real continuation of 


real 


prec eain 


the isotherms of the spherical lattice gas into the two- 
] hus the 


region is the natural boundary of the function p*(v,g). 


phase region. boundary of the two-phase 


APPENDIX A 
Method of Computation 


Each isotherm of the spherical model of ferromag- 
netism and of the spherical lattice gas was computed 
by assigning a value to g and selecting a set of values 


for s. For these values M1, H, v, F, and p* were computed 


ND J. B 


KELLER 


successively from (55), (56), (12), (15), and (11) u 
omputer. The only difficulty 
and ef, 2) 


and 3. The second term on the right side of 


Ing a 
Burroughs 220 electronic « 
was that of evaluating f,(z) dz tor n=2 
31), 
integral of 


. ; 
This integral als sin (39 


which 
gives df»/dz, involves the 
the first kind 
gives df 
Hastings.’ computed by numerical 
integration using Simpson’s one-tl 


omplete e 
which 
dz. It w ipproximated by a formula of 
Then df 
hird rule, which was 
also used to compute f; from (36 


The function f omputed from the 


This series can be 
form 


The coefficients 


Ef LL Esme) ete 


The integral iz terms of J», the 
modified Bessel function of the first kind « 


This yields 


expressible 


f order zero. 


\.4 


Since Jo(a) Is } vel 
(A.4) that A,=0 wher 


the power series for / 


follows from 
titution of 


n, tor even 


If A», is computed for 
results are inserted 


APPENDIX B 


Limit Properties of the Three-Dimensional 
Spherical Magnet and the Spherical 
Lattice Gas 


We shall now prove various statements made in the 
text about the behavior of the equations of 
three-dimensional spherical models of the 
the lattice gas. Let us begin with (41 
follows that z— « when > hen 


state of the 
magnet and 
From (38) it 
40) 


from (38 


Digital C 


°C. Hastings, 
I Jersey, 1955 


Princeton Universit 
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292°+1/z2, 


M~35/29z. (B.2) 
We now solve (B.1) for jz and substitute the result 
B.2), which yields (41a). 

To prove (41b) we first note from (38 
>» ©, Wealso note that df3;(3)/dz 
was proved by Watson." Then for J large, (38) can be 
written as 


into 
that s-—> 3 


when J 29.-, which 


j(z—3) P~1—J./J. B.3) 


Thus 


which completes the proof. To prove (41d) we see 
17) that df;/dz decreases monotonically from 
3 to zero at z= ® and that it behaves like 
and 3% —>0, it follows from 
38) that z—> z,,>3, where z,, satisfies (C.4), and (41d) 
follows. If g>g. then z—> 3 in (38) when 3% — 0 and 
(38) becomes (B.3), proving (41c). To prove (41¢) we 
from (38) that when KH—- 
consequently 4f;/dz — 0. Then 


Irom 
Jc at 
for large z. If 9<g 


observe ©, 2-0 and 


7 


B.4) 


K 
lim 
et 29(s—3) 


41e) and completes the proof of (41). 
We shall now derive the values of p* in Table IV. 
When * — + it follows that IN— +1, since IT is 


Phi Is 


odd. Then from (B.4), <~|5|/2g-—> «. For large z, 
f;(z)~Inz=In( 5/29). Substitution of these limiting 


values for z and f(z) into (46) as |32, — ™ yields 


F,~ —4 In(|3| /29)+|% (B.5) 
Substitution of (B.5) into (45) yields, when H — +, 
the entry line 1, column 4 of Table IV. When 
K —+ —® this substitution yields the entry on line 4, 
column 4 of Table IV. When 3% — +0 and J<4¥., 

>Zm>3 and H/2g(z—3)-—0. Substitution of these 
values into (45) yields the entry on line 2, column 4 of 
Table IV. Finally when H— +0 and J>J., 2— Im 

3, /29(2z—3) — 49N(04+,9). Again, substituting 
these values into (45) yields line 3 of Table IV. 


on 


APPENDIX C 
Determination of z,, 
from (17) that df,(z)/dz is 
decreasing function of z behaving like 1/2 
for large z. We also know from (24) that df;(1)/dz= =, 
from (31) that df,(2)/dz=«, and from Appendix B 


hat df;(3)/dz=29.. Therefore z, corresponds to the 


” G. N. Watson, Quart. J 


We know 


monotonk 


a posit ive 


Math. 10, 266 (1939 
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that can be realized 
j and for n=3, 9< 4, 


0. Hence under these conditions, z» is a 


smallest non-negative value of JT 


from (55). For n=1, 2 and all 
this is IW 


solution of 


More specifically 


dz 
From Appendix B we also have 


In all cases 2m> 


APPENDIX D 


Shapes of the Isotherms of the Spherical 
Lattice Gas 


he slope of the isotherms of the spherical lattice gas 
can be expressed simply in terms of the properties of 
the spherical model of a ferromagnet. To show this we 
differentiate (11) with respect to v and (12) with 
respect to KH. Upon combining these two equations we 
obtain, after use of (14), 


dp* (1-+91)? 


’ (D.1) 
dt 29(dM/dK) 


This relationship also relates the ordinary lattice gas 
and the Ising model. 

Let us now evaluate d3N/dX for the spherical model. 
To do so we differentiate (18) and (16) with respect to 
% and combine the two results. We then obtain for 
the spherical magnet 


dm 1 df. 4gm? df, 
=— — /( _ ) <~ SED 
dk 29(z—n) dz? (z—n) dz 


Since @ f,,/dz?<0 it follows from (D.2) that dW/dK>0 
and from (D.1) that dp*/do<0. 

Let us now deduce (42)—(44), (53), and (54). If g=0, 
(42) follows directly from (41a). For g>0 we have, 
for ou 3 0 

d* f(z 
—[24e(z—3)§ }. (D.3) 
d2? 


From this equation and (17) it follows that df,(z)/dz2* 
increases monotonically from —* at z=3 to zero at 


2 x 


See reference 2, p. 385 
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If 0<g< 4g, then, as is shown in Appendix C, when 
K— 0 it follows that >Zm>3 and ¢W—O0. Hence 
P f5(z)/d2*—» dfs(zm)/dz?~O. Upon substitution into 
(D.2) of the limits attained by z, OM, and d*f;(z)/dz* as 
KH — 0 we obtain (43). If > g,. then from Appendix C 


we find that as # — 0, »>3 and WW — (1-—9./9)>0. 
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AN 


120, 


D J 

(D.3). df 

stitution of these limiting value 

into (D.2) yields (44 
Equation (53) then follow 

(41d) and (43) into (D.1) 

substitution of (41c) and (44 


Hence from ' Sub- 


| and df; z)/dz? 


Ils 3)3 


upon substitution of 
and 54) 
D.1 


follows upon 


into 
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Approximate Analytic Approach to the Classical Scattering Problem* 
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An approximate analytic approach to the problem of deter 
mining differential scattering cross sections for classical central 


field repulsive iorces is described. It is shown that the impact 
parameter, 6, can be approximated by b6=Rcos(@/2), where R 
is approximately the distance of closest approach and @ is the 
scattering angle in the center-of-mass system. A simple approxi 
mation gives the potential energy of interaction between two 
atoms as V(R)=2E sin(@/2 


of-mass system 


, where E is the energy in the center 
Simple analytic expressions for the differential 
scattering cross section, o, are derived from the above two re 


lationships for three special cases of a two-parameter screened 


I. INTRODUCTION 


HE purpose of this paper is to present a method 


for obtaining approximate analytic represen- 
tations for classical differential scattering cross sections 
suitable for studying slowing down processes in radi- 
ation damage theory.' Briefly, this approximation will 
be shown to interpolate remarkably well between the 
impulse and hard-sphere approximations valid, re- 
spectively, for small and large angle scattering. 

In Sec. II, the problem of determining an approximate 
relationship between the impact parameter, 6, and the 
angle, @, associated with an arbitrary central repulsive 
force scattering of an incident atom by a target atom 
will be discussed. 

Approximate analytic expressions for the impact 
parameter and differential scattering cross section will 
be derived in Sec. III for three types of screened 


Coulomb potential energy functions suggested by 


Brinkman and Meechan.? Exact solutions for the impact 
parameter and differential scattering cross section have 
been worked out for a special case of the aforemen- 
tioned potential energy and a comparison between 


* This work 
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1 For a recent review article concerning the status of slowing 
down processes in radiation damage theory, see G. J. Dienes and 
G. H. Vineyard, Radiation Effects in Solids (Interscience Pub- 
lishers, New York, 1957 
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Coulomb potential energy 


V (R)=Z,2Z2°A exp(—pAR 1{R) }', 
where Ze is the charge on the ith at 
and p is an adjustable parameter 
2 in this paper 

A new and improved method for calculating o exactly 
discussed and is used to com h 
A table is presented which allows on 
approximate o’s for p=1 over ¢ 
tering angles. The agreement i 
transfer. 


$s a screening radius, 

icted to }, 1, and 
is also 
vehavior of o for ph = | 

npare the exact and 
» of energy and scat 
rly good for large energy 


fro 1 th 


IV. 


results and those cle rived 


approximations will be giver 


these 


In Oe 


II. DERIVATION OF APPROXIMATE 
SCATTERING EQUATIONS 


igure 1 shows the path described by an incident 
atom being scattered by a force 
6, by a target atom. In this 
figure, the impact parameter is denoted by 6 and the 
coordinates (r,@) define the path of the incident atom 
relative to the target atom as the origin. The differential 
equation for the (r,@) trajectory is given by the well- 
known expression*® 


repulsive central 


through an angle, fixed 


(u’)?+u 'V), (1) 
where u=1/r, V is the tial energy of interaction, 
and E is the energy of the incid atom measured in 
the center-of-mass system. The prime on 4% 
differentiation with respe: 
between 6 and 3 is easily derived from E 


well known to be 


denotes 
The exact relationshi»> 


}. (1 


tto@g 


and is 


where uo is the zero of the integrand and physically 
7H. Goldstein, Classical Mechanic Addison-Wesley 
lishing Company, Inc., Reading, Massachusetts, 1950 


Pub 
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equal to the reciprocal of the distance of closest 
approach. 

Equation (2) must be numerically integrated for 
V’s appropriate to radiation damage theory. For 
example, Everhart, Stone, and Carbone,‘ have solved 
this equation for the case of the Bohr screened Coulomb 
potential. 


A. Integral Equation for Trajectory 


Approximate relations between @ and 6 for arbitrary 
V can be obtained from Eq. (1) by converting this 
equation into the following equivalent integral equation, 
derived in Appendix A. 


° 
u=b sing f dg’ sin(¢—¢’)g(u(¢’)), (3) 
0 


where 

g(u)=}b*E-"(0V/du). (4) 
The first term in Eq. (3) represents the initial straight 
line trajectory of the incident particle. The second term 
accounts for the deflection in the trajectory associated 
with the repulsive potential energy, V. 

Figure 1 shows that ¢,, defines the angle at which 
the radial momentum or (du/d@) vanishes. This figure 
also shows that the scattering angle, 0, is related to dm 
by 6=x—2¢m. Consequently, one readily finds by 
differentiation of Eq. (3) with respect to @ and subse- 
quent appropriate change of variable of integration that 


sin (6/2) of do” cos(¢"’ —w/2)g(u(x/2—¢")). (5) 
6/2 


This expression is exact and can be evaluated after Eq. 
(3) has been solved for u(¢). 


B. Approximate Relationship Between Scattering 
Angle and Impact Parameter 


A simple approximate relationship between @ and b 
can now be established by substituting w= b~ sing, the 
straight line trajectory of the incident particle, into 
Eq. (5). Using this approximation, one can transform 
Eq. (5) into the following expression. 


b 
=H (R)=2E, 


V(R)+- 
[ 


where 


a b d 
H(R)=- [ dr——— — V(r). 
Ye ([r—Bb ]}'dr 


The distance R appearing in these expressions is related 
to 6 by 
R=b sec(6/2). (8) 


*E. Everhart, G 
1287 (1955). 


Stone, and R. G. Carbone, Phys. Rev. 99, 
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INCIDENT 





TARGET 
ATOM 


Fic. 1. Trajectory of an incident atom colliding with a fixed 
target atom. In this figure, r denotes the distance between the 
atoms 


Figure 1 shows that R is approximately equal to the 
distance of closest approach. 

For small angle scattering, R is nearly equal to 6 and 
the second term in Eq. (6) dominates. One can also 
show that Eq. (6) reduces to the impulse approxi- 
mation for small @ and behaves like a hard sphere 
approximation for large scattering angles. Finally, one 
should note that Eq. (6) is exact for Coulomb scattering, 
i.e., for V(r) varying as 1/r, since g(u) in Eq. (5) isa 
constant [see Eq. (4) }. 


C. Approximate Evaluation of H for Arbitrary V 


It has been possible to approximate H for arbitrary 
V by a procedure described in Appendix B. It is shown 
in this appendix that the simplest approximation which 
appears physically significant leads to 


H(R) = V(R)[sec (0/2) —tan(0/2) }. (9) 


When this expression is substituted into Eq. (6), one 
finds that 


sin(@/2)=V(R)/2E, (10) 


with b= R cos(6/2), [see Eq. (8) ] forms the basis for 
deriving analytic expressions for b in terms of @. Again, 
Eq. (10) is exact for the Coulomb potential. 

We stress the fact that Eq. (10) is equivalent to Eq. 
(6) for large angles, but is only an approximation for 
small angles excepting, of course, the singular case of 
the Coulomb potential. A more accurate expression for 
H(R), given in Appendix B, can be used for numerical 
integration but leads to unwieldly analytic expressions 
for 6 in terms of 6 and will not be used in this paper. 


Ill. ANALYTIC APPROXIMATIONS FOR 
DIFFERENTIAL SCATTERING 
CROSS SECTIONS 


Brinkman and Meechan? point out that the potential 
energy given by 


V (r)=Z,Z,Ae exp(— Br)[1—exp(—Ar)}" (11) 
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fan_e I. Analytic approximations for distance of closest ap 
proach, R,, impact parameter, 6,, and differential scattering 
cross section the Brinkman-Meechan potential, 
V =exp(—pR)[1—exp(—R)]". In this table, t=(7/T,,)!, 
QO #)', F=(2Et)", and L,»=b, "Ft? 


* « ’ I 


a, for 


6,0" 


is well-suited for studying the interaction between two 
of charge Z,e and Ze. This potential energy 
behaves like Z,Z,e?/r for small r and has a Born-Mayer 
or Huntington exponential character for large r. The 
of A and B elsewhere 
consider only three spe ial cases B=A/2, A 
for arbitrary A 

considerable 


atoms 


since we 
, and 2A 
However, these three cases cover a 
of still 
determine R in terms of & and sin(@/2) 


choice is dis ussed 


range interest and allow us to 


using Eq. (10). 

The unit of length used in the remainder of this paper 
will be 1/A while the unit of energy (measured in the 
center-of-mass system) will be taken as Z,Z.e?A. With 


these conventions, one notes that 


V (R)=exp pR)[1 —exp( R } . (12) 


B/A 
differential  s¢ 


where p 
The per 


energy transferred to the struck atom, o(T7), is given by 


attering cross section unit 


(T »/2)a(7 d(rh’ d(cos@), (13) 


where 7,,, is the maximum possible energy transferred 


The energy transferred to the struck atom, 7, is related 


to @ by 
lsin(@/2 (14 
A. Approximate Differential Scattering Cross 
Section for Brinkman-Meechan Potential 


Phe 
units previously described, is characterized by a single 
parameter, p= BA. 
used to denote the impact parameter and differential 
B/A, 
can obtain R in terms of @ 
The 


XQ 


Brinkman-Meechan potential energy, in the 


Consequently, 6, and ¢, will be 
scattering cross section 

When p=}, 1, or 
from Eqs. (10) and (12 


now obtained from | 


appropriate to p 
2, one 
impact parameter, b,, is 
and ¢@, is found by a dif- 

Eq. (13 These 
where o been 
13), 


ferentiation with t to @ [see 


Table I, 


quivalent 


respec 


results are presented in has 


to Eq 


derived from an expre 


Ssion, 


given by 
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IV. COMPARISON OF EXACT AND APPROXIMATE 
RESULTS FOR p=1 SCATTERING 


In order to test the audit i t a aly tic approx!- 
evaluated the 
for the 
Meechan potential with 


g tun 


mations presented in ive 
differential 
special case of the Brin 
p =1. Since V 


appeared undesirable to us to 


scattering exactly 


is a rapidly va tion of r or u, it 
the usual procedure 
1 8 as a function 
ind { 


has a singu- 


of solving Eq: (2) numerically to obtai 
of 6. Furthermore, 


have pointed out, 


Everhart ‘arbone* 


id of Eq. (2 


stone, 
the integral! 


larity which requires specia 


A. Transformation of Scattering Integral 
to a New Representation 


Fortunately, our search for an improved method for 
successful 
work of 


solved the inverse 


determining @ as a function of 6 has been 
Qur approach is new but is based upon the 
Keller, Kay, and Shmoys 
problem of determining 
from scattering data. It is 


energy function 
Appendix C that 


Eq. (2) can be transformed i 


7] of dY sin(¥)[ (RR 


where 


and 


define the distances ms of the potential 


energy, V. The impact parameter is now found to be 


(17 


The parameter while @ varies 
from 0 to x. The 


varies slowly with 


is bounded and 
the previously 
described behavior of t} inte | Al 2). 

In order to determin T scattering cross 


db/d6) = (db/du 


ce rivative ] ] , Can be obtained 


section, it is neces 


xX (dé/dw The 


analytically from Eq 


iry 


evalu- 
ated from Eq. (16). A simple calculation shows that the 
latter derivative can | 


must be 


(d0/du 


E sin( 2% 


xf d¥ sin(V)RL(G 


where 


with 
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\ careful inspection of the integrand of Eq. (18) shows 
that it is also slowly varying and bounded and enables 
one to compute (d@/dw) directly. 


B. Numerical Comparison of Exact and Approxi- 
mate Impact Parameters and Differential 
Scattering Cross Sections for p= 1 


Numerical results obtained from the analytic ap- 
proximations for a, given in Table I, have been com- 
pared with the exact solutions for the case p=1 in 
order to establish the usefulness of the analytic approxi- 
mations. Equations (16) (18) were evaluated 
numerically for a set of -’s and w’s by using Gauss’s 
mechanical quadrature." 
were checked out for V(®) 
known exactly.’ 

Table II and approximate results 
obtained for p=1 scattering. It is to be recalled that 
the units of length and energy are 1/A and Z,Z,¢A, 
respectively. This table shows that the simple analytic 
approximation for o;, which is given in Table I, com- 
pares quite favorably with the exact differential scat- 
tering cross section for p=1 scattering over the entire 
range of energies involved. The agreement is very good 
for large energy transfer. 


and 


numerical 
®-~ for which 6 and oa are 


(ur proc edures 


shows exact 


V. SUMMARY AND DISCUSSION 


An approach has been presented for obtaining 
analytic approximations for the differential scattering 
cross section for an arbitrary potential energy function, 
V(R), which can be solved explicitly for R as a function 
of V. It was found that the impact parameter, 8, is 
related to the scattering angle, 0, by b=Rcos(6/2), 
where V(R)=2E sin(6/2) defines R which is the ap- 
proximate distance of closest approach in terms of 8. 
The differential scattering cross section per unit energy 
transferred to the struck atom, a, is then given by 
[dxrb?/d(cos#) |, where T,, is the maximum 
energy transferred in a collision. 

Analytic 


(T,/2)o 


approximations for o were presented in 
Table I for three special cases of the potential energy 
function proposed by Brinkman and Meechan [see 
Eq. (12 

A new approach for computing o exactly was de- 
scribed in Sec. IV by using a parametric representation 
which eliminates the usual singularity in the integrand 
of the scattering integral. Briefly, this new approach 
allows one to compute @ in terms of a slowly varying 
function of a parameter w. A direct method of com- 
puting (d6/dw) was also presented. The impact pa- 
rameter given by 6b 

F{1- 
The energy dependence of ¢ is primarily accounted for 
by the variation of ® 


was where V(®R 


the distance ®p in terms of w. 


cosw Ko, 
cosw’)? | defines 
with & which can be expressed 


inalytically for the Brinkman-Meechan potential 
energy 

*W.E. Milne, Numerical Calculu 
Princeton, New Jersey 1949 p 285 


(Princeton Ur 
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rasie II. Comparison of approximate and exact differential 
scattering cross sections for ~=1 as a function of incident atom 
energy, F-, and energy transferred to struck atom, 
T/T. Units of energy and length are defined in text 


fractional! 


T = /4e\o E=10 k=10 E=10% k=10° 
26.3 
29.3 
85.1 
62.8 
5.3K 10 
3.7K 10 
4.5K 10" 
36x10" 
5.0 10" 
3.8 10" 


Exact 53x10 
Approx 60x10 


7.1«K10" 8 
g0«K10" 9 
Exact 2 43 
Approx 


. 7 


5 | 
5 2 8.0 2 


Exact 
Approx 


15K1e 

1.0K 10 

Exact < 18x 108 
Approx 1.3 16 
Exact 2.1 10" 
Approx 7 : 1.6 10 


3.3K 1 
2.3K 10 
2.9 108 
24x 108 
3.2 104 
2.7% 108 


\ comparison of the exact and approximate differ- 
ential scattering cross sections was made in Table II 


for the p V(R)=[Lexp(R)—1}". 


The agreement appears to be good and in fact shows 


1 potential energy, 


that the simple analytic approximations for ¢ given in 
lable I are suitable for characte rizing « ollisions between 
atoms in radiation damage calculations 


APPENDIX A. DERIVATION OF INTEGRAL 
EQUATION FOR TRAJECTORY 


Equation (3) of the text was derived from Eq. (1) 
by converting the latter to a second order differential 
equation. If Eq. (1) is differentiated with respect to u 
one obtains 


u'+u g, 


(A-1) 


since d(u™)/du=2u"’ and g is defined by Eq. (4). This 
differential equation is easily converted to an integral 
equation by considering g to be a know function of ¢. 


A particular solution, u,, of Eq. (A-1) is 


f dq’ sin(¢—@')e(u(¢’)), 
0 


since u,'’+u,=—g(u). Similarly, the general solution 
0, is u=C cosp 

+ D sing. Hence, the general solution of Eq. (A-1) is 
+C cos@+ D sing. Now, from Fig. 1, «— b- sing 
as @-— 0; tends to zero much faster than 
¢ for potentials which fall off more rapidly than 1/r as 
0 and D=b" which proves 
of the text is the proper 


of the homogeneous equation, u’’+1 


u=Uu 
however, u,; 
r— x, Consequently, C 
our assertion that Eq. (3 
solution of Eq. (A-1 


APPENDIX B. EVALUATION OF H\R 
FOR ARBITRARY V(R 


The integral, H(R), of the text will be evaluated here 
for arbitrary V(R). An integration of Eq. (7) by parts 


yields 


H(R)=R°V’ 
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where the prime denotes differentiation with respect 
to r or R as the case may be. It should be noted that 
the integral in Eq. (B-1) must be evaluated numerically 
for potential energies of interest in this paper. Note 
that b=R cos(@/2 by Eq. (8) so that 
¥(x,0)=[ b/r)? f }*, (B-2 

where x=r/R varies from unity to infinity. Our some- 
what devious procedure is to approximate ¥(x,0) by 


ant+x'B, for x,< x< Xn41, where a, and 6, are functions 


of 6 only. Our motivation comes from the fact that this 


] 


approximation allows us to evaluate Eq. (B-1) in closed 


form. The parameters a, and 6, are chosen so that 


V(x, 
Wa 


with A 
With 


being the maximum 
these 


whe re xX, 1 and iN I. 


number of points ised conventions, one 
can show that 


H(R c(0/2 (B-4) 


> 5,10 - 1 Fa); 


(B-6) 


V(Rx,), and 
Che simplest approximation to H(R) is obtained by 
choosing 2, 1.€., 1 and xe 2. 
only 8,;=G 1 or si i 
H(R) approximately 1=V(R), 
Kq 9) of the represents the simplest possible 
approximation to H(R 
We have also investigated a more exact 
taking a 1, sem1.1, xg=7Z, 
ns derived for this case have been approximated 
1 it is found that 


For this case, 
is needed to evaluate 
one finds that 


text 


approxi- 
and %4=@. 


lytical 


ana ly am 


A/T 


5.24) 


158V,—3.48V2 


4.58V,—0.39V; (B-7 
V(R), V2 


investigations 


V(1.1R), 


indicate 


and 
that 


AND K 


this approximation is in error by less than 10% for the 


Brinkman-Meechan potentia 


APPENDIX C. DERIVATION OF TRANSFORMED 
SCATTERING INTEGRAL 


derived in this 


5) of Ke ller, Kay, 


Equation (16) of the xt will be 
appendix. Our starting poi! 
and Shmoys® who show that 


where x=) 


This formulation 


decreasing potenti | 


1 


An inspection ot } 
integration assor 


can be Carrie d out 


Now, introduce 
the limits of integ 


and 
1 


Hence, using Eq 
that Eq. (C-4 


Equation (16) of 


new variables 


To Costu 


and 
formations. 
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The reflectance, 


r(X)|*, of single crystal] silicon was measured in the range 1 to 11.3 ev 


rhe phase, O\A), 


was computed from these data using the Kramers-Kronig relation between the real and imaginary parts 


of the complex function Inr=In|r| +7 


The optical constants, m and k, were then determined from the 


Fresnel reflectivity equation. The real part of the refractive index, n, shows a sharp maximum of magnitude 


6.9 at 3.3 ev 


optical absorption above 3 ev is associated with the onset of strong direct transitions 


The extinction coefficient, &, shows maxima of magnitude 3.1 at 3.5 ev and 5.1 at 4.3 ev; 


The results indicate 


that much useful information, applicable to band structure calculations for both silicon and germanium, 


could be obtained from limited reflectance studies 


INTRODUCTION 


HE energy band structures of silicon and german- 

ium are fairly well understood.’ As additional 
experimental data are obtained, revisions and refine- 
ments may be made. One important source of such 
information is found in optical absorption studies. By 
applying the Kramers-Kronig relation to normal in- 
cidence reflectance data, information con erning optic al 
transitions can be obtained in regions of the absorption 
spectrum not conveniently studied by direct transmis- 
sion measurements. A previous paper has presented 
these data for germanium.? They are discussed in a 
recent letter by J. C. Phillips* in terms of the energy 
band models for this crystal. 

It is the purpose of this paper to present similar data 
for silicon. As in the case of germanium, there appears 
in the absorption spectrum sharp structure indicating 
the position of strong direct optical transitions. This 
absorption in silicon presumably occurs above the mini- 
mum direct energy gap, which has been tentatively in- 


REFLECTANCE (PERCENT) 


: -« 

hy lew) 
Fic. 1. Spectral dependence of the reflectance of Si. Below 
1.2 ev, these values are calculated from direct measurements of 


index of refraction. [See C. Salzberg and J. Villa, J. Opt. So 
Am. 47, 244 (1957) ] 


1 J. C. Phillips, Phys. Rev. 112, 685 (1958); F. Herman, Revs 


Modern Phys. 30, 102 (1958) 
*H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959) 
* J. C. Phillips, J. Phys. Chem. Solids 12, 208 (1960). 


to 5 ev 


on Ge-Si alloys 


ferred from transmission studies.‘ The results of the 
present work suggest that reflectance studies on mixed 
silicon-germanium crystals would be particularly re- 
warding in elucidating various aspects of the energy 
band picture of both silicon and germanium. 


REFLECTANCE MEASUREMENTS 


The procedures employed in these measurements have 
been described in a previous paper.’ Reflectance data 
for etched silicon samples at 300°K are shown in Fig. 1. 
The uncertainty in the value of reflectance is estimated, 
from repeated measurements on different samples, to 
be less than 5% in the region 1 to 7 ev. Above 7 ev, 
the inaccuracy may be larger. 

No corrections were made in these data for the pos- 
sible presence of an oxide layer on the crystal surface. 
Values of reflectance measured imme diately after etching 
and again at a later time were not significantly different 
in the spectral region below 7 ev. At higher energy, 
differences were observed. Aged samples showed a much 
more rapid drop in reflectance with increasing Ay than 
that given in Fig. 1. At 11.3 ev these values ranged 
from 35% for a sample measured immediately after 


hy al 


Fic. 2. Spectral dependence of the real part of the index of 
refraction of Si. Below 1.2 ev, the values are taken from the 
literature. [See C. Salzberg and J. Villa, J. Opt. Soc. Am. 47, 
244 (1957) ] 

*W. C. Dash and R. Newman, 


Phys. Rev. 99, 1151 (1955). 
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| 
= 3} + 4 
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| 
] 
0; “ J 
0 r 
hic. 3. Spectral dep. ence of the extinction coefficient (the 
imaginary part of the iridex of refraction) of Si. The absorptior 
data of Dash and Newma ee reference 4) are plotted below 


3.0 ev 


etching to 20% for a sample exposed to room air for a 
period of months. The results obtained immediately 
after etching are believed more significant for the pur 
poses of the present investigation 

The data of Fig. 1 are in rough accord with measure 
ments of reflectance appearing in the literature al 


though there are differences in some details 


RESULTS AND DISCUSSION 


Values for m and k derived from the reflectance data 
of Fig. 1 are shown in Figs. 2 and 3.° Values of absorp- 
tion constant, a Irk/X, are shown in Fig 4. There 
are two salient features in this curve. First, the absorp- 
tion rises rapidly just above 3 ev and goes through a 


maximum near 3.5 ev.’ Second, there is a relatively 
sharp peak near 4.3 ev 

The position of the minimum direct energy gap in 
silicon has been tentatively inferred from transmission 
studies‘ to be near 2.4 ev.* In Fig. 4 the rise in absorp- 
tion just beyond 3 ev is related to the onset of strong 
direct opt il transitions. It may conceivably be as 

S. Robin-Kandare ar B. Vodar, Compt. rend. 248, 1965 
1959); S. Robin-Kandare, M. Damany, and L. Tertian, J. phys 
radium 20, 504 (1959); V. S. Vavilov, A. A. Gippius, and M. M 


Gorshkov, J. Tech. Ph U.S.S.R.) 28, 254 (1958 translati 
Soviet Phys. (Tech Phys.) 3, 230 (1958 
® The details relating to this calculation are given in reference 


2. Beyond 11.3 ev, the reflectance was linear 
, , 


plot of Ink! vs Indp t 15 at 15 ev, 0.71°% at W ev, and to 
0.014%, at 120 ev 


The nature of this pe uk as derived ir this paper depends on 


extrapolated in a 






the exact way in which R varies with Ap in this regior 


error in retiectance measureme S 





ay 


s spectral region was employed 


be present, ar 
method for evaluating na tk 


These measurements were kindly 


ior purposes of compar 
by D. 7 | Marple using the procedures described 
104 (1959). His results are sub 

stantially the same as Figs. 2 and 3 
At 77°K there is observed in the 
2.4 ev a small step which disappears wh 


to 300°K. Dash and Newman made 
} 


periorme 
in S. Roberts, Phys. Rev. 114 
e in 


+} 


structure may be associated with the 

rhis step is not present when a small amot I 
added to the crystal (see reference 11 Although the above in 
terpretation appears plausible, it should probably be treated with 


caution until more complete information is available. Experiments 


on mixed crystals may throw light on this probl 
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conduction band of silicon are ry,/7r, = 4% for acoustic 


ionized-impurity scattering. Intervaliey lattice scatt 


I. INTRODUCTION 


HIS paper describes an investigation in which the 

objective has been to learn as much as possible 
about anisotropies of the scattering of electrons in the 
conduction band of silicon by making careful measure- 
ments of the magnetoresistance effects which are sen 
sitive to these anisotropies. 

It is now well established that the bottom edge of the 
silicon conduction band is composed of six equivalent 
energy minima, or valleys, located at 0.85 of the way 
from the center of the Brillouin zone to the [100 } zone 
faces.' The surfaces of constant energy ¢€ at each valley 
are spheroids represented by the expression, 


my my 
where the &’s are electron wave numbers, and m, and 
m,, are effective masses in directions perpendicular and 
parallel, respectively, to the spheroid axis. These masses 
are known from cyclotron resonance experiments. The 
recent experiments? give m,=(0.192+0.001) 
and m,,=(0.90+0.02) mo, where mo is the mass 
of a free electron, but earlier experiments*® gave m, 

0.19+0.01) my m,, = (0.98+0.04) The 
reason for the discrepancy in the m,, values is not yet 
known 

The only important scattering agents in the samples 
of n-type silicon studied here are lattice vibrations and 
ionized impurities. Scattering by lattice vibrations can 
be expected to cause two different types of electroni 
transitions; viz., transitions between states within 
single valley 


most 
m 


and my 


a 
called intravalley acoustic, or simply 
acoustic scattering throughout this paper), and transi 
tions between states in different valleys (called inter 


valley scattering).*5 These two mechanisms appear to 

G. Feher, Phys. Rev. 114, 1219 (1959) 

?C. J. Rauch, J. J. Stickler, H. J. Zeiger, and G. S. Helier, Phys 
Rev. Letters 4, 64 (1960 

3 See, for example, R. N. Dexter, H. J. Zeiger, and B. Lax, Phys 
Rev 104 637 (1956) 

‘C. Herring, Bell System Tech. J. 34, 237 (1955 


W. A. Harrison, Phys. Rev. 104, 1281 (1956), has shown that 

travalley scattering by optical modes is probably unimportant 
n-type silicon, and it is therefore neglected here. Actuall 

the same tvpe of scattering law and has all the same char 

as interva attering, so that any such scattering 


been made of magnetoresistance 
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etles several relatively pure samples of a-type 
scattering anisotropies. The results indicate that the 
r to a constant-energy spheroid axis in the six-valley 

vode intravalley lattice scattering and ry,/r,>1 for 
ering, important at higher temperatures, is 1sotropx 


be of the same order of importance at room temperature 
in silicon, with intervalley about twice as strong as 
acoustic scattering according to our estimates.® Inter- 
valley scattering decreases in relative importance with 
decreasing temperature, since it requires high-energy 
phonons which are excited in appreciable numbers only 
at the higher temperatures. Scattering by ionized im- 
purities involves only transitions within a single valley, 
and of course it varies in importance relative to lattice 
scattering according to the impurity content and tem- 
perature of a sample. 

Intervalley scattering is expected on reliable theo- 
retical grounds to be isotropi , but acoustic and ionized- 
impurity scattering will both generally be anisotropic 
in a conduction band like that of silicon.‘ Herring and 
Vogt? 


case 


have shown that anisotropic scattering in this 
described by relaxation-time tensor 
diagonal in the principal axes of an energy spheroid, 
provided that all the scattering processes either conserve 


can be a 


carrier energy or randomize carrier velocities. The scat- 
tering processes to be considered here all satisfy these 
requirements, and therefore the anisotropy of the scat- 
tering will be describable in terms of relaxation times 
: for directions perpendicular and parallel, re- 
spectively, to the spheroid axis. Thus, the program of 
the present study is to determine the ratio of r,, to 7, 


for each 


, and + 


type of scattering mechanism by analysis of 


magnetoresistance data. A preliminary report of some 


of the results has already been made.® 


Il. EXPERIMENTAL RESULTS 


We have measured magnetoresistance effects on 
several samples of rather highly purified n-type silicon 


' 


cut from single crystals grown mostly by the floating- 
zone method. One sample (SP1D) was cut from a 
crystal grown by the Czochralski method, bui the others 


were from three different floating-zone crystals, desig 
ted 
et 


1 as SP6, SP8, and SP4 in order of increasing im- 


ial 
purity content. The samples were all of either of two 


bridge-type” shapes, shown in Fig. 1, with electrical 


contacts formed by alloying Sb-doped Au spots to the 


nsidered to be i ed effectively as part of the inter 
Pt Son 5 195 


hys 190) 
v. 101, 944 (1956) 
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Diagrams oi shapes of silicon samples 
Dimensions are in millimeters 
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silicon. The type A samples had six voltage-probe side- 
arms to begin, but the middle ones were sometimes re- 
moved later. It is necessary to pay attention to sample 
shape, because the presence of the side-arms generally 
has an effect on quantities being measured. For example, 
a sample with side-arms of some finite width will exhibit 
a slightly lower apparent resistivity than if the side- 
arms were absent, because the effective sample width 
is greater. We have measured the difference between 
these two situations by cutting out stainless steel scale 
of our samples (after Herring, Geballe, and 
side-arm error is 
©, for the 


models 
Kunzler*) and have found that the 
> for the type A sample and about 3 
B Re moval of the middle side-arms of a type A 
the error in half. All of the data reported 
here taken on samples with etched surfaces, but 
some similar measurements on lapped-surface samples 
gave nearly the same results for the particular effects 
The measuring equipment and procedures 
is described previously.® 


about 5¢ 
type 
sample cut 
were 


tudied.® 


were essentially the same 
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Fic. 2. Plot of [111 }-directed longitudinal magnetoresistance 


vs inverse of square of magnetic 
n-type silicon 


field strength in three samples of 


*C. Herring, T. H. Geballe, and J. E. Kunzler, Bell System 
lech. J. 38, 657 (1959 
*D. Long and J. Myers, Phys. Rev. 109, 1098 (1958 
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A list of the samples studied, including the shapes, 


crystallographic orientations, and the approximate con- 
iorus) and Nj of ac- 
ceptor (boron) impurities is giver lable I. The im- 
have been determined from Hall 


centrations Np of donor (phospl 
in 
purity concentrations 
data by methods described previously." It s 
noted that SP6A and SP4A are the 
had studied trical properties quite 
extensively at 100°K 
investigation of impurity scattering in n-type silicon.’ 


hould be 
same samples on 
which we the ele 


temperatures below in a recent 


Figure 2 shows the results of measurements of the 
magnet i field dependen es at 77°K of the longitudinal 
magnetoresistance (field parallel to current) in a [111] 


dire tion up to 25 000 gauss on three of the samples of 


Table I. The curves are plots of the fractional increase 
of resistivity Ap/po vs the inverse of the square of the 
magnetic field strength H. The important quantity to 


be obtained from these data is the infinite-field ex- 


trapolated value of Ap/po. Parabolas in 1/H? have been 


fitted to the strong-field ends of the curves in Fig. 2 to 
indicate the proper extrapolations to the H= inter- 

TABLE I. List of samples of n-type sili including type of 
sample shape, crystallographic orientati and concentrations 
Np of donors and N 4 of acceptors 

Orie \ x 
Sa le O 1g . 
le shape : nH ’ 

designation type flow ea ent \ Va 

SP6A 1 10 1] 8 «10 0.8 «108 

SP6X 1 110 00 0 0.8 «104 

SP6S B 111 1x10" 0.8 x10" 

SP8A B 11 110 $ ou 1x10" 

SP4A 1 110 iii 4x10" 1x10" 

SP4M B 111 110 13 x10" 1x10" 

SP1D 1 110 00 80 «103 40 X10" 
cepts. The correction for the error due to the side-arms 


is particularly straightforward for this experiment, be- 


effect of the field 


focusing 


cause the magnet 
eliminate 
in the limit of infinite field.* Thus, one need 
the zero-field resistivity p tion is about 3 
for the samples of Fig. 2, and so the satur 


strong 


s all bulging of the current into the side-arms 
correct 


or 
( 


oni ly 


ition values 


should be reduced from those shown in Fig. 2 to those 
listed in Table II]. Comparison of Tables I and IT indi- 
cates that the saturat ion | dinal magnetoresistance 
decreases with increasing impurity concentration 
Weak-field magnetoresistance and Ha] mobility (u#) 
data for samples SP6A, SP6X, SP4A, and SP1D at 
temperatures of 195°K (dry ice and acetone mixture) 
and 273°K (ice water) are presented in Table III. The 
results are given for each sample as \ _— of the frac- 
tional resistivity increase Ap/po and of the quantity 
un’H? for two different field strengths very snide i 


the ‘‘weak-field” range, defined De he condition iat 
Ap/po = H®. The Hall mobility is ned by the expres- 
sion, ta=Ry/po, where Ry is the Ha coefficient. The 
D. Long and J. Myers, Phys. Rev. 115, 1107 (1959 
1D. Long and J. Myers, Phys. Rev. 115, 1119 (1959 
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subscript and superscript on each Ap/po refer, respec- 
tively, to the crystailographic directions of the current 
and magnetic field. There are three independent weak- 
field magnetoresistance coefficients for a cubic crystal 
like silicon, and we have measured either two or all 
three of them on each sample at each temperature. Note 
that the particular coefficients measured depend on the 
sample orientation, but that they are all interrelated in 
such a way as always to be expressible in terms of three 
independent coefficients. The relations between the two 
different sets of coefficients appearing in Table III are 
as follows: 


Ap 001 Ap [12 Ap il 
~ =i—| ———| 5 (2a) 
Po | 110 Po \110 =P | 110 
Ap 1io Ap ill Ap|™ 
—| =2 —-—|. (2b) 
Po \110 Po 110) =—Po | 110 


Another relation needed later, which follows from the 

magnetoresistance “symmetry condition” for n-type 

silicon‘? (to be discussed in Sec. IIT), is 

Ap 111 2 Ap 110 
“+ . 


Po 


Ap ool 
=— J (3) 
3 Po |110 Pc 


110 110 


The middle side-arms had been removed from SP6A 
and SP6X in these experiments, but were left on the 
other two samples. Side-arm error corrections have not 
been made in the data presented in Table III. 


Ill. ANALYSIS AND DISCUSSION OF RESULTS 


The objective in this section is to deduce the anisot- 
ropies of the lattice and ionized-impurity scattering 
from the magnetoresistance data of Sec. II. Let us first 
consider the strong-field magnetoresistance results of 
Fig. 2 and Table II. 

The saturation (H=«) value of the longitudinal 
magnetoresistance in the [111] direction in n-type 
silicon can be shown to be related to the effective masses 
and relaxation times by the expression,’ 


Ap [2 €T1) ‘m+ (eri1)/mi | 
- . oe —1, (4) 
PO |111 (Hm € ) 
a rer 
2m,/ ryt my / TH 


where the () indicate Maxwellian averages over the 
carrier energy e. In situations in which the scattering is 
largely of one type, a very good approximation to 
Eq. (4) is given by the following expression. 


Ap 


Po |111 (Heme) | : ; 
(2m,,(€71) m,(€71;) +1) (mi(€71) m,(€7T\;)+2) 
Ow - _ _ _ - —- 


9(m,,/m,) ((€7,) 


\€Ti ) 
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rasie II. Saturation values of the [111 }-directed strong-field 
longitudinal magnetoresistance at 77°K in samples of n-type 
silicon 


Saturation (H= «) 


Sample value of Ap/po)i11 
SP6S 1.00 
SP8A 0.955 
SP4M 0.88 


In the 77°K magnetoresistance data which face us here, 
the scattering is undoubtedly predominantly acoustic 
with some small admixtures of intervalley and ionized- 
impurity scattering.* For pure acoustic scattering, for 
which r« «4, the ratios of averages in Eq. (5) would 
reduce to simple ratios of 7, and 7,,, and Eq. (5) would 
then be exact. Thus, the saturation value of the [111 ]- 
directed longitudinal magnetoresistance gives a direct 
indication of the over-all scattering anisotropy, pro- 
vided that the effective masses are known. 

Equations (4) and (5) do not allow for any effects 
due to orbital quantization in the strong magnetic field, 
but these effects are expected to be small under the con- 
ditions of our experiments. Herring, Geballe, and 
Kunzler* have considered this quantization problem in 
great detail for n-type germanium, and their conclusions 
should be equally applicable to n-type silicon with ap- 
propriate modifications for differences in effective 
masses, etc. Our silicon experiments have extended only 
up to field strengths which give oscillator level spacings 
no greater than those which Herring, Geballe, and 
Kunzler found produced a negligible influence on their 
germanium magnetoresistance results at 77°K. Actually, 
we do not really require quite as good accuracy in this 
initial measurement of lattice scattering anisotropy as 


Taste III. Weak-field magnetoresistance and Hall mobility data 
for n-type silicon samples at temperatures of 195° and 273°K. 


Coefficients, x10~% 


tempera Ap | Ap|1 Ap i12 

ture H - 
Sample (°K) (Gauss) polio pono poluse py? 
195 1640 2.49 1.82 5.63 
SP6A 2240 4.63 3.38 10.48 
273 3700 2.96 2.42 6.74 
4420 4.20 3.41 9.56 
195 1630 2.11 1.44 5.12 
SP4A 2240 3.98 2.73 9.73 
273 3690 2.78 2.23 6.48 
4420 3.97 3.14 9.29 

Ap 110 Ap wl Ap lio 

Po | 110 Po 10 Po \110 ed 
195 1510 2.12 2.96 1.05 4.69 
SP6X 1620 2.44 3.43 1.17 5.41 
273 2900 1.89 2.82 1.06 4.28 
3690 2.93 4.33 1.62 6.58 
195 1630 1.56 2.05 vee 4.03 
SP1D 2240 2.94 3.83 7.61 
273 3700 2.39 3.38 5.70 
4420 3.38 4.30 8.06 
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did Herring, Geballe, and Kunzler in their work valley scattering Is 1 

any small quantization error th ight still exist that the acoustic ani 1 

despite the above argument » ignored without 2 for the above mass rati ‘anisotropy value de 

erious consequence duced for the acoustic scattering is thus not very sensi 
Now, it is evident upon examination of the results in tive to the amount of accompanying intervalley scat 

Fig. 2and Table II and comparison of them with Eq. (5 tering at a level of aroun: S%, considerably 

that scattering by ionized impurities is noticeable in the | stronger intervalley scattering ild lower the acousti 

amples at 77°K, and furthermore that the anisotropy r-ratio markedly. This rat vi | also be lowered if 

of this scattering must be different from that of the there were an error due to the measurements not being 


lattice scattering in such a way that the 7,,/7, ratio 1 carried to strong enough fields to give correct saturation 


higher for the impurity scattering. In order to deduce values, but this error is probably minor in the present 
the lattice scattering anisotropy, we have plotted the experiments 

(m,,/m,) ((er,)/(er,,)) ratios determined from the satu After arriving at the above result, we then calculated 
ration values of Ap/po)i: for the three samples as a the Maxwellian averages in Eq for the three samples 
function of the strength of impurity scattering (repre- from their known impurity concentrati iccording to 
sented by the impurity scattering mobility for each the prescription in the Appendix, where it is assumed 
sample, calculated under the considerations outlined in that 7;,/7,~4 for ion scattering. Substitution of these 
the Appendix), and have then extrapolated to vanishing averages into Eq. (4) gives a ly irate reproduc 

impurity scattering. The extrapolated result, which — tion of the results i ble he fit is not very sensi 
should give a good approximation to the lattice scatter- tive to the exa ilue of 7,,/7, for ionized-impu 

ing anisotropy, is [(am,/my,) ((er7)/(eT11)) hattice seatt 229.7 scattering, but it { 

For a mass ratio of 4.7, corresponding to the latest siderably higher than 

cyclotron resonance results, the lattice scattering anisot at least a factor of 2 | 

ropy would be (er,, eT, ‘0.70. We estimate that in One can also obtain 

tervalley scattering makes up roughly 15% of the total anisotropies from tl 

latte e scattering at 77°K. The acousti scattering anisot- data Let us define quantity 1 term f asured 
ropy would then be somewhat more pronounced than _ effects and also in terms of t relaxation times and 


the total lattice scattering anisotropy, because inter effective masses by the following r of equatio 


p 
Consider the two temperatures of these experiments, Table IV lists the experimenta i] W deter 
| I 
195° and 273°K. The total scattering should be more mined for samples SP6A, SPOX, SI nd SP1D from 


nearly iostropic in a pure sample at 273° than at 195 the data in Table II, using | when necessary 


r),/T, Closer to unity ince the isotropic intervalley Results are presented for both field strengths at whict 


‘ 


cattering increases in relative importance with increas the data were taken. No side rections | » been 
ing temperature. It follows from Eqs. (6) that W will made. Any small geometrical-type errors due to side 
increase in going from 195° to 273° if the other contribu arms or to Inaccurate me 


tions to the relaxation time besides intervalley scatter sions will be independent 

ing tend to make 7,,/7,<1; whereas, W will decrease if not affect the temperat 
they tend to make + > served changes in 

since it was possible to 

Pasie IV xperir tal values of W for n-type silicon the two temperatures of 

samples at temperatures of 195° and 273 aap 

within errors much smaller 

shows that W is larger at 

273°K 


purest (SP6) samples; whereas 
Gauss I 


i 
both temperatures in SP4A, and is smaller at the higher 
SPOA ( 4700 ; 
$420 
SPOX 3.6 2900 3 besides intervalley scattering is almost solely acoustl 
3690 r 
SP4A 3 3690 , 
4420 3. SP6 samples, the results for them 
SP1D 3 3700 . 
4420 2 for the acoustic scattering, 


temperature in SP1D. Since the other contribution 


scattering at these relatively high temperatures in 


strong-field magnetoresis 
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lable IV for the two less pure samples are qualitatively 
consistent with the earlier conclusion about the ionized- 
impurity scattering anisotropy, since they indicate a 
trend toward a 7;,/7,>1 situation with increasing ion 
scattering. Note that this impurity scattering anisot- 
ropy is of the same type that has been observed in 
n-type germanium, an analogous material." 

We have chosen not to try to deduce anything about 
the scattering anisotropies from the absolute magni 
tudes of the experimental W’s, since such deductions 
have proven generally unreliable in previous studies." 
Che magnitude of W is susceptible to several different 
and rather subtle sources of error. This is a subject on 
which more study is needed to resolve present con 
fusion.* Suffice it to point out that the observed magni 
tudes are not far from what would be expected for the 
scattering anisotropies already deduced, even without 
side-arm corrections. The weak-field experiments and 
analysis in this paper have been arranged so as to cir- 
cumvent the necessity of correcting for the side-arm and 
other such errors in deducing scattering anisotropy 
properties, but the data can perhaps be profitably ana 
iyzed further when a better understanding of these 
errors has been reached. 

The last item to be considered is the symmetry con 
dition among the three independent weak-field magneto- 
resistance coefficients. One can show that for the con 
duction band structure of silicon and for scattering de 
scribable by relaxation times by the procedure used in 
this paper, the three coefficients are related by the 
expression, 

Ap 110 
, 


Po 11 Po 11 Po 110 


Ap|"* Ap|™ 


where all the coefficients are to be measured at the same 


field strength. In the few cases in Table III in which all 
coefficients were measured, it is seen that they 


three 


satisfy Eq. (7) approximately, but that there is a dis- 
crepancy of several percent. This discrepancy is possibly 
caused mostly by the fact that the Ap po) iso” oefficient 
was measured with the magnetic field lying in the plane 
of the sample side-arms, a situation which is expected 
to lead to substantial error. There are side-arm, and 
perhaps other small errors in the other two coefficients, 
The approximate agreement of the data with 
Eq. (7) is believed to be satisfactory in-view of the 
possible errors, although this subject should be investi- 
gated further.’ 


also 


IV. CONCLUSION 


The magnetoresistance experiments reported here 
have shown that one can represent at least the gross 
the scattering anisotropies in n-type silicon 


ratios 7))/747 3 for 


features of 


by the relaxation-time acousti 


lattice scattering (if the latest mass values are used) and 
5 


2 See, for example, R. A. Laff, and H. Y. Fan, Phys. Rev. 112 
1958 
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r;,/7,>1 for ionized-impurity scattering. There is still 
a need for a much better quantitative understanding of 
the anisotropies, however, particularly in the impurity 
scattering case. The lattice scattering result found here 
is used in a study of the lattice scattering mobility of 
electrons in silicon,® which we expect to report in detail 


at a later data. 
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APPENDIX 


In a recent study we found that the ionized-impurity 
ittering of electrons in silicon at temperatures below 
i00°K is fairly well described by the Brooks-Herring 
formula, at least when ion scattering is not dominant.'° 
This formula gives the ion scattering drift mobility as 


T! 
(8) 


n 
\ I Ind 


where V,; is the density of ionized impurity atoms, 
In 6—1) 


concentration .V; according to the amount of shielding 


is a term which effectively weights the ion 
of an impurity ion by free carriers and by distribution 
of electrons over adjacent impurity sites, and 9 is the 
coefficient specifying the strength of the scattering. Our 
latest estimate gives 77 X10" [units for 9 throughout 
This value is based both 
a note added in 
proof in reference 10 and on the realization that side 
II) to the data of reference 10, 
been made there, would lower all the 


are (cm-volt-se degrees!) 
on the considerations mentioned in 
arm corrections (see Sec 
which had not 
mobility curves by several percent and thus require a 
slightly stronger ion scattering for the best fit of the 
data. Note that there is still considerable unc ertainty in 
n for reasons given in reference 10. 

The Brooks-Herring formula takes no explicit account 
scattering. Actually, our 
previous study can be regarded as having indicated the 


of any anisotropy in the ion 


strength of the ion scattering only for conduction per- 
pendicular to an energy spheroid axis, since 90% or 
more of the conductivity (when lattice scattering is the 
cominant mechanism) is composed of conduction in that 
direction, essentially because m,<m,,. Thus, in extend- 
ing considerations to anisotropic ion scattering, one can 
use the above value of n to give the strength of the scat- 
tering for conduction perpendicular to a spheroid axis. 
Ham" has made calculations for anisotropic ion scat- 
tering which suggest that 7,,/7,~4 for n-type silicon. 
The theory of ionized-impurity scattering rests on some- 


what unrealistic assumptions,® but the conclusions of 


} S 


Ham, Phys. Rev. 100, 1251 (1955 
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Sec. III seem to indicate that Ham’s result is neverthe- 
less at least qualitatively correct for n-type silicon. 

In the calculations of Maxwellian averages of relaxa- 
tion times in this paper, impurity scattering has been 
added to lattice scattering according to the usual rule, 


where the subscript a refers to the direction with respect 
or |. These calculations 
have had to be carried out numerically. The rza, which 


to a spheroid axis, either 


includes acoustic and intervalley scattering, is given by 
an expression of the form presented by Herring.‘ The 
Tia depends on energy as, 


(10) 
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where A, includes the various parameters in the Brooks 


Herring formula, which one obtains by averaging r1q 
according to the usual Maxwellian prescription. The 
magnitude of A, to be used in calculating 7, for a par- 
ticular sample at a particular temperature is determined 
hat the 


10) 
Q) 


ratio of the mo- 
the total 


by the obvious requirement t 
and A, to 
be the same as 
ulated from the Brooks- 


ob erved 


bility calculated from Eq 


mobility calculated from Eq must 
the ratio of the mobility cal 
Herring formula to the 
Ay 


of ¢ which should really be included in the expression for 


mobility. Then, 


4A,. We have neglected the logarithmic function 


71 simply because its presence would make the calcula- 


tions much too difficult.’ » resultant error is not im- 


of weak ion scattering 


portant in our case 
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It is shown that the Floquet factor e**“’ 


a set of four dispersion relations to be derived from this expression as a direct 
Cauchy’s theorem. These relations are characterized by their ability to relate the wave 
energy to the wave number at all others. In particular, the imaginary. part 
forbidden gap may be equated to an integral of a function of the real part « 
energies. As an application of these dispersion relations a theorem regarding the locati 


points has been established 


I. INTRODUCTION 


HE physical concept of causality has been ex- 

ploited in many areas of physics and in the 
majority of cases has shed valuable light on problems 
hitherto impossibly difficute to calculate.' The state- 
ment of microscopic causality alone is usually sufficient 
to guarantee that the scattering amplitude is analytic in 
the upper half complex energy plane, so that a direct 
application of theorem enables relations 
between the real and imaginary parts of the scattering 


Cauchy’s 


amplitude to be established. For this reason, we have 
been motivated to extend a similar technique to the 
problem of a one-dimensional Schrédinger equation 
possessing a periodic potential. This equation in its 
three-dimensional form is essentially the starting point 
for a large class of problems in solid-state physics ; how- 
ever, exact solutions, even in the one-dimensional case 
are virtually impossible to obtain, except for a very 
limited class of periodic potentials (e.g., square well, 


delta function, sinusoidal, etc.). For this reason, it would 


. M. Gell-Mann an Cn erger, Phys. Rev. 96, 1433 


* is analytic in the upper half complex energy plan 


thus ena 


t result of th 


application 


of the 


»f the wave num! 


wave 


‘ 


be desirable to make some statements about the proper- 
ties of wave functions in solids without recourse to the 
details of the actual potential other than its periodicity, 
causal nature, and general mathematical properties. 

In problems involving single potential scattering, the 
outgoing wave function is related to the incoming wave 
function by the scattering matrix S, defined by the 
relation Wour=SWin- Hence, it j 
obvious that the Floquet factor [A(£) = e*“*)*] defined 
by ¥(x+a)=Ay(x) plays a similar role for periodi: 
potentials. This immediately tempts us to investigate the 
analytic properties of \(£) with the aim of being able to 
derive a set of dispersion relations for this quantity. 
Unfortunately, causality alone is not 
guarantee that A(/) is analytic in the upper half plane, 
since it appears that a knowledge of the 
corresponding single potential . 
However, it is shown in the 


} 


by analogy it is almost 


LIS 


sufficient to 


zeros of the 
trix is a 
Appendix, 


i 

airect 
the upper half com- 
plex energy plane for a large class of potentials 


lso required.” 
- 


using a 
approach, that A(/) is analytic in 
; more- 


2 This statement is almost self- ent asa sé 
work by D.S. Saxon and R. A. Hut 
81-122 (1949 


ps Resea 





DISPERSION RELATIONS 
over, it can also be shown that this factor is still analytic 
for those cases which can be solved exactly and for which 
the proof given in the Appendix does not apply (e.g., 
delta function and square well potentials), suggesting 
that A(E£) is probably analytic for all simple periodic 
potentials. 

In Sec. I, four dispersion relations are derived treat- 
ing the energy as a variable, and one of these relations is 
then transformed to a more physically appealing form 
so that the wave number becomes the variable of 
integration. 

In Sec. III the dispersion relations are extended to 
the nth power of the Floquet factor and a condition for 
locating the branch points in the forbidden gaps is 
derived as an example. 


Il. DEVELOPMENT 


The normalized Schrédinger equation for a one- 
dimensional lattice has the form 
—eV (x)¥(x), 


[ a, 0x°+K? W(x) (1) 


where 


e=E, V(x)=V(x+na), (2) 


and (2m/h*) has been set equal to unity. The solutions 
of Eq. (1) have the usual form 


W(k,x) = e**u(k,x), (3) 


where «(k,x) has the periodicity of the lattice. The wave 
number f is usually restricted to real values by boundary 
conditions at infinity and the allowed energies are charac- 
terized by the corresponding values of E(k). Nevertheless, 
by relaxing these conditions it is possible to investigate 
the properties of complex & solutions, which are of impor- 
tance in connection with many aspects of solid-state 
physics. For example, “forbidden solutions” provide 
asymptotic forms for localized states in crystals’; they 
give information necessary for the calculation of transi- 
tion probabilities in direct and indirect tunnelling 
processes.*® Moreover, a study of the analytic proper- 
ties of kas a function of E leads to exponentially damped 
Wannier functions* and may have important bearing on 
the theory of allowed (real &) bands. In this paper, we 
shall derive dispersion relations which relate the wave 
number at one energy to the wave number at all others. 

It is evident from Eq. (3) that a Bloch function has 
the property 


¥(k, x+a)=e*Y(k,x), (4) 


where a is the lattice constant. As mentioned previously, 
we shall be concerned with the analytic properties of 
the function 


h(E) =e**=p(E)+in( 2), (5) 


?P. Kaus, Bull. Am. Phys. Soc. 3, 400 (1958 
«P. Kaus, Bull Am. Phys. Soc. 4, 181 (1959) 
5 E. O. Kane (to be published) 


*W. Kohn, Phys. Rev. 115, 809 (1959). 


FOR BLOCH FUNCTIONS 
Taste I. Properties of u(ka), 9(4a), and A(ka) in allowed 
and forbidden energy regions. 


Allowed energies Forbidden energies 


r= cosk,a 1)¥ cosh (Aya) 


wi =O 


Me™ \ 
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\=sink,a 
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where 
u(E)=cosk(£)a, 


n(£) =sink(E)a, 
and 


k=k,+ik,. 


For real energies the wave number & is either real for 
allowed energies or the real part &, is some integral 
multiple N of x/a for forbidden energies. From this it 
follows that on the real E axis u(£) is always real and 
n(£) is either real or pure imaginary. The function A(E), 
therefore, is either complex on the unit circle for allowed 
energies or real for forbidden energies. These statements 
can be summarized in detail with the aid of Table I. 

The asymptotic values of \(£) on the positive and 
negative real energy axes may be deduced immediately 
from well-known properties of u(/).? 


lim u(E)=cos(£)'a, 


E+ +a 


(7a) 


lim p(L)=+o, 


E +-o 


(7b) 


However, since \(£) is a double valued function of the 
energy with simple branch points at those real values of 
the energy corresponding to E,(m=1, 2, ---) when 
\= +1,° we shall define a single valued function A? (£) 
which is the value of \(£) corresponding to the choice 
of both positive real and imaginary parts of the wave 
number k, and &; (i.e., the first quadrant of unreduced 
k space). This choice then guarantees that 

lim A? (E)= 

E-+n 


exp[ 1(£)'a }. (7c) 

Extending \‘*’ (/) into the upper half complex energy 
plane and defining \‘*’(£) on the real axis as the limit 
of approaching the real axis from above, we see that this 
requirement leads automatically to 


lim A (E)=0, 


E+ 


(7d) 


provided that we remain on the first Riemann sheet 
characterized by 0< 6< 2z. 
Using the analyticity of \ (where we have dropped the 


7H. A. Kramers, Physica 2, 483 (1935) 
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KAUS 1) 


lor 


plus superscript convenience 


which essentially 
follows from the work of Kohn® and whi h is derived ina 
different manner in the Appendix, we are now in a posi 
tion to make a direct application of Cauchy’s Theorem 
and write 
A(E’) 
dk’ 
E 


ACh 


where the contour is taken along a line just above the 


real & axis and around the semicircle at infinity in the 
upper half plane, on tl Using 


first 
Eq. (7c) it is clear that the contribution to the integral] 
around this infinite semicircle vanishes. 


1e€ Riemann surface 


Equating real and imaginary parts, and replacing the 
contour integral by an integral along the real £ 


obtain the relations 
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DISPERSION RELATIONS 


Ill. EXTENSION OF THE DISPERSION RELATIONS 
AND LOCATION OF BRANCH POINTS 


The wave functions at the point x and at the point 
v-+na) are related by the mth power of the Floquet 
factor, 1.e., 


¥(x-+na) 15) 


A"(E)y(x), n21. 


rhus it is possible to write dispersion relations for the 
quantity A"() for the same reasons that the relations 
for \(/:) are valid. For the fourth relation corresponding 
to Eq. 1 3) we obtain: 


‘) 
Tr 


a 


E)a (—1)4 


| vw (Ry) 
En(k,)—f 


“( 
x >. f 


\ 


| sinnk,adk,. (16) 
Letting 


x vn (k,) 
O(k,,1 ‘2B | 
N Eyv(k,)-—E 


h ’ 
( Jott 2. Ot 
) ; 


1)@"e-"*i(2oe sinnk,a. (18) 


rhis sum can be performed and yields 


O(k,,E£)=al(—1)™”/h] sink,a 


[ coshk,a- (—1)™” cosk,a 19 
Substituting from (17) and solving for coshk,(/)a we 
finally obtain, 


( oshk, Ej)a (—1 ME osk,a 


+[(h/a) ¥ oy (k)/(En(ke)—E)}" sink,a}. (20) 


N=l 


rhe significance of Eq. (20) lies in the observation 
that the imaginary part of & in the Mth gap can be ob- 
tained from knowledge of E(k,) and its derivative at 
only one arbitrary point of reduced k space for all bands. 
This was achieved by using an infinity of dispersion 
relations. 

The left-hand side of Eq. 
differentiation 


(20) is not a function of &,, 
with respect to &,, 
relations involving the energy and wave number in 
allowed bands alone, except for the forbidden reference 
energy £. As an example, the extended dispersion 
relation given by Eq. (16) may be used to locate the 
branch points in the forbidden gaps. These branch 
points are defined by the energy in each gap at which it 
is a single valued function and thus lie at the maximum 
values of k;() in each gap. Hence, the condition for F 


so that leads to 


being a branch point is given by 


dk, (k)/dE=0. 21) 


FOR BLOCH FUNCTIONS 


From (16) we can see that this is equivalent to 
i 


dO k,.F)/dk 3 


aN 


1 v(k,)CE v(k,)-E } : 
F(k,,E)=0, 


(22) 


for all k, between 0 and w/a. But this condition is 


equivalent to 


d/dk,)>-n [En(k,)—-E AF (k,,E)=0, (23) 


for all &, or 
> w | Ew(k-) E) 


J 


C(£), 


where C(£) is independent of &,. 
Therefore, if E is a branch point, then 
Dw {1/[Ew(hi)— FE] 


1/[Ew(ke)—E}}=0, (24) 


where k; and k; are any two wave numbers between 0 

and x/a. Choosing in particular k;=0 and ke=x/a, we 

obtain the following simple equation determining the 

energy of the branch points 

G(E)=> wt{1/LEw (0) — E)—1/LEw(x/a)— E}} =0. 
(25) 


Thinking of G(4) as a function of & defined at all 
energies, it is easy to see that its zeros lie in the for- 
bidden gaps, since in a gap 


En OSES Ew, (0), (26a) 


for gap 2, 4, 6, --+ etc., or 


Ew(r/a)S ES Enyi(w/a), (26b) 
for gap 1, 3,5, --- etc. When Eyw(k,) is the energy in the 
Vth allowed band, 


E-n(0)< EX En(x/a), (27a) 


for band 1, 3, 5, --- etc., or 


En T a)<E<XEx 0), 


(27b) 


for band 2, 4, 6, --- etc. 

From (25), (26), and (27) we see that in a gap G(£) 
goes continuously either from + to — « or from — « 
to + and therefore through zero. 

This result of course is not new*’; however, this 
technique has led in principle at least by means of 
Eq. (25) to determine the position of the branch points 
in terms of the energies at the edges of the bands. 

Other choices of &; and &» are, of course, equally valid, 
but this particular choice demonstrates that Eq. (25) 
does indeed represent a condition for a branch point in 
every gap. 
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48 P KAUS AND 


APPENDIX. PROOF OF THE ANALYTIC PROPERTIES 
OF 2(£) FOR NONSINGULAR CLASS 
OF POTENTIALS 


By considering the one-dimensional Schrédinger 


equation written in the form 


Pp /dx? + (x/a)lE— V(x) W(x) =0, (Al) 
we may expand the periodic part of the Bloch function 
and the periodic potential in reciprocal lattice units by 
allowing: 


a 
W(x) ei*z _ b,,e77 ™ z ¢). 


where 


and 


Substituting (A2) into (A1) we obtain 


* 
— (k+2xm/a)*bn+(x/a)? ¥ 


l L 


(¢ ir + Fbx Dan l 0, 


which is equivalent to 


> af [ (w/a)? — (k+-22n/a)* + (x/a)*Cp_n}b,=0 


(A3) 


bmn 


We now divide the mth equation of the infinite set (A3) 
by the quantity 


? 


[ (x/a)?E—4(x/a)?m? |, 
L 


giving a new set of equations 


@ 


>» Ama(k,E)b,=0, 


where 


Amm=[LE— (ak/x+ 2m)? |/LE— (2m)*], 


and 


(A5) 
Aun=Ca_n/[E 


(2m)?], mx¥n. 


Nontrivial solutions to (A4) exist for (k,E£) combina- 
tions which make the determinant of the infinite 
matrix Am, vanish. This determinant, denoted by 
A(k,E) is immediately recognized to be Hill’s determi- 
nant. The condition 


A(k,E)=0, (A6) 


obviously implies a relation between & and E for non- 
trivial solutions of the Schrédinger equation, Equation 


"7. &. R. WATSON 
(A6) has been extensively treated in the literature.’ For 
potentials such that the C, series is absolutely conver- 
gent (A6) gives the very simple result 

sin?(ka/2) = A(0,E) sin?(wE*/2), (A7) 
where 

A(0,/ Amn(0,/ 

and from (A5) 


Aan(0,E 1. (A8) 


From the point of view of solving the Schrédinger 
equation or even obtaining the energy versus momentum 
relationship, the solution (A7) essentially begs the 
question, since A(0,Z) is an infinite determinant for 
which only approximate solutions can be obtained under 
certain circumstances.® However, for purposes of prov- 
ing the analyticity of \(£), we are interested only in the 
singularities of A(0,£) in the upper half energy plane, 
including its asymptotic behavior as the energy ap- 
proaches infinity. This question can be 
rigorously by direct inspection of the determinant. 

It is clear that A(0,Z) possessed singularities only on 
the real & axis for E=0, 4, ; however, it is 
easily seen that the expression A(0,£) sin*(rE}/2) re- 
mains finite at these points, thus the expression 


answered 


(2m)? 


1—2A(0,E) sin?(rE*/2) (A9) 


cos(ka) 


is analytic in the upper half Z plane. Moreover, in the 
limit as the energy approaches infinity, A(0,E) goes to 
unity, i.e., 

(A10) 


cos (ka) > cos(rF}). 


E-x 
It follows, keeping the condition of footnotes 7 and 8 
in mind, that \(Z)=e**? is in the upper half 
plane and vanishes on the semicircle at infinity, justify- 
uchy’s Theorem to the 


analyti 


ing the direct application of Ca 
quantity A(£). 
The condition of 


absolute for the Go 


1ce a vast class 


convergence 
series is not a very serious limitation sit 
of potentials meets this convergence condition, and even 
those which do not can be expressed by such a series, 
except at points where the potential or one of its 
derivatives has a singularity. In any case, for two highly 
artificial potentials well and delta function), 
which do not meet the convergence requirement but for 
which the corresponding Schrédinger equation can be 
solved completely, the analyticity of A(E) can be 
verified by inspection. This makes it very plausible that 
\(E) is analytic even in those « 
proof does not hold. 
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Energy distributions are described for external photoelectrons ejected from CsI by photons of energy 
11.3 ev. All but about 5% of the photoelectrons emerge with kinetic energies between 1.5 ev and 5.3 ev. The 
conspicuous lack of electrons at lower energies is interpreted in terms of a valence band of width about 
3 or 4 ev with an upper edge lying about 6 ev below the vacuum level. Related results are mentioned for 


RbI, KI, Nal, CsBr, and CsCl. 


INTRODUCTION 


NTRINSIC photoemission from alkali halides occurs 

with high yield, usually in excess of 0.1 external 
photoelectron per incident photon. From a study of this 
conveniently efficient process, the position of the top of 
the valence band relative to the vacuum level has been 
estimated in two ways.’ First, the threshold photon 
energy (on a graph of the spectral distribution of 
intrinsic photoemission) furnishes a direct measure 
of the valence band position. Second, the energy 
distribution of the intrinsic photoelectrons shows a 
relatively sharp upper limit that can be related to the 
position of the valence band edge by straightforward 
application of Einstein’s photoelectric equation. In the 
absence of a quantitative theory of the forms of the 
spectral and energy distributions, one cannot at present 
do this rigorously.? Nevertheless, semiquantitative es- 
timates appear to be meaningful within a few tenths of 
an electron volt. This is precise enough to be very useful. 
Information thus obtained has been valuable for com- 
parison with the results of other investigations dealing, 
for example, with the onset of interband transitions in 
optical absorption spectra,'* with the threshold photon 
energy for intrinsic photoconductivity,* and with the 
relation between excitation processes and interband 
transitions.® 

* Presented in part at the meeting of the American Physical 
Society, Cleveland, Ohio, November 28, 1959. See Bull. Am 
Phys. Soc. 4, 427 (1959). 

1H. R. Philipp and E. A. Taft, J. Phys. Chem. Solids 1, 159 
(1956); E. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1957). 

2 See, for example, remarks bearing on this question by I. M 
Dykman and K. B. Tolpygo in a discussion of the paper by 
P. G. Borzyak, V. F. Bibik, and O. G. Sarbei, Izvest. Akad 
Nauk (U.S.S.R.) 22, 574 (1958) [translation: Bull. Acad. Sci 
S.S.R. 22, 565 (1958)]. In the present paper, although we deter 
mine the values of the intrinsic photoelectric thresholds and the 
widths of the valence bands only in a semiquantitative and some- 
what naive way, we consider that the intrinsic emission is clearly 
separable from extrinsic and that the important concepts are 
clear. 

*W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957); J. E. 
Eby, K. J. Teegarden, and D. B. Dutton, Phys. Rev. 116, 1099 
(1959); P. L. Hartman, J. G. Siegfried, and J. R. Nelson, Phys 
Rev. 105, 23 (1957). 

*K. J. Teegarden, Air Force Office of Scientific Research Report 
59303, April 10, 1959 (unpublished); D. L. Dexter, J. Phys. Chem. 
Solids 8, 473 (1959); L. Apker, J. Phys. Chem. Solids 8, 538 
(1959); J. W. Taylor and P. L. Hartman, Phys. Rev. 113, 1421 
(1959). 

‘F. Fischer and R. Hilsch, Nachr. Akad. Wiss. Gottingen, 
Math.-physik. Kl. No. 8, 241 (1959); E. A. Taft and H. R 
Philipp, Bull. Am. Phys. Soc. 5, 201 (1960). 
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By photoelectric methods, it is possible to get still 
further information about the electronic energy struc- 
ture in alkali halides. This is the subject of the present 
paper. We discuss the kinetic energy spectra of intrinsic 
photoelectrons that are ejected from CsI and RbI by 
photons of energy up to 11.3 ev. These spectra have 
two interesting and unusual characteristics. Most of the 
photoelectrons emerge in a band of kinetic energies 
about 3 or 4 ev wide, electrons of low energy being 
conspicuously absent. Further, there is reproducible 
structure within the energy distribution. These findings 
we interpret as evidence that the valence bands in these 
iodides are 3 or 4 ev wide, and that there is experimentally 
resolvable structure within them. 


EXPERIMENTAL DETAIL 


Energy distributions were determined by retarding- 
potential methods. The phototubes had spherical col- 
lectors and ‘“‘bucket type” interchangeable emitters like 
those used in previous work.* However, they were made 
smaller in order to fit into the space available in the 
vacuum monochromator.’ Collector diameters were 
about 8 cm, and the buckets were about 4 mm on an 
edge. Lithium fluoride windows, which were cemented 
on, admitted incident photons with energies up to 11.3 
ev. The use of cement for sealed-off phototubes may 
lead to questionable vacuum conditions, of course. For 
these ionic crystals, however, we do not think the 
results are seriously affected.' 

In making energy distribution measurements by re- 
tarding potential techniques, a very important point 
arises when crystals like the alkali halides are concerned. 
This involves the electric field outside the emitter sur- 
face. The solid is usually not in a state of thermal and 
electrical equilibrium, since metastable defects such as 
color centers are produced during irradiation with ener- 
getic photons. Thus, there is neither an equilibrium 
Fermi level in the sample nor an equilibrium contact 
potential outside it. An effective contact potential 
may be determined from the measurements, however. 
No serious difficulty arises if it is recognized that this 
quantity may change in a nonequilibrium fashion, and 
if the relation between retarding field and applied volt- 
age is determined accordingly.*® 

*L. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 82, 814 
(195 

" > D. Johnson, J. Opt. Soc. Am. 42, 278 (1952). 
*In the second paper of footnote 6, see part III. The effective 
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ric. 1. Energ 


aist! on of intrinsi« photoelectrons irom 
RbI and CsI for 4v=11.3 ev. The uppermost abscissa scale gives 


| V in volts where Vo is the “stopping potential” corresponding 
to the Einstein maximum photoelectron energy (located by ap 

proximate extrapolation techniques), and where V is the retarding 
1 The lower 


abscissa scales give the kinetic energy £ of photoelectrons from 


potential in the usual type of spherical phototube 


RbI and CsI, respectively, in electron volts. The ordinate gives 
directly the derivative of the current voltage characteristic for 
the spherical-condenser phototube; / is the photocurrent at ap 
plied potential V; /, is the saturation current. The broken lines 
show portions of the curves which do not shift linearly with hy» 
Errors in ordinates are about +0.05 or less 


RESULTS AND DISCUSSION 


Figure 1 shows energy distributions of the intrinsic 
photoelectrons ejected from RbI and CsI by photons 
of energy 11.3 ev. The spectral distributions of the 
photoelectric yi lds for these samples were like those 
given before.’ Thus, the intrinsic photoelectric threshold 
energies were about 6 ev for CsI and about 7 ev for 
RbI Accordingly, in Fig 1, intrinsic photoelectrons 
should appear with kinetic energies ranging from 0 to 
5.3 ev for CsI and from 0 to 4.3 ev for RbI. The data 
follow the expected behavior at the higher kinetic 
nergies but depart from it drastically at low energies. 
Specifically, there is a pronounced sparsity of electrons 
with energies in the range from 0 to 1.5 ev for CsI. All 
but 5% lie above this range. The same effect is evident 
for RbI, although it is not so striking, since the intrinsic 


photoelectric threshold is about 1 ev higher; in this 


case, all but 3% the 


; electrons emerge with energies 
in excess of 0.8 ev 

Chis type of behavior is quite unusual. In practically 
all previously known cases in fact, photoelectrons are 


concentrated (rather than lacking) at these lower ener- 


gies, because compli ated ext tation processes or ele¢ tron 


contact potential may be nonuniform over the surface of 
the emitter. In such a cz the energy distributions may be dis 
torted and structure in tl would become more diffuse. In 


particular, location of th the upper and lower edges of the 


id kk 
valence band would become less definite. With evaporated layers 
of the kind used here, this difficulty does not appear to be pron 
inent lo the extent that it is present, one concludes that the 
structures discussed in this paper are even more pronounced thar 


shown here and the low-energy tails smaller. In this connection, 
see footnote 11, Phys 84. 508 (1951 D. B. Zernov and 
N. M. Politova, Radiotekh. i Elektror ; 1959); N. A 
Soboleva, Radiotekh. i ron. 4, 1903 P. G. Borzvak 
P. M. Marshuk, and O arb iziké rdogo Tela IT, 306 
1960 
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PHOTOEMISSION 
initial state lies below the upper edge of the valence 
band 

Chis simple type of process occurs only when the 
excitation is a one-electron effect and when subsequent 
scattering of excited electron by valence band electrons 
is unimportant. The forbidden energy gap in the iodides 
Thus, electron-electron scattering is 
energetically possible only for incident photon energies 
above 12 ev. It is obviously ruled out in the present case. 


is about 6 ev. 


Inelastic scattering of excited electrons by the lattice 
can occur, but it is a much weaker effect than electron- 
electron scattering. The photoelectrons emerge from 
depths of order 10~* cm, which are probably limited 
mainly by the penetration depth of the incident radia- 
tion. In this distance, the energy losses due to lattice 
scattering apparently do not seriously distort the fea- 
tures attributed here to valence band structure. The 
low-energy portions of the curves, shown as broken 
lines in Figs. 1 and 2, are the parts that should be 
most affected. 

In the absence of strong inelastic scattering, then, 
the energy distributions of photoelectrons show struc- 
ture that is influenced by structure in the state density 
of the valence band. 

In addition, the photoelectric transition probability 
will also play an important role, of course, since it 
may vary as a function of the energy of the initial 
Figure 2 shows that it is not strongly a function 
of the excited state.) Structure within the energy dis 
tribution may thus be prominently influenced. It seems 
improbable, however, that the transition probability 
alone should reduce the energy distribution to the low 


State. 


values observed here over an extensive range of low 
kinetic energies.'' Thus, we think that the density of 
initial states has dropped to very low levels in this 
range. In other words, the valence band is 3 to 4 ev 
wide in CsI and RbI. 

rhe experimental data do not at this point give evi- 
dence that the bottom of the valence band is as sharply 
defined as the top. There may be several reasons for 
this. Even though lattice scattering is weak, it may 
conceivably contribute to the low level part of the 
energy distribution shown by the broken lines in the 
figures. It is also quite possible that there is some scat- 
tered radiation of lower photon energy than the desired 
11.3 ev, which would give rise to a tail at lower energies. 
In the present work, this stray radiation was estimated 
to be less than 5% of the desired photons. With further 
work to minimize this difficulty, we think that the low- 
energy tails will become even smaller and that evidence 
for the bottom of the valence band may be made more 
definite 

In any event, the present results show that photo- 
electric methods are of considerable interest for ob- 
taining more information about the width and structure 

‘H. B. Huntington, Phys. Rev. 89, 357 


1953); A. N. Arser 


veva-Heil, Outer Photoeffect from Semiconductors and Dielectris 
1957), p. 97 (in Russian) 
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hic. 3. Energy distributions of intrinsic photoelectrons from 
KI, Nal, CsBr, and CsC!. Arrows mark the points Voe— V =h»— ¢’ 
r the respective salts 


of valence bands in « ry stals like the alkali halides. The 
important point is that photon energies equal to twice 
the forbidden band gap are more than sufficient to eject 
photoelec trons from the bottom of the valence band. 
rhe approach furnishes an interesting supplement to 
soft x-ray emission studies and should be helpful in 
their interpretation.” 

More work on the effects described in this paper would 
be of interest. Photon energies above 11.3 ev would be 
helpful, and it would be quite feasible to obtain them by 
eliminating the LiF windows used in this work. At some 
higher energy, scattering of excited electrons by electrons 
in the valence band should become important, and the 
energy distributions should change drastically.* For the 
chlorides and bromides, the present photon energies 
are inadequate to detect the bottom of the valence 
band. The photoelectric transitions described here prob- 
ably involve the participation of phonons (as well as 
of the surface) in conserving momentum. Hence the 
results may be weakly temperature dependent, as ob- 
served previously for KjSb.” 
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Steady-State Distribution Function in Dilute Electron Gases 


DanieL C. MAtTIs 
Research Laboratory, International Business Machines Corporation, P 
Received April 15, 1960 


It is usually assumed that optically created carriers in a photoconduc 
distribution, regardless of the generation and recombination mechanisms 
this distribution which is characteristic of thermodynamic equilibrium is incor 
of steady state. A variational principle is introduced to find the steady-stat 
approach the Maxwell-Boltzmann function in the limit of strong thermal scatt 
is found to be potentially a strong thermalizing influence, in addition to th 
considered. For a simple model semiconductor, significant deviations from the 
found to be possible at temperatures below a few degrees Kelvin. This result is tl 


with certain experiments on germanium 


I. INTRODUCTION will either gain or lose energy in initely, and will not 

. ‘ in s r state. Tl fore. the steady-state dist : 

LECTRONS in donor traps or in the valence band be in teady state. Ther A. eady-state distribu 

My tion will not in general i sin multiple of the 
Boltzmann distributio1 

The correct function may | obtai ‘ the solution 


f semiconductors can be liberated into the con- 
duction band by the absorption of a sufficiently ener- 


getic photon. This is the mechanism of photoconduc- 


. . . ps ( é ate equation 
tivity, a phenomenon which is of itself important, and of Aap quatio é | . 

: . . . steady state the net rat i change of the ulation 
which, moreover, has been useful in providing carniers 7 * t ni , , be saue 
‘ ol eac , 1 phase space must va 1. But because of 
lor expt riments on semiconductors at low tempe ratures. ot each ce m | : I “gg - 


P . ’ > CC licé iectron-Dnonol nter on l qui 
lhe purpose of this investigation is to find the effects the complicated electron-} , ; 


- os \ . . ion is intractable except by numer i chniques - How 
determining the distribution function of the liberated tion Is intractable exce| m 

‘ver, a Variational proce 
carriers and to establish the equation by which it may Cves, & varmiona: | 


, ound te ove son 
be calculated. This is done sup posing the absen of found to remove pl 


apid 1 ical convé 

electric or magnetic field rapid oi . : : - : ; 
! | . as ; al Tunction I an I iriat auly . 

In the theoretical analysis of electroni properties of a aap trial Tu — onan) ae 
termine the range of accuracy of the Boltzmann ap- 


under the conditions of low temperature and steady : : 
proximation (1) by a1 tical means, as in the example 
of Sec. II. When the experimental situation is such 
that (1) is no longer a valid approximation, unexpected 
results may occur such as in nt ng experiments 
n(e¢ 1 exp(—e¢/kT), (1) discussed in Se which our « itions may be 


applicable. 


state illumination, it is usual to assume that the carriers 
are in the Boltzmann distribution so that n(e), the 


density of carriers per unit energy range, is given by 


where A is an appropriate function of the illumination 
and of the density of states. Indeed, some definite func- Il. THE VARIATIONAL PRINCIPLE 
tion must be chosen in order that the conductivity, the : , 
' ‘ If we neglect the ex 
lifetime, and other electronic parameters be calculable, ia 


the electrons art cre 


ind the Boltzmann distribution is a natural choice ‘ ' aaa 
because it is known that electron-phonon collisions acuesding to the equation 
exert a strong and rapidly thermalizing influence. How- 
ever, general arguments indicate that in any case (1) is : _ 5(p,p 
only an approximation to the correct distribution func- 


tion for steady state, and a rather poor one under : ; : 
1: The . where the energies ¢ and e’ a1 lat he momenta 


reasoning 1s trans- , Saye 
p and p’, and where f(p) is stribution in phase 
space and S(p,p’) a sym ic kernel. The assumption 


certain extreme conditions. 
parent: the Boltzmann distribution (1) is a multiple of 
the equilibrium function describing carriers in the 


} 


presence of the lattice, which is considered to be a heat 


is that the phonons are in thermal equilibrium. It 


¢ ’ — ‘n é scatt ing 
bath because of the relatively large lattice specific heat. °°! that the erence 
are themselves in thermal ¢ 


Therefore, the dilute electron gas describable by 1 tee 
any /(p), particies a 


cannot on the average either transmit heat to the lattice 
or absorb it from the latter. But the energy which the 
electrons absorb from the light source is independent 
of, and in general different from that dissipated in the 
recombination process, and unless heat flows between 
the conduction particles and the phonons, the former 
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Indeed, these three requirements are sufficient to de- 
termine the form (2) of the scattering operator. 

Other processes which occur in the steady state are: 


(a) The generation of carriers (by optical absorption 
or any other means) at a rate 


O;(p 


=g(p), 
al 


b) and their recombination, occurring at a rate 


Of (p) 
— f(p)/r(p). 
at see 


The fundamental equation for steady state is, of course 


Of! of! of 
> 


Ot | scatt 
and upon substitution of the relationships (2), (4), and 
(5) this becomes the rate equation which must be solved 
for f(p). 

When summed over states and combined with Eq. (3), 
this equation also provides us with a useful sum-rule; 

Dp g(P)=Lipf(p)/r(p), (4) 

which may be used to check the accuracy of the solution 
f(p), or alternately as a boundary condition. 

The variational principle which relieves us from solv- 
ing Eq. (6) is simplest formulated in terms of the 
function x(p), 


x(p) f(p) et/*7, (8) 


for which the scattering term becomes a difference op- 
erator. Because of its simple relationship to f(p), we 
shall need to concern ourselves only with this new func- 
tion. For example, x(p)=constant corresponds to the 
Boltzmann distribution (1), and deviations from the 
latter will show up in the momentum dependence of the 
x function. 

The rate equation is linear in the x function, so that 
by a simple quadrature one obtains a variationa! prin- 
ciple, whereby the x function which maximizes ® is 
related to the solution f(p) of the rate equation by 
Eq. (8), and thus determines it. We define, 


| 
b=) | g(p)x(p)—} 
p | T(p 
—3L S(p,p’)[x(p)—x(p’) 


» 


There is, of course, the possibility that carriers occupy 
two or more distinct bands, e.g., the valence bands of 
Ge. Our expressions are generalized to this case by sub- 
stituting for p wherever it occurs, the four-vector (p,m), 
where m is a band index. This does not in any way alter 
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the mathematical structure of the theory, and we shall, 
for the moment, continue to omit the band index. 

One can readily show that not only is an extremum 
when Eq. (6) is obeyed, but that this extremum is an 
absolute maximum. Let a trial function be x, 


x,=f(p) e/*™+A(p), (10) 


where A measures the error intrinsic in the trial function 
and f(p) (although unknown) is supposed to be the 
solution of Eq. (6). We substitute (10) in Eq. (9), and 
use Eq. (6) to eliminate some terms in f(p). There 
remains, 


b=) > 4e(p)/(p) e*7—D, (4[4*(p)/r(p) J e-e/** 
| +t 2’ S(p,p)LA(p)—A(p’) PY, 
and because of the linearity of Eq. (6) there are no 


higher order terms in A. This demonstrates that # is 
maximal, with a value 


(11) 


Pinax =} > g(p)f(p) e**7, (12) 
if and only if A=0, and the variational procedure of 
maximizing ® results in minimizing the error in the trial 
function. 

The variational principle makes it apparent that the 
Boltzmann distribution is generally correct in the limit 
of strong thermal scattering. For if in Eq. (9) we allow 
S to become infinite, then # is finite only for the Boltz- 
mann distribution and equals —@ for any other. In 
this extreme case where the rate equation itself is in- 
determinate the variational procedure still provides the 
correct solution. We may also investigate the role of 
interband scattering in the same general way. For 
example, let us assume that interband scattering is 
weak, or absent. Then the equations decouple and a ® 
for each band can be defined and separately maxi- 
mized ; the distributions in each band are then independ- 
ent. At the opposite extreme, let us assume very strong 
but elastic interband scattering. That is, 


, ; 


S(p,n; p’,n’)~5(€' n—€p'.n'), nen’. 


Then ® will be maximal only if 


, 


c(p,n)=x(p’n’) whenever €) n1=€p'.n’, 


and only if the x’s are functions of the energy alone, i.e., 


x(p,n)=t(e€, n). 


The variational principle may then be solved for a 
single function t(e), once interband scattering has been 
removed from the problem by this choice of constraints. 

Finally, one notes that strong and inelastic interband 
scattering results in the Boltzmann distribution for all 
the bands, regardless of the relative strength of intra- 
band scattering. This suggests that interband scattering 
might also play an important role in semiconductor 
transport phenomena, where it has been largely ignored. 
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Ill. BOLTZMANN CRITERION FOR A MODEL 
SEMICONDUCTOR 


As an illustration of this method we shall find a cri 
terion for the applicability of the Boltzmann-function 
approximation to steady state for a model semiconduc- 
tor. We shall assume for the carriers a constant effective 
mass m. Because it is convenient to consider only acous 
tical phonon scattering, the effect of optical modes will 
be approximated by cutting off the generation function 
g(p) below the optical mode energy hwo. Moreover, 
because of the rapid scattering of particles along con- 
tours of constant energy, both £(p) and T(p) may be 
replaced by their averages along such contours, g(e) and 
r(e). The distribution will then be determined by the 
competition between the energy relaxation mechanism 
of acoustical phonons and the gene ration and recombi 
nation mechanisms, and elastic scattering is completely 
eliminated by the self-consistent choice of trial functions 
we shall make in Eq. (17 


For the gen ration func tion, we simply let 


hw 


hw, 


constant 


where fw measures the injected electron “temperature,” 


and must not under any circumstances exceed hwo, by 
our prect ding arguments 
lor the lifetime, there is evidence that slow carriers 
are more efficiently trapped than fast ones. Indeed, the 
theory of Lax’ on giant traps indicates that carriers in 
the lowest levels of the conduction band are virtually 
captured by these traps; their lifetime is therefore zero, 
whereas the lifetime of energetic carriers may be millions 
of lattice Experiments by Koenig? 


suggest a lifetime dependence of the form (roughly 


collision times 


&/R(7 14) 


In the capture process the binding energy must be dis- 
sipated, and this results in the temperature-dependence 
of the coefficient R(7 

This describes the Boltz 
the 
system of conducting particles would gain energy at a 


ort of situation where the 


mann distribution seemingly cannot apply, else 


> 


*S. Koenig, J } hem. Soli 
M. Lax, J 
* Jee W 


Chap. 17 


s 8, 227 (1959 
Solids 8. 66 (1959 
Sho ; lp] 


( 


MAT 


IS 


of 


reasonable temperatures 


rate approximately However, at 


ill See takes only 
equilibrium distribution 
Let us now consider 
slished. 


ce vibrations in 


a minute modification of the 
to dissipate this heat to the lattice 
the mechanism whereby this is accon 

The of 
typical semiconductors has been considered by Bardeen 
and Shockley.‘ work on the deformation 
potential, we find an express f ittering kernel, 


It 
"_ 
] 


scattering carriers by latt 


From their 


We shall assume that the phonon energy fw, and mo 
mentum fq are related by a constant speed of sound 
Wy/ q- Next, we note that the iriational 


the 


principl< 


(but not rate equatiol! implified for a 


kernel of this form by the 


may 


, 


> DX S(p,p’)[«(p)—x(p 
Pp P 


— = 
— — 
P p’.e 

the r Tunct nust or 


$y assumption, uly depend on 


the kinetic ene rgy of the carriers in the conduction band 


We therefore let 
requiring only 


The 


tionally, and one 


rmined varia 
Boltz 


Carrier 


parameters d 
notes ti 


pure 
ited 


mann contribution 


density From 


we obtain the 
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The sum-rule (7 
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is automatically satistied by the solution to these equations. For our particular choice of r(p) 


the denominator in Eq. (20) diverges, and the pure Boltzmann contribution, a, vanishes. When Eqs. (17) and (21) 
are combined with Eq. (9), the variational principle becomes the maximization of 


I 


by means of the trial function ¢(e). Here, integrals have 
replaced sums over states for the purposes of the calcu- 
lation. B is a constant related to the strength of the 
scattering, and the ratio of scattering to recombination 
rates for a thermal electron is measured by the quantity 


r= BkT/R(T). (23) 


In our approximate analysis, this ratio need only be 
known to within several orders of magnitude and there- 
fore its temperature dependence is irrelevant. In the 
case of germanium, it is valid to assume 10?<r< 10". 

The lower limit 6, on the scattering integral in 
Eq. (22) (as well as the upper limit) reflects the con 
servation of momentum and energy in the scattering, 
and is given by 


(Re'ms*)* eS 4ms? 


(24) 
«> Ams. 
We note that ms* is a very small unit of energy corre- 
sponding to a fraction of a degree Kelvin, so that for 
all temperatures of interest 2k7/ms?>>1. 
The simplest satisfactory trial function for this prob- 
lem is the unit step, 
le)=Fle)=0 e<y 


€>y, 


(25) 


t(e)=F(e)=1 


where y is the parameter to be determined variationally. 
This represents a displaced Boltzmann distribution, and 
a criterion for the applicability of the approximation 
(1) to f(p) can be taken as yKkT. 

At relatively high temperatures (kT7~hw), we can 
expect this criterion to hold, and so we look for a maxi- 
mum of ® at small y. Indeed, the denominator in 
Eq. (22) does pass through a minimum at a point which 
we denote Yi, 

(26) 


yi= (8V2r)—Ims?. 


The corresponding value of is a maximum, 
(4/9) (hw)* 


?,= : goer: ; 
R(T) inl (RT/1.78ms*) (8v2r)*) 


(27 
As the lifetime is allowed to increase (R— 0), 4, will 
increase accordingly. Therefore, we see the trapping 
mechanism as the bottleneck in the diffusion of carriers 
through the states in the conduction band, and in this 


de elle 


[t(« + XMS 


kT) 


exp xms 


temperature range a situation of quasi-thermal equilib- 
rium can be readily achieved; that is, y<<kT. 

At very low temperatures, however, it is found that 
y~hw yields a greater value for &. Denoting this point 
ye, and setting 


V2=hw—z, (28) 


we see that this second maximum occurs at 


d 2° 
( ) 0; 
dz\e kT 


z= 2kT, hio— 2kT. (29) 
The trapping term scarcely contributes to 2, for which 
the thermal scattering is now the limiting factor. By 


direct calculation one finds 


4hw(k7 
j (30) 
eh kTT A BRT (8hw/ ms*)? | 


It is at very low temperatures (where the exponential 
factor in the above expression becomes large) that 4, is 
expected to exceed ©, and where y.>kT will locate the 
peak in the distribution, rather than y,<kT. The tem- 
perature JT») separating the two regimes is found by 
equating (74) to &2(T»). That is, 


kTo\? 
.68( ) hulk 
hwo 


Shw\ | r 
( ) . (31) 
ms* J \n[ (kT /1.78ms*) (8V27)¥] 


Above JT» the Boltzmann approximation would 
appear to be excellent, according to the criterion y<kT. 
Below To, however, the electrons are characterized by 
a distinctly “hot” distribution with a mean energy of 
order of hw. 

Other than these qualitative observations, the in- 
herent inaccuracy of the one-parameter solution pre- 
vents one from drawing more detailed conclusions about 
the shape of the distribution. The temperature 7 is to 
be interpreted as an order-of-magnitude estimate of 
the highest temperature at which a highly non-thermal 
carrier population may be established. We now turn to 
a more general trial function so that we may have some 








56 


about the 
supplement our knowledge of where it peaks 


information shape of the distribution to 


Let the new trial function be 


where y, and y2 have the values given in Eqs. (26) and 
(29), respectively, which turn out to be optimum 
parameters in the present case as well. If we restrict the 
analysis to low temperatures (k7<tw) the ratio of the 
number m, of carriers with energy ~ y2 to the number of 


carriers nm, with energy ~kT will be 


- 
ow 


no/ny~ (hw/kT +d. ( 


As we shall see, the temperature at which this ratio 
is unity lies very close to the solution 7) of Eq. (31). 
But in contradistinction to the previous trial functions, 
the pre sent one changes continuously at T 0, and pro 
vides us with the means to estimate the ratio nmo/m, in 
a continuous manner. Clearly, the Boltzmann criterion 
is satisfied if this ratio is much less than unity, whereas 
when it exceeds unity the distribution is nonthermal. 

It is a straightforward matter to maximize ® by 
means of the new trial function, for the integrals which 
occur have for the most part been evaluated in connec- 
tion with the calculation of &; and 4». One finds for the 


optimum value of d, under the restriction k7<hw, 


1.23kT Inf kT (8V2r)'/1.78ms 
d exphw/kT. (34) 


huor (Shiu /ms?*)! 


Writing this as dp exphitw/kT we may neglect the weak 
dependence of do on temperature and just use the fact 
that it is an extremely small parameter. And if we define 
T, as the temperature at which the ratio (33) is unity, 
the m we readily find that 
1 skTi\! 

~RT». 


nw 
vw 


d he 


In terms of this temperature, the ratio (33) may then 
be expresst d as 


~exp] hu - 6 
ny kT kT, 
We see that tor do sufficiently small this ratio may 


near 7) or 7), 
1) temperatures even only a few 


change by several orders of magnitude 
and if one is interested i 
degrees above 7,, the distribution is quasi-thermal by 
any criterion. 

So far, we have assumed that the distribution was a 
function of energy alone. Let us now assume, however, 
that because of some feature of the optical selection 


rules the excitation is anisotropic, say 


g go(1 td), 6< i, 
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MATTIS 
where go is the excitation denoted g in Eq. (13), 6 is a 
constant characteristic of the anisotropy, and yw a direc 
tion cosine. We may choose a suitable trial function, 
such as 
r(p b+-pc tle 


and determine c¢ variationally. An upper limit on c is 





obtained by neglecting elastic (impurity) scattering 
and by a simple extension of the foregoing analysis one 
finds 
c/b 6xXO(1/r :> 1 ms 
y 
< b 6& () 1 7 . ] 


The magnitude of 7 
One concludes that a substantially 


0 depe nds in a ne giigibie way on é. 


anisot ropi distri- 


bution can exist only below 7», and that above this 
temperature phonon scattering is effectively in the 
strong limit discussed at the end of S¢ I] 


IV. APPLICATIONS 
The 
analysis finds an app cation concerns the giar 


} +} 


traps in germanium. Thi 


first of two problen n which the foregoing 
it electron 
eory ol Lax’ is in excellent 
agreement with experiments by 
perature range above 5°K, where a 


law is found to de 


positive power 


ire ce pe nde nce ol 


scribe the temperat 


the average carrier lifetime. Below this temperature the 
lifetime saturates (experiment) whereas it expected 
to continue to decrease according to essentially the same 
power law as at higher temperatures (theory). However, 


the theoretically predicted lifetime based upon a 
and should be modified below 7 

this 
value of 
, one finds To 


Boltzmann average 


This temperature may be readily calculated in 


connection with Eq. (31), using Koenig’s 
hw= k100°K. For r in the range 10*-10 

in the range 2°K-8°K, in rough 
perimental value. Below Jo, the variational calculation 


with the ex- 


agreement 


has indicated that few carriers will be present in states 


of high trapping probability, so that the average life- 
with tem- 


time will not be expected to further decrease 


perature, but rather to saturate as is observed. A direct 
experimental check of this proposed mechanism is pos- 
sible because, to a good iccuracy the present theory 
predic ts that 7» scales with fw, provi led 7 hw. Thus 
if the temperature-dependence of the lifetime does 
saturate at J) as we have supposed, then this saturation 
temperature can experimentally be doubled—or halved, 
by doubling or halving the “‘electr tem pe rature”’ fiw. 

The second direct application of the calculation in 
Sec. III is to the the ry of negative-mass cyciotron 
resonance in p-type gern The experiments of 
Dousmanis ef al.’ have shown an emissive spectrum 
associated with hole carriers of negative mass. The 
theory analyzing this phenomenon® makes it clear, how- 
ever, that even carriers of negative mass must absorb 

§G. C. Dousmanis e al., Phys. Re Letters 1, 404 (1958 

*D. C. Mattis and M. J. Steve Rev. Letters 3, 18 
(1959). 
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rather than emit resonant radiation, unless either (or 
both) of the following conditions are satisfied : 
(a) The distribution is not a function of energy alone, 
(b) The resonating states do not exist above a certain 
energy ¢,, and the distribution function satisfies the 


te of 
f de é! >0. 
de 


condition 


IN 
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Neither condition can be satisfied above 7». Below 
this temperature, however, both are possibilities. The 
first can be satisfied if g and r are not functions of 
energy alone; this is likely to be true to a limited 
extent. The second condition is met if ¢.<fw; however, 
the existence and the value of «. have not yet been 


established. 
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Self-Diffusion of the Chloride Ion in Sodium Chloride*t 
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The diffusion coefficient of Cl in NaCl has been measured in the temperature range from 520° to 740°C 
Diffusion was measured in pure Harshaw crystals and in crystals containing from 0.01 to 0.1 mole percent 


calcium. The diffusion coefficient in pure crystals is represented 


cm?/sec 


by the equation D=56 exp(—2.12 ev/kT) 


The diffusion coefficient in crystals containing calcium was smaller than that measured in pure 


crystals by a factor of from 5 to 10, and had an activation energy of 2.5 ev. Over the range of impurity con 
centration employed the diffusion coefficient was insensitive to differences in calcium concentration. The 
results are discussed in terms of motion of free negative ion vacancies and of vacancy pairs. Possible com 
plicating effects of dislocation lines on the diffusion coefficient are also considered 


INTRODUCTION 


HE ionic conduction process in alkali halides has 
been extensively studied, and the details of the 

ionic motion are quite well understood.' Schottky de- 
fects predominate, and the positive ion vacancy is 
responsible for the conductivity. The contribution of 
the negative ion to the conductivity is usually quite 
small, under 10% in most pure crystals, and essentially 
zero in the impurity controlled range of temperature. 
Kerkhoff? found that in highly purified KCl at high 
temperature the contribution of the negative ion to the 
total conductivity may be as large as 40%, but over 
the region of interest in most experiments it has been 
satisfactory to assume that the conductivity is due to 
the positive ion alone. For this reason early work in 
this field centered around the measurements of the 
conductivity and of the positive ion diffusion coefficient 
Such studies have produced a detailed picture of the 
motion of a positive ion vacancy in a lattice. In con- 
trast, although there have been several measurements 
of negative ion diffusion coefficients, no such detailed 
information on negative ion vacancies has resulted. It 
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has been generally assumed that the diffusion of nega- 
tive ions proceeds by motion of negative ion vacancies, 
in analogy to the findings in the case of the positive ion, 
but the evidence for this is far from conclusive. 

Chemla’ performed the first measurements of diffu- 
sion of Cl** in NaCl over a limited temperature range 
as a part of a survey of diffusion properties of NaCl. 
Laurent and Bénard* repeated these experiments, ex- 
tending the range of temperature investigated. Schamp 
and Katz® measured the negative ion self-diffusion co- 
efficient in NaBr. All of these measurements were made 
by a sectioning technique involving the removal of 
thin layers of crystal and measuring the amount of 
radioactive isotope which had penetrated from the 
surface. Ewles and Jain® have interpreted the time 
decay of conductivity in quenched samples of KCl as 
due to the motion of negative ion vacancies and have 
arrived at an expression for the diffusion coefficient of 
the negative ion. Recently Schamp has reported the 
results of diffusion measurements of the chloride ion 
in KCl,? 

Within the last few years a group at Ottawa, Canada, 
under the direction of Morrison has developed a new 
technique for the measurement of the diffusion coeffici- 
ent. They have applied this technique to the measure- 

*M. Chemla, Compt. rend. 234, 2601 (1952), alse Ann. phys 
1. 959 (1956 

‘J. F. Laurent and J. Bénard, J. Phys. Chem. Solids 3, 7 (1957) 

5H. W. Schamp and E. Katz, Phys. Rev. 94, 828 (1954) 

* J. Ewles and S. C. Jain, Proc. Roy London) A243, 353 

1958 
7H. W. Schamp, Jr 


yo 


Bull. Am. Phys. Soc 


5, 48 (1960). 
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ment of the diffusion coefficient of Cl*® in NaCl and 
KCI. This method involves the measurement of the 


rate of exchange of chlorine in the solid with a surround 
It has enabled them to measure diffusion co 
ol 
possible with the more usual sectioning technique. 

The of Morrison, and Rudham’® 
indicate that the diffusion coefficient of Cl NaCl 
a ‘“‘knee”’ 500°C, remarkably similar 
knee” in the conductivity of NaCl. They were 


Ing gas 


efficients several order magnitude smaller than is 


results Harrison, 
in 
exhibits at about 
to the 
immediately led to suggest that divalent negative ion 
impurities caused the number of negative ion vacancies 
to become fixed at this temperature, in analogy to the 
interpretation of this effect in the conductivity. Lidiard" 
pointed out that such a view was incompatible with 
the law of mass action in that the presence of positive 
divalent impurities would more than compensate for 
the effect of 
excess of positive divalent impurities would “‘salt 


negative divalent impurities, and the 
out 

the negative ion vacancies. With this model one expects 
the activation energy for diffusion to increase as the 
temperature is lowered, which expectation is in direct 
opposition to the observed results. Lidiard suggested 
that the observations might be explained by a contribu- 
tion to the diffusion at low temperatures by the motion 
He al 


hypothesis 


{ 


f vacancy pairs © pointed out that a crucial 
test of thi would be the comparison of the 
diffusion coefficient of a pure crystal with the diffusion 
coefficient of a crystal containing added positive di- 
valent impurity. The presence of the impurity should 
depress the concentration of negative ion vacancies, 
but affect the concentration of 
pairs. Morrison and Rudham" performed such experi- 
ments on KCI with a variety of doping agents and re 


should not vacancy 


ported that the diffusion coefficient was insensitive to 
the presence of impurity 

rhe subject of vacancy pairs has long been a puzzle 
in the study of alkali halides. Mott and Gurney" recog- 
nized that the density of pairs might be comparable 


with the density of free vacancies. Seitz’! estimated 
that the concentration of pairs should be equal 
to the concentration of free vacancies in NaCl at 
600°C. The presence of such pairs, if mobile, would 


provide for a diffusion mechanism which did not trans- 
port charge, the pair being neutral, and its presence 
in from the 
relation. Such deviations were in fact found, 


Einstein 
> but the 


should be detected deviations 





* TD. Patterson, G. S. Rose, a 1 J. A. Morrison, Phil. Mag. 1, 
3903 (1956 
*L. G. Harrison, J. A. Morrison, and R. Rudha lrans 
Faraday Soc. 54, 106 (1958 
’L. W. Barr, I. M. Hoodle ]. A. Morrison, and R. Rudhan 
Trans Soc. 56, 697 (1960 
\ }. Phys. Che S s 6, 298 (1958 
=i rise ind R.R ha ]. Phys. Chem. Solids 6, 402 
1958 
N. F. Mott and R. W.G ‘ hele nic Proce in Toni 
Crystals (Clarendon Press, Oxf 1, 1940 Hi) 
‘ . Seitz, Revs. Modern Ph 18, 384 (1946 
1). Mapother, H. N. ¢ k ‘ R. J. Ma 1. Chen 
Phys. 18, 1231 (1950 
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o explain the ob 


measurements of Schamp and Katz® on NaBr indicated 
that vacancy pairs were insufficient t 
served deviations. Subsequent work has ascribed these 
deviations to other effects. Hence, 


Morrison and Rudham there w 


prior Lo the work ol 


is no evidence for the 


phenomena. 


existence of vacancy pairs in transport ] 


The present work was undertaken to investigate 
more fully the effect of divalent impurities on the nega 
tive ion diffusion coefficient. The system chosen for 
study was sodium chloride with small additions of the 
calcium ion. The earlier work on the diffusion coeffi 


cient in the pure material was repeated so that direct 


laboratory comparisons between pure and doped crys 


tals could be made 


THEORY 
In thermal equilibrium an alkali halide crystal wi 
contain a certain number of vacant lattice sites of 
either sign. The number of vacancies present will be 
determined by two conditions, the law of mass action 
and the condition of electrical neutrality. The law of 
mass action states tl 
nn V? exp ke y/k1 ] 

where mn, and n_ are the numbers of positive and nega 


tive ion vacancies, respectively, V is the number of 


lattice sites in either sub-lattice, and / the enthalpy 


of a pair of separated vacancies. This expression is the 
direct result of the requirement that the free energy of 
the system be a minimum. In this and subsequent 


expressions we will ignore entropy changes and other 


terms which will alter the pre-exponential term but 


do not influence the exponent. The condition of elec- 


trical neutrality requires that 
n+ V; 


Here is the number of divalent ions and 
y 

(Impurities of other valency will be neglected.) It is 
obvious from this expression that tl 


inf 


Inhuel 


positive 


\ r 
, the number of divalent negative ions in the lattice 
e den ity of vacan- 
iced by the differ- 
In 
actual practice divalent positive ions are much more 


cies of either sign will only be 


ence between the two impurity concentrations. 





soluble in alkali halides than are divalent negative 
ions, and the term .V,; can usually be neglected. It 
will be neglected in the following discussion 

The solutions to these two equatior fa into two 
regions. In the high-temperature region the number of 
thermal vacancies far exceeds the number of impurities 
and the impurity term can be ignored he neutrality 
condition. In this region the mber of positive ion 
vacancies equals the number of negative ion vacancies 
and both have a temperature dependence 


2. At low 


impurities become important and the 1 


by an activation energy / 


1umber of posi 


tive ion vacancies remall mstant and the number of 
negative ion vacant ies de reases even taster in order Lo 
satisfy (1). In this region the density positive 101 
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vacancies will be characterized by an activation energy 
zero, and the density of negative ion vacancies by an 
activation energy EF, 

In actual measurements of either conductivity or 
diffusion the temperature dependence of the measured 
quantities will contain the temperature dependence of 
the density of defects, which we have just discussed, 
and the ternperature dependence of the jump proba- 
bility. This will add a term of the form exp(— E,,/kT), 
where F,, is the activation energy of motion of the 
appropriate defect 

The number of vacancy pairs can be shown to be" 

np=ON exp[ — (E,— Ey) /kT], (3) 
where F/ is the binding energy of the two vacancies. 
Since this defect is neutral it will not be influenced by 
the presence of aliovalent impurities and may be ex- 
pected to obey a single equation of this type throughout 
any temperature range of interest. A diffusion process 
utilizing vacancy pairs will also have a term of the 
form exp (— F,,/kT) in the diffusion coefficient, where 
this #,, is the energy of motion proper to vacancy 
pairs. 

Since in the first approximation the density of posi- 
tive ion vacancies is equal to the concentration of 
divalent positive ion impurities in the low-temperature 
region, we expect the concentration of negative ion 
vacancies to be proportional to the inverse of the con 
centration of impurities. The diffusion coefficient should 
also be proportional to the inverse of the concentration 
of impurities if the diffusion proceeds by the motion of 
negative ion vacancies. The diffusion coefficient should 
be independent of impurity concentration if vacancy 
pairs are the lattice defects chiefly responsible for 
diffusion 


EXPERIMENTAL PROCEDURE 


Pure crystals of sodium chloride were obtained from 
the Harshaw Chemical Company and were used as 
received. Crystals containing CaCl» were either grown 
in this laboratory by the Kyropolous method or were 
obtained from Dr. Karl Korth, Kiel, Germany. These 
crystals were subjected to a standard anneal before 
measurements were begun. The crystals were heated 
to 740°C and held for several hours. They were cooled 
to room temperature at the rate of 1°C per minute. 
Samples in the form of 1-cm cubes were cleaved from 
the crystals. Before diffusion a fresh surface was pre 
pared on each sample by slicing with a microtome. The 
microtome used in this experiment for slicing crystals 
has been described by Mapother, Crooks, and Maurer.'® 
thick of sodium 


® was evaporated on the surface 


\ layer approximately 2 microns 


hloride contaming CH 


of each crystal. The crystals were then loaded into a 


Vy or holder and sealed in an atmosphere of helium 
The crystals were raised rapidly (less than 2 minutes) 
to the diffusion temperature and held at this tempera- 
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Diffusion coefficient of C* in pure NaCl as a function 
Ihe straight line has been fitted to the data by 
the method of least squares 


ture for a time sufficient to give a mean penetration 
depth of 75 microns. The time necessary varied from 
3 hours to 6 weeks depending on temperature. The 
crystals were quickly cooled to room temperature and 
sectioned with the microtome. Slices of the crystal were 
removed by placing a piece of Scotch tape on the 
surface and passing the microtome knife beneath it. 
Between 15 and 35 slices, each approximately 5 microns 
thick, were removed in this manner. The thickness of 
the slice was measured by means of an interferometer 
using the mercury 5461 A line. The activity in each 
slice was counted for a time sufficient to give a 1% 
error due to statistical fluctuations. Corrections to the 
of the finite slice thick- 
ness, finite initial layer size, and for any misalignment.'® 
The diffusion coefficient was calculated by making a 
least squares fit of the data to a Gaussian penetration 
curve. The temperature of the crystals during the diffu- 
sion anneal was measured by a platinum-platinum 10% 


data were made for the effect 


rhodium thermocouple placed in thermal contact with 
the crystal. 


RESULTS 


The diffusion coefficient of the chlorine ion in pure 
sodium chloride as a function of temperature is given 
in Fig. 1. The parameters in the equation for D were 


computed by the least squares method. A comparison 


*G. A. Shirn, F 
1, 513 (1953 


S. Wajda, and H. B 


Huntington, Acta Met 


: also see reference 5 
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Fic. 2. Diffusion coefficient of Cl* in NaCl containing Ca. The 
straight line from Fig. 1 representing the pure material has been 
added for comparison 1xX10~* mole fraction calcium; [J 
210-4 mole fraction calcium; X 5X10~ mole fraction calcium; 

10 10™ mole fraction calcium 


of these parameters with those found by other investi- 
gators is given in Table I. There is reasonable agree- 
ment between our results and those of Laurent and 
3énard and of Harrison, Morrison, and Rudham, es- 
+} 


pecially as regards the 


The results 


activation energy. 

of measurements on doped crystals are 
2. The straight line from Fig. 1 has been 
included for comparison. It is seen that the effect of the 
calcium ion is to reduce the diffusion coefficient of the 


given in Fig 


negative ion by a factor of between 5 and 10 from that 


of the pure crystal. Crystals of several doping concen- 


trations are included here; it can be seen that the varia- 
tion in doping concentration does not greatly influence 
the diffusion coefficient. A least squares curve has been 
fitted to points from the crystal designated X with the 
resuit 


D= 1280 exp 2.49 ev/kT). 


included in Table I 
Figure 3 illustrates the dependence of the diffusion 
at T=584°C. The 


ie figure represents the 


These values are the one 


coefficient on calcium concentration 
point at the extreme left of t! 


pure” Harshaw cryst 


al. The concentration of calcium 


actually present in the crystals was determined by 


measuring the conductivity of a sample and comparing 
7 Bean’s results were 


the results with the data of Bean 


’C. Bean, thesis, University of Illinois, 1952 (unpublished 


Al 
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extrapolated to give an effective impurity concentration 
for the Harshaw crystal at 
somewhat smaller than the value 10~® used in the figure, 
and the 
experimental points is probably greater than shown 
here. Curve (a) shows the expected behavior for diffu- 
sion via negative ion vacancies, curve (b), the expected 


The value arrived was 


so that the discrepancy between curve (a) 


behavior for diffusion via vacancy pairs. Curve (c) has 
been drawn with the assumption that the actual de- 
pendence is that of curve (a) for small impurity con- 
centration but becomes similar to that of curve (b) at 
large impurity concentrations. This be discussed 
below. A similar dependence of diffusion on impurity 
concentration T= 635°C 


will 


was found at not shown). 


DISCUSSION 


The aim of these measurements is the determination 
of the mechanism of diffusion of the negative ion. Al- 
though one may envisage many possibilities, there are 


We shall 


terms of some of these 


only a few which are energetically favorable 
attempt to interpret the data 
models. 

At this time it seer 


mechanisms 


afe to limit our discussion to 
yttky and related defects. 


+} ‘ 


n 


involving Sch 


Theoretical arguments indicate the existence of 
Frenkel defects in the negative ior 
unlikely,'* and they will no 
motion of free negative 
choice for a diffusion The recent 
estimate of the activation energy for motion of a nega- 
tive ion vacancy is contained in a paper by Guccione, 
Tosi, and Asdente."? They computed the energy of 
motion of both ions using several different forms for 
the repulsive potential and found 
the best 


ion when they used a Bort 


uttice is extremely 
be considered further. The 


ion vac ies is an obvious 


an 


mechanism most 


that they obtained 
agreement with experiment for the positive 
Mayer-Verwey potential. 


1 


This potential is somew] Born- 


For this po- 


harder than the 

Mayer potential more usually employed. 

tential they obtained an energy of motion of the nega- 
TABLE I. Summ 

diffusion in NaCl. The | 

experimental values o ffusior efficier » th 


D=Dy exp(—W/k7 


pest ht 
e eq latior 


dicated 


Present work 
pure NaCl 
doped NaCl 

Laurent and Béna 

Harrison, Morriso 
and R 


Chemla‘ 


idhar 


® See reference 4 
See reference ¥ 


See reference 3 
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tive ion of 1.11 ev. Using the experimental data on 
positive ion motion” to obtain the value of the energy 
of formation of a Schottky defect (2.02 ev), we con- 
clude that the activation energy for diffusion of the 
negative ion should be 2.12 ev. The exact agree- 
ment of this figure with our measured value of 2.12 
ev must of course be considered fortuitous, since 
otherwise it would imply better accuracy than can be 
attributed to either the experimental or the theoretical 
values. On the other hand the activation energy in the 
impure region, which should apply to our measure- 
ments on doped crystals, is predicted to be 3.13 ev. 
The value obtained from a series of measurements on 
doped crystals is 2.49 ev. Although the accuracy of 
this value is not so high as the value for pure crystals, 
the discrepancy is quite large, certainly out of the 
range of experimental error. In addition the behavior 
of the diffusion coefficient as a function of doping con- 
centration indicates that free vacancies alone cannot 
explain the diffusion. The measured diffusion coefficient 
is about 100 times larger than one would expect on the 
basis of the mass action law. One view consistent with 
these results is that diffusion in pure crystals is domi- 
nated by free vacancies, but that in doped crystals the 
concentration of the free vacancies is reduced to the 
point where some other mechanism which is insensitive 
to the presence of impurity takes over. 

A diffusion process involving the motion of vacancy 
pairs should be unaffected by the presence of divalent 
impurity. Since there is a large difference between the 
diffusion coefficient of pure and doped crystals, vacancy 
pairs alone cannot explain the observed results. It is 
possible that vacancy pairs constitute the mechanism 
mentioned above which dominates the diffusion process 
at high positive ion impurity concentrations. Qualita- 
tively Fig. 3 agrees with this interpretation, and curve 
(c) has been drawn with this in mind. Under this as- 
sumption the activation energy for the doped crystals 
(i.e., 2.49 ev) should be that appropriate to vacancy 
pair diffusion. Theoretically this energy is of the form 
E,;— E.+E,, where FE, is the energy to form a Schottky 
pair, £, is the binding energy of the pair, and £,, is the 
energy to move the pair. Ey, is known from measure- 
ments on the positive ion”; it is 2.02 ev. No data is 
available on the other terms, but both have been calcu- 
lated. Fumi and Tosi* have shown that the binding 
energy in NaC] is 0.60 ev or less. The energy of motion 
has not been calculated for NaCl, but Dienes” has 
estimated it for KCl. He arrived at a value of 0.38 ev. 
However, Lidiard* has pointed out that the results of 
Guccione, Tosi, and Asdente™® would indicate that one 
should use the hard potential in calculations on NaCl 
instead of the Born-Mayer potential employed by 
Dienes. In view of this Lidiard™ feels it would not be 

*™H. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 
(1950). 

21M. P. Tosi and F. G. Fumi, Nuovo cimento 1, 95 (1958) 


2G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 
2 A.B. Lidiard (private communication). 
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ric. 3. Diffusion coefficient of Cl* in NaCl as a function of 

calcium content. T= 584°C. The point on the extreme left repre 

sents the pure Harshaw material. (a) Prediction of mass action 

law for free vacancy motion; (b) Prediction for diffusion via 
vacancy pairs; (c) Experimental! points 


unreasonable to expect the energy of motion of the 
pair to be nearly as large as that of an isolated vacancy. 
Using the values of Tosi and Fumi for the binding 
energy we may use our data to calculate an energy of 
motion of the vacancy pair. This turns out to be 1.07 
ev, only slightly smaller than that calculated for a 
free negative ion vacancy. Lidiard™ also has made 
some calculations of the density of vacancies and of 
vacancy pairs for various impurity concentrations. 
Comparing his results with ours, it can be seen that the 
density of vacancy pairs is of the right order of magni- 
tude with respect to the density of vacancies to ex- 
plain our results if the energy of motion of negative ion 
vacancies ts not much different from that of vacancy pairs. 
It would be desirable to repeat the calculation of Dienes 
on the energy of motion of a vacancy pair using the 
Born-Mayer-Verwey form of the repulsive potential as 
employed by Guccione, Tosi, and Asdente. At present, 
however, all one can say is that the hypothesis that the 
diffusion in doped crystals is due to the motion of 
vacancy pairs seems fairly reasonable. This explanation 
has the virtue that it explains why the effect of vacancy 
pairs has not been observed in positive ion diffusion 
measurements. Vacancy pairs do not influence the 
positive ion self-diffusion coefficient because of the 
large activation energy for motion of a pair. 

Recently there has appeared some evidence that 
chlorine ion diffusion is sensitive to the presence of 
dislocations. Barr et al.” have repeated the low-tem- 
perature measurements of Harrison, Morrison, and 
Rudham* and have found that the diffusion coefficient 


* A.B. Lidiard and K 


Tharmalingam, Discussions Faraday 
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may be reduced by suitably annealing the specimen. Dislocations might be es { to augment the diffu 
They have correlated this decrease with a decrease in _ sion coefficient by providing easy paths for the diffusing 
the dislocation density as determined by etching. These species, and such a process nee sult in a deviation 
results offer no serious problem to the interpretation from bulk kinetics, as Hart*® has sh It is possible 
of the present data because these effects were found at that the presence of the calcium ion alters the equilib- 
temperatures below those used in the present work. rium dislocation density, t! iffecting the diffusion 
However, if we are to believe the interpretation based coefficient. This field is still in its fancy, and further 
on vacancy pairs advanced above, this means that at work, both experimental and theoretical, is needed to 
sufficiently low temperatures the diffusing species with understand the effect of d 
which they were dealing was a vacancy pair and not a ee SE —_ 
ee. a ACKNOWLEDGMENTS 
free vacancy as they have supposed. This in turn means 
that their arguments concerning the effect of a charged he guidance and 
dislocation line on the diffusion are inapplicable, and assistance of Profe : 
course of this work. I wish to thank Professor J. A 
Morrison for stimulating correspondence and for the 


uurer throughout the 


one must look for some interaction of dislocations with 


vacancy pairs which increases either their number or 
their mobility. Such an interaction can only depend PMvulege of reading his manuscript prior 0 publication 
indirectly on the charge of the dislocation line since I also wish to thank Professor A. B. Lidiard for hi 
correspondence and for supplying me with the results 


the vacancy pair is uncharged. On the other hand these 


1] 


results suggest that the difference in diffusion coefficient 


of his calculations. The support afforded by a National 


between pure and doped crystals reported here may be = **!€ncé Foundati , p held during the cours 
(at least partially) the result of a difference in the of this investigatior fully acknowledged. 
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The magnetic susceptibility ol p-type Ge has been measured 


extending from 5X10" cm™ to 5X10” cm Measurements wert 

to 1.3°K. The degenerate hole susceptibility was determined from the dat 
the data depart appreciably from the Landau-Peierls value; above 10” c1 

to the population of the split-off band. From the experimental results, it 
touches the minimum of the split-off band a carrier density of 1.3 10” cn 
given of the factors determining the susceptibility including band degenera 


detailed quantitative analysis is not attempted 


INTRODUCTION form in the experimentally attainable range* but also, 
at the highest carrier densit t wa expected that 


HIS pape r describes an investigation of the stati : ; “eH . ae a , : 
carriers would occupy the band ‘“‘split-off” by spin-orbit 


magnetic susceptibility of extrinsic holes in Ge “ 6 
Pies : ; coupling.*:* Band degeneracy a1 DU bit interactions 
his investigation is similar to our earlier magnetic , : , 
. . > oF . are expected to be impo! nt in det mining the sus- 
studies of electrons in Ge! and InSb.2 The purpose ol ‘I - , Se Bs ° : : 
. ; ceptublility of the es n investigatior I irrier Sus- 
the work is to compare the experimentally observed ent wie a whe: 
“ ceptibility in this case med \ while extension 
of our previous studies of the sus ibility in a para- 


i 


carrier susceptibility with theoretical expectations and 


thereby obtain information concerning the band struc- 


bolic band (n-type Ge') and in a nondegenerate non 


ture. A study of p-type Ge was undertaken because the : Pag ey: 
, . . parabolic band (n-type InSb*). Studies of this kind on 
valence band not only departs from a simple parabolic Uni Saar es . aggre 
relatively simple and understood systems are desirable 
* Now rtment vsics ‘ornell t sit th if , ilitw 1 f re f 1 f 
_” Now at Depart , ysics, Cornell University, Ithaca, if static susceptibility measurements are to be used for 
New York ; og : 
+t Now at Bell Telephone Laboratories, Murray Hill, New the investigation of materia vith poorly Known band 
Jersey 
1R. Bowers, Phys. Rev. 108, 683 (1957 G 
? R. Bowers and Y. Yafet, Phys. Rev. 115, 1165 (1959). Y. Yafet 1955 
Phys. Rev. 115, 1172 (1959 ‘| 
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structures, e.g., metals. The reader is referred to refer- 
ences 1 and 2 for the details of the analysis of experi- 
mental data. As in the earlier work, the carrier suscep 
tibility in p-type Ge is mainly orbital in character. 
The measurements to be reported in this paper cover 
a temperature range of 300°K to 1.3°K and a range of 
carrier densities from 5X 10" to 5K 10" cm. The range 
of carrier densities studied is much larger than in any 
previous susceptibility work on p-type Ge.®* The Fermi 
level at absolute zero for the highest carrier density 
studies was estimated to be about 0.6 ev from Kane’s 
results*; hence the band was occupied to this level. 
The experimental data obtained exhibit two notable 
features: (a) For carrier densities less than 10”, the 
carrier susceptibility is appreciably smaller than the 
Landau-Peierls value even in the region where the bands 
are parabolic. (b) An increase of the carrier suscepti- 
bility is observed at higher carrier densities which we 
attribute to population of the J= 4 split-off band. 


EXPERIMENTAL METHODS 


The methods of susceptibility measurement were 
identical to those used in the work on n-type Ge.' The 
specimen dimensions were approximately 0.20.25 
cm. 

The highest purity specimen used for the determina- 
tion of the lattice susceptibility was obtained from a 
zone refined ingot. The doped material was prepared by 
the Bridgman method using Ga or Al as a doping agent ; 
the resulting ingots were polycrystalline with large 
grains. The number of carriers and the uniformity of 
doping of the final susceptibility specimens were ex- 
amined by measuring the room temperature Hall co- 
efficient at 4 places along the length of the specimen. 
These Hall coefficient measurements were made on the 
actual susceptibility specimens; this is an improvement 
over our previous practice'* of making such measure- 
ments on a slice of the ingot cut adjacent to the sus- 
ceptibility specimen. The Hall coefficients were meas- 
ured in a magnetic field of 12 800 gauss. The specimen 
current used varied from a fraction of an amp up to one 
amp depending on the carrier density in the specimen. 
In the most highly doped specimens, the smallest Hall 
voltage measured was 6yuv. We believe our measuring 
technique to be reliable to luv. All the doped specimens 
are extrinsic at room temperature. 

The hole density p has been calculated from the Hall 
coefficient Ry using the relation Ry=a/ pe.' The factor 
a has been taken to be unity. Deviations of a from unity 
might be expected from two sources: (1) the multi- 
plicity of the bands and (2) the warping of the heavy 
hole band. Substituting values appropriate for p-type 


Ge into the two band Hall coefficient formulas’ and 
'D. K. Stevens, J. W. Cleland, J. H 
Schweinler, Phys. Rev. 100, 1084 (1955) 
* D. Geist, Naturwissenschafter 45, 33 
7 R. W. Willardson, T. C 
96, 1512 (1954 
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assuming ionized impurity scattering, we do not expect 
a to depart from unity because of band multiplicity by 
more than a few percent for our specimens. Neglect of 
the warping could be more serious. There is no quanti- 
tative theory of the effect of warping on a which has 
been substantiated by experiment. Consequently, we 
retain the value unity for a. Goldberg, Adams, and 
Davis* estimated that warping causes a to depart from 
unity by about 20° and we use this as a guide to the 
uncertainty in our evaluation of the carrier densities. 

{ total of 32 specimens were studied in this work. The 
room temperature susceptibility of every specimen was 
measured. The change in susceptibility between room 
temperature and liquid helium temperatures was de- 
termined as a function of carrier density from meas- 
urements made on 10 of the specimens. The resulting 
curve of temperature dependence versus carrier density 
was used to reduce the data of all 32 specimens to the 
lower temperature limit by interpolation. The change 
in susceptibility between room temperature and 4°K 
is not large (<11°%%) in the specimens studied; hence 
the interpolation method of reducing all data to the low 
temperature limit is adequate for our purposes. 

‘The lattice parameter of the material in the most 
highly doped specimen was compared with that of the 
high purity material. Debye-Scherrer diffraction pat- 
terns obtained on a Philips, 114.6-mm diameter camera 
yielded a=5.6577+0.0002 A for the Ge+(5X 10” 
Ga/cm*) while the lattice parameter of the high purity 
material Ge+ (10" carriers) was a= 5.6576+0.0001 A.’ 
This change in lattice parameter is insignificant in the 
interpretation of susceptibility data. 


EXPERIMENTAL RESULTS 


The magnetic susceptibility of all specimens was in- 
dependent of magnetic field (maximum field 4500 gauss 
for the low-temperature measurements and 8300 gauss 
for the room temperature measurements). The change 
in susceptibility between 300°K and liquid helium tem- 
peratures is small (<11%); nearly all of this change 
occurs between room temperature and 77°K. In Fig. 1 
is shown the relative change of the folal susceptibility 
between room temperature (Xgr) and helium tempera- 
tures (X,r) plotted against carrier density (p). 

Figure 2 is a plot of the low-temperature degenerate 
carrier susceptibility plotted against p'. The experi- 
mental points on this curve were obtained by subtract- 
ing the lattice susceptibility (5.5X10~? per cc deter- 
mined from the purest material) from the susceptibility 
of the doped material.'? For p=10"* cm™, the carrier 
contribution is 4% of the measured total susceptibility ; 
at p=5X10 cm™ the carrier contribution is 35% of 
the total susceptibility. The results designated by open 
circles in Fig. 2 have been obtained from measurements 
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* We are grateful to A. Taylor and B. Kagle of Westinghouse 
Research Laboratory for determining these lattice parameters 
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to the ire root of the effective mass ratios 


and consequently the ratio of susceptibility contribu 


tions from the two bands is proportional to the invers« 


of this square root since x = ko/m*. No Pauli paramag 
netism term was included in these computations. 


Figure 3 is a plot of resistivity versus carrier density 
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p tor the material used in this work solid line 


represents data of ot er workers 
From an extrapolation of lower carrier density data, 
we expected the Hall coefficients of the highly doped 
specime ns to be essentia ly indepe ndent of temperature 
below room tempet re. We made measurements of 
the Hall coefficient of two specimens (p= 1.6 108 and 
p=4.0X 10") at 300 77°K, and 4°K. The change in 
Hall coefficient 300° and 4°K for these two 
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tailed calculation of con complexity since many 
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y for degenerate statistics is propor- 
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MAGNETIC SU 


cencentrations where the split-off band is occupied and 
where the dominant contribution to the susceptibility 
is from holes in this band. 


(1) Low Carrier Density : Below 5x 10'* cm™* 


At the lowest carrier con entrations, the suscepti 
bility in a nondegenerate band is the sum of two contri- 
the Landau diamagnetism with the effective 
mass, and a Pauli paramagnetism with a g factor de- 
termined by the effective mass and the strength of the 
spin-orbit coupling.’® In the case of degenerate bands 
three new features arise which we discuss under the 
designations a, 6, c. (a) The strength of the spin-orbit 
coupling does not appear“ in the value of the g factor 
at the bottom of the band; an analogous situation 
exists for the Landé g factor in free atoms. The g factor 
is determined by the band shape, i.e., the band to band 
interactions which determine the effective mass. We 
have calculated g for the two types of holes in the spheri- 
cal approximation. In the notation of Dresselhaus, Kip, 
and Kittel, the following values for the interaction con- 
stants were used: H.=0, 3G=2H, (the latter is the 
requirement of spherical bands) and with F= (3) 
X (G+H,); the 4X4 secular determinant is solved in 
the presence of the magnetic field, giving the Zeeman 
splittings 


butions: 


Ae, =g8HSz near k=0. 


For the heavy holes we can solve exactly: 
g= — (4Em/h*)(4| cos8| —1)—2(2! cosé| —1). 


For the light holes: 


4Fm 4Em s8—6 cos*é 
- _-— ( —_——— —) 41-2 cos 
3h? he 5 


to first order in E/F and h?/mF. Here @ is the angle 
between the magnetic field H and the k vector. The 
limiting values of g as k—+ 0 depends on the direction 
of k; this nonanalytic behavior at the origin is due 
to the band degeneracy. For the value F= — 14.4 h?/m 
and E=—2.1 h?/m, the g factors are large, vary 
ing between 27.2 and —10.2 for the heavy holes 
and being near 30 for the light holes. The Pauli 
paramagnetism calculated with these values of g is 
larger in absolute value than the Landau diamagnetism 
by a factor of 5 for the heavy hole and 1.3 for the light 
hole. However, there are two other contributions to x 
which we now consider. (b) In the nondegenerate case, 
the level shifts of order H? give? a contribution to x 
which is proportional to the carrier concentration p and 
is therefore negligible at low carrier concentrations. In 
degenerate bands there is a level shift contribution of 
order p' which can be understood as follows: In a 
representation by Bloch matrix ele- 


states, there are 
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Fic. 3. Plot of resistivity versus carrier density (p) for p-Ge. 
The points are values obtained in the present work; the solid line 
represents comparable data of other workers, see references 10 
and 11 


ments of the Hamiltonian between the light and heavy 
hole states which fire first order in H. Since the energy 
separation is of order k’, there follows by sec ond order 
perturbation theory a level shift Ae=aH?/k® where a 
depends on F and E. The contribution to the free energy 
S Aekdk and hence proportional to the & vector at the 
Fermi surface, or to p'. This is a Van-Vleck type para- 
magnetism. (c) The quantum effects which are re- 
sponsible for the nonuniform level spacings at the 
bottom of the degenerate bands give an additional con- 
tribution of order H*p! to the free energy when the latter 
is computed by expansion of the energy levels in powers 
of H, i.e., in the limit of large magnetic quantum 
numbers.” 

The theoretical x is the sum of all the contributions 
listed above. It is not surprising that earlier results®* 
did not agree with simple effective mass theory. 


(2) Intermediate Carrier Density : 5 x 10'* 
to 1.3 10° cm™ 


The prescription for calculating x in this region is 
similar to that used in our work on InSb with additional 
complexity introduced by the multiplicity of the bands. 
The work involved in such a calculation seems excessive 
for interpreting our experimental results. We note there 
will be a substantial paramagnetic term in this region 
due to the large g values. 


(3) High Carrier Density : Above 10’ 


We attribute the steeper rise in x observed beyond 
p 1.3 10” to population of the split-off band. From 
Kane’s results* we 


have estimated that the Fermi level 
should touch the bottom of the split-off band at a 
carrier density of about 1.410” cm~*; this estimate 
involves taking spherical averages of the anisotropic 


bands and is probably uncertain to about +0.3X 10”. 
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The effective mass and the g factor at the bottom of the 
plit-off band have been given by Luttinger.” 


h?k®/2m+4(L+2M)k+ (2mK 


l)eH /6mc. 


the constants / ind 
and the constant A 


where VM are those of Dresselhaus 


given by Kohn . 
K G—H,+Hl 
for / 


Using the value 


find 


G, H, given by Dresselhaus, we 


10.9%? /m+4Ho, 
15.2+ (8/3)Hs> |. The of Ho, 


which is negative, has been estimated by Kohn to be 
between O and : h?/m. The effective mass at the 
band is 1/13.2 m; the ratio of spin 
paramagnetism to orbital diamagnetism 
H.=0 would be 2X (15.2)?/(13.2)*™1 
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or a g factor of value 


bottom of the 
assuming 
is there- 
a fortuitous cancellation of paramagnetic and dia- 


There 
lore 
magnetic effects at the bottom of the band and accurate 
measurements of the susceptibility might be of use in 
giving additional information on the 4 band constants 
FF, G, My, He. 
needed for this purpose in a limited concentration range 
near 1.5 10" cm 


Very precise measurements would be 


‘; our present experimental methods 
are not adequate for thi 

The number of carriers (p 
given by: 


in the split-off band is 


pso= (consts)(p!— po')!, 
for constant effective masses, where po is the value of 
the folal carrier concentration p at which the Fermi-level 
touches the bottom of the splitoff band. The suscepti- 
bility contribution X,, proportional to (p,.)* will ideally 
have an infinite slope at p= po when plotted in Fig. 2 
(abscissa p'). The x contribution proportional to the 
first power of p,. would result in a curve that is concave 
upwards on the same plot Because of the cancellation 


mentioned above, the latter contribution may be domi- 
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Tasce I. Relation between d-orbital vs neighbor-configuration symmetry, band occupation and band characteristics in pure metals 
n.n.=near-neighbor; n.n.n. =next-near-neighbor ; «4, =contribution to spontaneous atomic moment ; ~4s= Bohr magneton; m and my are, 


respectively, the number of electrons or holes per atom in a n.n.n.-directed orbital, m, for a n.1 


in a half-filled, n.n.-directed band. Bonding conditions for n.n.n 


directed 


v is number of electrons 
orbitals include sufficient orbital overlap for the formation of a 


directed orbital 


n.n.n.-directed collective-electron band, or a n.n.n. separation that is smaller than some critical length that is characteristic of the atoms 


in question 
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neighbor order. In this case superexchange or bonding- 
band stabilization is not possible, and the collective 
electrons form a conventional “metallic” band in which 
the predominant electron correlation is probably that 
between electrons of parallel spins as introduced by 
the Pauli exclusion principle, or by antisym- 
metrized wave functions. It follows that E,(metallic) 
> E,(valence), and a metallic band may be 
spontaneously magnetized if an atomic moment from 
localized electrons is simultaneously present. The latter 
condition takes cognizance of the fact that any magneti- 
zation of a collective-electron band is at the expense 
of a broadening of the occupied portion of that band. 
FE, and EF, are the upper and lower bound of an energy 
band or subband. 

Of particular interest for the theory of magnetism is 
not only the magnitude of the localized atomic moment, 


narrow 


but also the sign of the magnetic coupling between 
neighboring atomic moments. These items are implicit 
in the previous discussion. Localized electrons in 
half-or-less filled orbitals split by Hund’s rule are 
superexchange stabilized by antiferromagnetic coupling 
of the neighboring (next-nearest) atoms with which they 
direc tly interact (Postulate IJI). However, the atomic 
moments of nearest neighbors are coupled indirectly 
via the collective electrons. If the collective electrons 
are 3d electrons, then intra-atomic and nearest-neighbor 
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exchange forces can be expected to be stronger than 
next-nearest-neighbor interactions (Postulate III). It 
from the that (1) Pauli 
paramagnetism exists if there are no atomic moments 
present from localized electrons, (2) antiferromagnetism 


follows above disc ussions 


exists at temperatures below a Ty if antiferromagnetic 
nearest-neighbor order can be propagated throughout 
the structure, localized atomic moments are present, 
and the nearest-neighbor-overlapping orbitals are half- 
or-less filled,’* (3) ferromagnetism exists at tempera- 
tures below a 7¢ if localized moments are 
present and nearest-neighbor-overlapping orbitals are 
either more than half-filled or metallic. Thus, it has 
been possible to make a sharp prediction about the 
conditions for Pauli paramagnetism, antiferromagne- 
tism, and The assume 
Russell Saunders coupling and therefore may not be 


atomic 


ferromagnetism. arguments 
appropriate for the heavier elements. These features 
are summarized in Table I. The bonding conditions 
referred to in Table I are the ability to propagate 
antiferromagnetic nearest-neighbor order and 
overlap of nearest-neighbor orbitals. In the 


large 
nomen- 


clature to follow, a half-or-less filled band meeting 


* In ordered alloys, nearest neighbors may not have available 
3d states for band formation. In this case the relevant nearest 
neighbors may be next-nearest neighbors. See, for example, the 


discussion on ordered FeAl] 
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Fic. 1. Angular dependence for various atomic orbitals 
the bonding conditiotr l aid to contain “bonding” 


electrons; the top half of such a band is said to contain 


“antibonding” states. 
In closing this section, it seems worthwhile to empha 
size that quantitative calculations that do not properly 


account for the spin-correlation stabilization discussed 
here are probably misleading. It is obvious that this 
effect is the extreme stability of the N» 


molecule 


source of the 


Il. APPLICATION TO SPECIFIC STRUCTURES 
A. Symmetry Considerations 


Let the wave-function symmetry be always referred 
to a set of Cartesian coordinates centered at the atom 
in question. Figure 1 (a orientation of 
this coordinate system re lative to the electron-density 
distributions of the states, the hybridized (sp 
the tf, states hybridized Cavs dus dus 
that if the d-level 
degeneracy is removed by a splitting that leaves a 
degenerate leo 
level, the electron-density distributions for the e, and 


(e) shows the 


five d 
and 
states). It 


States, 
is immediately seen 


doubly degenerate e, level and a triply 


log electrons, respectively, are directed along the 
(100) and (111 or (110)) axes of the Cartesian 
reference frame. Since the crystalline orbitals can be 


expected to retain the same angular symmetry as the 


atomic orbitals from which they are formed, symmetry 


considerations are referred to the easily visualized 


atomic orbitals. Further, the d orbitals are discussed 


separately from the s-p orbitals even though there 


must be admixing of orbitals belonging to the same 
representation. However, this simplification does not 
significantly influence the qualitative arguments de- 


velope d below. 


B GO 
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B. Body-Centered-Cubic Structure 


Figure 2(a) shows the 


for the Cartesian referen 


structure. Since it is 
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moments are simultaneous present. Any inherent 
spin correlation between nearest ghbors, whether it 
be antiferromagnetic (mo, < 3) or ferr gnetic (n2,>3 

forces the next-nearest neignbor orrelation to be 
ferromagne th Therefor © 6, rons are forced to 
occupy antibonding states [R RK. in Cr, Fe |. 
As a result, the e, electrons are localized and contribute 
an atomic moment.'® The e, band is therefore split into 
two subbands similar Oo zed orbita spit by 
Intra-atomi exchange Hund’s rule Since next- 
nearest-neighbor antibonding ire less stable than 
bonding States, but pr bal ré table than the 
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Fic. 2. Qualitative features of band structure for bec transition metals 


on one atom, let all the ferromagnetic electrons of 
next-nearest neighbors be concentrated in f:, orbitals. 
Such a correlation is only possible if there is ferro- 
magnetism (some levels in top half of t2, band occupied). 
Further, this correlation is an optimum if there are two 
ferromagnetic electrons per atom, corresponding to a 
half-filled e, orbital. On the average, the ferromagnetic 
electrons occupy e, and ft, orbitals equally in this 
optimum configuration. Further the orbital momentum 
of the leg electrons is not quen¢ hed so that the ferro- 
magnetic bec metals can have a Landé g factor differing 
from the spin-only value of g=2. If this reasoning is 
correct, then a Fe can be expected to represent the 
optimum configuration, the extra 0.224, per atom 
coming from a combination of g>2 and a limited, 
induced magnetization of the s—p electrons. The 
measured g factor for iron”! is g=2.12—2.14. This 
case is illustrated schematically in Fig. 2(« 


3. Stabilization of p electrons. 


In order that aFe represent the optimum ferro- 
magnetic configuration, it is necessary that there be 
three s—p electrons (m2,=3) since iron has a total of 8 
outer electrons. Some quantitative calculations have 
issumed 0.22 s—p electrons, others estimate about one 
s—p electron. Thus there appears to be an essential 
conflict the 
estimates of previous workers. On theoretical grounds, 


between model proposed here and the 
the symmetry of the bec structure is ideal for strong 
bonding-band stabilization of the s—p electrons since 
the (sp*) orbitals are directed along the.(111 
wards nearest neighbors. It is proposed here that this 
stabilization causes the formation of an s—p bonding 
band that overlaps considerably the narrower d bands. 


axes to- 


* JH. E. Griffiths, Nature 158, 670 
2 A, F. Kip and R. D 


1946 
rnold, Phys. Rev. 75, 1556 (1949 


) 


This band is labe 2 
the case for 
mental facts. 

(a) The bcc metals Ti, Zr; V, Nb, Ta; Cr, Mo, W; 
Mn are all Pauli paramagnetic or (Cr,6Mn) antiferro- 
magnetic. This is consistent with the model if m2,=3. 

(b) Soft x-ray K emission does occur in V, Cr, and 
Fe even though transitions to the K shell are forbidden 
for 3d and 4s electrons. This fact can be accounted for 
by the strong admixing of p states into the occupied- 
band structure that is implied by n2,= 3. 

(c) If no, 
s and p orbitals (n,,’~3—4, where primed symbols 
always refer to solute atoms) should have the largest 


ed / 


n 3, 


in Fig. 2. For further suport of 


consider the following experi- 


3, nontransition elements with occupied 


solid solubility in the bee phase. The range of solid 
solubility is limited in most bee transition elements 
115 structure. Since iron 

A15 structure,” it provides the 
most interesting case study, and the solid solubility 
Table ITI. 


the predicted characteristics indicated 


because of the stability of the 
does not stabilize the 


of the elements in a Fe is presented in 
Given n= 3, 
for the phase diagram, size effects neglected, can be 
immediately obtained. (i) With one or two outer solute 
electrons, phase stability is determined by the radius of 
the closed-shell core. (ii) With three or four outer s and 
p electrons, the solute readily participates in the s—p 
band of the @ phase, but it has too many electrons for 
the s band of the y phase. Therefore, the a phase is 
favored provided there are three or fewer solute d 
electrons to partic ipate in the 4, band. With more than 
three d he solute, phase stability is 
largely determined by the magnetic energy, the a phase 


electrons on t 


2In the A15 structure, formula M,S’, the transition-element 
atoms M form linear chains suggestive of strong linear bonding 
via (d,p.)*e bonds and d‘x bonds. This suggestion is supported 
by the observation of an A15 structure only with M atoms having 
four to six outer electrons 
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Fic. 3. Qualitative features of band structure for face-centered transition meta 


being favored if the average atomic moment @ is 
increased, the y phase if f@ is decreased. (iti) Solute 
atoms with five outer s and p lectrons, though stabiliz- 
ing the a vs the y phase, are essentially donors, and 
therefore relatively insoluble, if s—p stabilization is 
due to bonding-band formation. Solutes with six or 
seven outer s and p electrons are nonmetallic and 
insoluble unless sufficiently small to enter interstitially. 
It therefore appears significant that the nontransition 
elements of greatest solid solubility in a Fe are Al and 
Si, and this in spite of the fact that Si crystallizes in an 
extremely stable diamond structure because both its 
s and p electrons are active in bonding. 

(d) Direct measurements of the number of 3d 
electrons in a Fe are compatible with mg=5 (see Sec. 


IVD 
C. Face-Centered-Cubic Structure 


The Cartesian reference frame may be reasonably 
placed into the fee structure either as in Fig. 3(a) or 
as in Fig. 4(a). It is immediately obvious that Fig. 4(a) 
has tetragonal, not cubic, symmetry. Cubic symmetry 
is only achieved by a transformation to bec symmetry 
via a simultaneous reduction in the separation of (001) 
planes and an expansion within these planes. This 
relationship between the fec and bec phases was first 
pointed out by Bain.” It is suggested that the driving 
force for the bec—fcc martensitic phase changes comes 
from the changes in band structure associated with a 
45° rotation of the Cartesian reference frame. 

In fec Ni and Co, R(n.n.n.)~3.5 A>R, and R(n.n.) 

2.5A<R.. Further, nearest-neighbor  antiferro- 
magnetic order cannot be propagated throughout the 
structure. It follows that the ft, electrons form a 
metallic band, that the e, electrons are localized and 
form two subbands split by intra-atomic exchange 
(Hund’s rule). The less stable e, subband is probably 


. 


2 E. C. Bain, Trans. Am. Inst. Mining, Met., Petrol. Engrs. 70, 
25 (1954 
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of-states curve with principal features similar to thos« 
of the Krutter*-Slater®® curve for copper. The fe 
symmetry is not suitable for bonding-band stabilization 
of the p orbitals: The number of s— p electrons is there- 
fore n,~1. To provide a model for the first long period 
that is consistent with experiment, it is necessary to 
choose n,~0.55, 0.75, 0.95, 1.15, respectively,”® for 
Ni, Co, Fe, Mn. 

Since bonding-band stabilization should occur when 
ever possible, the fcc structure can only be stable to 
lowest temperatures if m2,=0 or 5<m2,< 6. If 4< ny, <5 
or 3<m2,<4, for example, there are one or two lo, 
holes, respectively, that can order among the fy, 
electrons. One hole would order into the d,, orbitals to 
permit formation of a bonding d,, band, two holes 
would order into d,., dz: orbitals. Such ordering would 
be accompanied by a cooperative lattice distortion to 
tetragonal symmetry: in the former case c/a>1, in the 
latter c/a<1. Such ordering would also introduce 
antiferromagnetic order: in the former case antiferro- 
magnetic coupling within (001) planes, in the latter 
between (O01) planes. If 2<m2,¢3, the Cartesian 
reference frame is rotated 45° to permit formation of a 
bonding fs, band, and a bec phase is more stable than 
the fc« phase. 

Before closing this discussion, it seems relevant to 
suggest that the tetragonal (c/a= 1.076) 
of metallic indium is due to electron ordering that forms 
a bonding (p:p,) band, the Cartesian reference frame 
being oriented as shown in Fig. 4(a). The associated 
band structure is pictured in Fig. 4(b). 


symmetry 


D. Close-Packed-Hexagonal Structure 


The most reasonable configuration for the Cartesian 
reference frame in a c.p.h. lattice has the z axis parallel 
to the c axis. Nearest-neighbor antiferromagnetic order 
cannot be propagated throughout the structure unless 
c/a< 1.63. Since hybridized (pd*) orbitals are directed 
toward the six near neighbors in adjacent planes, 
bonding-band formation with c/a<1.63 is possible 
provided the separation of atomic d and p states is 
small (perhaps second and third long periods). Figure 
5(a)-(b) shows the qualitative features of the c.p.h. 
band structure (a) without and (b) with (pd*)-bonding- 
band formation. It is immediately seen that if there are 
more than eight outer electrons, the c.p.h. structure is 
either metallic or rendered less stable by the presence of 
occupied antibonding states. It follows that in c.p.h. 
Co and Ni, the d,: electrons may be localized and 
capable of providing an atomic moment while the other 
d electrons are metallic. Therefore, if the d,: orbitals 
are full (as is probable for Ni), there is no spontaneous 
magnetization; but if they are partially filled (as is 
probable for Co), there may be a spontaneous magneti- 

*H. M. Krutter, Phys. Rev. 48, 664 (1935 

26 J.C. Slater, J. Appl. Phys. 8, 385 (1937). 

26 Refer to Sec. IVB for justification of these numbers from 
magnetic data 
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Fic. 5. Qualitative features of band structure for c.p.h. transi 
tion metals: (a) relatively large separation of atomic p and d 
states (e.g., cobalt) and (b) relatively small separation of atomic 

ind d states and <8 outer electrons 


zation equivalent to the total number of holes in the 
more than half-filled d bands. 


III. SEMIEMPIRICAL DENSITY-OF-STATES CURVES 


In order to obtain more quantitative density-of-states 
curves, it is assumed that the major peaks and valleys 
of such a curve are described by a knowledge of the 
relative widths and positions of the individual bands 
Therefore, the detailed configurations 
are ignored, parabolic-energy-band 
approximation 6/,=a,[n(6k,) P is assumed for both 
the electrons at the bottom and the holes at the top 
of the bands. Only in the case of the t2, band is it 
necessary to assume a bimodal character for the band. 
In order to construct easily calculable curves that permit 
contact with experiment, numbers are chosen for the 
individual a; that provide the most consistent interpre- 
tation of available information. From a knowledge of 
the total number of electrons, or holes, in an energy 
interval AEF,, it is possible to calculate a, from the 
relation 


4k 2(AE,)! 
n, f n(6k)\d(6E) 


3a,? 


and subbands. 


and a_ simple 


2AEm(AE;). 


To obtain a quantitative relationship between n, 
and AF,, use is made of available electronic-specific-heat 
Table ITI). With the aid of Fermi statistics 
and the assumption that k7<E,y, where Ep is the 
Fermi energy, it is possible to show”’ that the electronic 
specific heat for a paramagnetic metal with a single 
conduction band is 


Cor Val ; 


data (see 


Y= be kh’n( Ey ). 


If there is more than one conduction band and the 
metal has a net magnetization, the expression for +. 


becomes more complicated.** However, in rough 


27 F. Seitz, The Modern Theory of 
Company, New York, 1940), p. 151 
2% E. P. Wohlfarth, Proc. Roy. Soc 


Solids (McGraw-Hill Book 


London A195, 434 (1949) 
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ENERGY [ev] — 

Fic. 6. Sin plitie 1 densit of states for chromium. I nergy s¢ ale 
is referred to bottom of ts, band. The Fermi level relative to the 
d bands is also shown for bec Ti, V, and Mn. Ferromagnetic, 
imple-cubic sublattice ire coupled antiferromagnetically 


approximation 
Vai~1.7XK 102 n, (Er) cal/mole deg’, 


the densities of states (in units of 
urface for the 


the n,(/ep) are 
ev-') at the 
filled bands. 

It has already been pointed out that in the be 
structure 


W he re 


lermi various partially 


it is nece sary Lo ¢ hoose m»,,~3. The positive 


Hall constant” and small atomic moment (~0.4u, 
atom)* of Cr indicate a small overlap of the bonding 
log subband and the lower e, subband. The 
ng=0.01 2.99 were chosen since 10"y,;=3.8 
cal/mole deg® is small. With the relative positions of 
the bands fixed, it is only necessary to have 10*y,;= 15, 
22.5 for bec V and Mn, re spe tively,” and AFs,=7 ev 
from x-ray absorption data® to estimate the widths of 
the bands. Since V has a positive Hall constant, 


a2,'"/ae,'9 =4 


numbers 
and no, 


band. 


band, the ratio a,‘"/a,‘"’=1 is 


9 gives the broadest possible l 
For the narrower e 
taken 
here may be no discrete energy gap in the fs, band 
in the case of Ti, V, 


Straightforward calculations then give Fig. 6. 


and paramagnetic Cr and 6Mn. 
However, a deep minimum at the energy of symmetry 
effectively splits the band into its bonding and anti 
bonding components 

In the case of ferromagnetic iron, it is necessary to 
consider two separate sublattices in order to prope rly 
account for the electron correlation between the ferro- 
magnetic e, and fs, electrons. In Fig. 7 the relative 
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*%S. Foner, Phys. Rev. 107, 1513 (1957 
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bandwidths of Fig. 6 have been used for the construction 
of the bonding portion of the f2, band, the 
and the t,, band. The absolute scale comes from x-ray 
absorption measurements that indicate AF»,=5 ev. 

Perfect electron correlation in plies that the prin ipal 


e, bands, 


contribution to the electron pecific heat comes trom 
the antibonding /., electror and the width of the 
antibonding band is estimated from the datum 
Y= 12X10 cal/mole deg 

Construction of a semiempiri« le tv-of-states 


curve for the fec elements requires more experimental 


information than is 


currently available. For pure 
nickel®~** py |= 0.604u 2.193, 10°y.;= 17.4 cal 
mole deg’, total occupied bandwidth is 5 ev, and the 
ratio of é, to fz, holes is 1:3. Recent measurements” of 


¥e1 for Ni-Co alloys indi maximum for 
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pure nickel. Since the e, electrons of the fcc structure 
are and they 
probably do not contribute to yi, so that the maximum 
n(E) for the tz, band seems to occur at Ni with py 
(4¢nx;) =0.55 3d-band holes, or 0.41 4, holes and 0.14 e, 
holes. This gives a:,‘'’/a,‘" =} for the top of the fa, 
band. Form-factor studies*® of fec Co by means of a 
polarized-neutron beam suggest a ratio of e, to ta, holes 
of 1.29:0.43. Theoretically, this fixes the relative 
widths and positions of the upper e, subband and the 
top of the f, band.** The bottom half of the 4, band 
is assumed symmetrical with the top half; the lower 
e, subband is arbitrarily plac ed just below E,(2g). The 
resulting curves are shown in Fig. 8. Admixture of 
degenerate e, and f2, states must alter the curves in an 
energy interval that includes the upper e, subband. 
Figures 6-8 are obviously rough estimates repre- 
senting averaged density-of-states curves that reflect 


localized therefore nonconducting,'® 


the thought process of considering successive problems, 
each with a larger electron/atom ratio than the former. 
The construction of these semiempirical curves has 
been consistent with the qualitative predictions that 
followed from the original postulates. Further, the 
empirical data used were y.; for V, Cr, Mn, Fe, and Ni; 
the atomic moment of Cr, Fe, Co, and Ni; polarized- 
neutron form-factor data for fec Co and Ni; and soft 
x-ray data. The positive Hall constant for Cr was noted 
to be consistent with a nearly filled, bonding ¢., subband. 
There now remains the task of applying these curves 
and concepts to a variety of other band-structure- 
dependent physical properties. 


IV. COMPARISON WITH EXPERIMENT 


A. Crystal Structures 


In a pure metal, all of the atoms are identical and 
there is no Madelung energy so that phase stability is 
determined by the character of the electron energy 
bands. The various metallic phases found in the first 
three long periods are given in Table II. 

With one outer electron in an s band, there is little 
energy difference between bec and close-packed phases 
from Brillouin-zone considerations. Some bonding-band 
stabilization is possible in the bec structure, but a strong 
interaction of inner cores, e.g., 3d cores of the IB metals, 
favors a close-packed phase.™ 

With a larger number of outer electrons, simple 
Brillouin-zone considerations are complicated by inter- 
actions between the Fermi surface and the Brillouin- 
zone surface, and are rendered inapplicable if a large 
fraction of the outer electrons are located outside of the 
first zone. Although it is not possible to predict the 
relative stabilities of the c.p.h. vs fec phase from the 
present qualitative considerations, in the c.p.h. phases 


** However, the accuracy of the form-factor data and its 
interpretation are not sufficient to reliably establish the width of 
the narrow ¢, subband 

* N. F. Mott and H. Jones, Theory of the Properties of Metals and 
Alloys (Oxford University Press, New York, 1936), Chap. V 
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suggested by polarized-neutron experiments 
is enlarged by a factor of ten 
of 4s band 


n(F) for 4s band 
Fermi level Er is 5 ev above bottom 


1.63 
with increasing 
electron/atom ratio is consistent with stabilization via 
(pd*) bonding-band formation. In the fcc phase no such 
stabilization is possible. The change from c.p.h. to fee 
on going from Column VIITA to VIIIB in the second 
and third long periods is also suggestive that (pd*)-band 
formation is important for these periods. Given the fe« 
phase, the more than half-filled, metallic t,, bands 
should contribute to the binding energy, but with 
decreasing amounts as they become more nearly filled. 
Phis prediction is consistent with the melting points 
found in Columns VIIIB, VIIIC, IB 

More important for the arguments of this paper is 
the occurrence of the bec structure in Columns IVA, 
VA, VIA. From Figs. 2 and 6 it follows that the most 
stable bec configuration should occur in VIA with six 
bonding f,, and fy, electrons. Additional electrons must 
occupy antibonding e, states and therefore reduce the 
melting point of the be 


with eight or fewer outer electrons/atom, a c/a< 


and an increasing melting point 


phase. This prediction is 
consistent with Table II since evidence for a few e, 
electrons first appears in Cr, but not yet in Mo and W, 
and a reduced melting point, noted in Cr, is marked 
for 6Mn. The relative instability of the bec phase in 
Column VII is also evidenced by the occurrence of 
alternate phases. That the melting point of a Fe is not 
consistently below that of 6Mn is 
these arguments 


not necessarily 
the band 
is somewhat modified by the 


“extra” log € lectrons 


inconsistent with since 
structure of bcc Fe 
presence of (as pointed out, 
next-near-neighbor e,—{., correlations are possible) and 
the magnetic energy is playing a role. 

Manganese is famous for its peculiar structures. 
With n,=1.15, it follows from Fig. 8 that 3<n,<4 
in y Mn, and therefore that below some critical tem- 
perature /,,-hole ordering should induce a martensitic 


fcc—f.c.tet. (c/a<1) transformation. The existence of 
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TABLE II. Some physical properties of elements of the first three long periods of the periodic table. Ro[10~" v cr 
-ordinary Hall constant* iL10°* ca 


i/amp gauss | 
mole deg? ]=electronic-specific-heat constant,” dy/dit=rate of change of paramagnetic 
susceptibility with temp.* Atomic magnetic moments expressed in Bohr magnetons per atom”; data on manganese?*; data on strontium‘ 
phase boundaries for Ti,* for all others," melting points.’ Axial ratio c/a for c.p.h. structures are given in parentheses 
each phase are given below the phase identification 


Stability ranges for 


ae — T T 7 T - ' T T 46 
T 562 6 52) 4752) -? 0.4 
(3s?) (65s') (45s?) | (d&s 7g (9 SNe, 410! 7 10, 
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Jeph(1.63)| 7- 1673 °K Nor s820 [tO | Bray | Bide Rore245 | Bebec | Ror 133 | 
| 723-1123" bec Ro* +363 |1000-1360R | sao -1517°R 1674-1812") 
| | | = 
| 
| 1153 - 1950°A PARAMAG(? Yei* 225 7125 -1768°R 
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phit463) | % °6.92592)) %-17S-204) Ye 54 | ri’! Ye 'e si 
408-878°% dx/d1>0 dx/dt<O | dx/dt>0 4x /dt> 4x/dt>O dx/at< 
| 4 a al 
bec bcc 
878-1045 1140-21259 
Cs Bo Lo Ht To “ Re Au 
b b phi 6! ph (1.587 b b ph (1.615) ) f f ‘ 
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*S. Foner, Phys. Rev. 107, 1513 (1957) 
» American Institute of Physics Handbook (McGraw-Hill Book Company, New York, 1957 , 
© M. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (1953) 
1R. J. Weiss and K. J. Tauer, J. Phys. Chem. Solids 4, 135 (1958 
¢C. J. Kriessman and H. B. Callen, Phys. Rev. 94, 837 (1954) 
t} A. Sheldon and A. J]. King, Acta Cryst. 6, 100 (1953) 
*® A. D. McQuillan and M. K. McQuillan, Metallurgy of the Rare Metals (Butterworths Scientific Publicat Ltd., London, 195¢ 
»H. H. Landolt and R. Bérnstein, Zahlenwerte und Funktiones aus Physik Chemie Astronomie Geophysik und Technik (Springer-Verlag. Ber 195 
'D. R. Stull and G. C. Sinke, ‘Thermodynamic Properties of the Elements," A.C.S. #18 (1956 


such a transformation and the magnetic properties of of Pauli paramagnetism, antiferromagnetism, ferro- 
the low-temperature phase can be extrapolated from magnetism, or ferrimagnetism. It is shown below that 
Mn-rich Mn-Cu alloys.” Further, if this explanation the model is not only successful in this respect, but also 
for the phase transformation is correct, the trans- as a guide for predictions of the type of magnetic order 
formation temperature would drop with added Cu as to be found in ferrimagnetic and antiferromagnetic 
observed" since Cu, with a full 3d shell, cannot be systems. It is further shown that despite the qualitative 


stabilized by a distortion that splits the /2:, levels. nature of the model, it enables predictions of the 
The solubilities of the various elements ina Fe shown magnitudes of the individual atomic moments to 
in Table III have already been discussed. [See Sec. within a fraction of a Bohr magneton 


IIB, paragraph (« 


1. Body-Centered-Cubic Metals and Alloys 


B. Magneti i , , ee ' - 
gnetic Properties a. Elements. From Figs. 2 and 6, it follows that if 


One of the important claims for the model presented ».,<3 and n,=0, there are no localized electrons 


here is that it provides a sharp criterion for the existence — present and only Pauli paramagnetism can exist. With 


, the transition from Pauli paramagnetism to 


Ney 3 } 


TD. Meneghetti and S. S. Sidhu, Phys. Rev. 105, 130 (1957). 


‘ ++ > ¢g y . ic us | t } il he YY 
“ G. E. Bacon, I. W. Dunmur, J. H. Smith, and R. Street, Proc, tierromagnetism must occur at, or just beyond, 
Roy. Soc. (London) A241, 223 (1957 Column VIA. The magnetic properties of the elements 
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are indicated in Table II, and Pauli paramagnetism is 
found in Columns IVA, VA, and VIA with the exception 
of Cr, which is antiferromagnetic with a small (~0.4y38) 
atomic moment. That Cr is just at the transition to 
antiferromagnetism is suggested not only by its low 
atomic moment, but also by its complex magneti 
order,”-* by its temperature-independent suscepti- 
bility,“ and the sensitivity of its Néel point to im- 
purities.“* Kriessman and Callen’ have argued that the 
rate of change with temperature of Pauli-paramagnetk 
susceptibility should be dx/dT>O if Ep is near a 
minimum in the density-of-states curve, dy/dT <0 if 
Ey is near a maximum. Comparison of Fig. 6 with Table 
II shows consistency with this argument. Further, 
consistency demands that if Cr is antiferromagnetic, 
then 6 Mn and the bee Cr-Mn alloys are antiferro- 
magnetic and that the atomic moments are (#,+42,)uz, 
where 62, is the localization of the 42, electrons induced 
via intra-atomic exchange by the presence of e, elec- 
trons. From the moment of Cr it appears that 6.,~0.3. 
Therefore, from Fig. 6 it follows that 6 Mn has an 
atomic moment puxyn~1.3us. Neutron-diffraction 
measurements of disordered MnCr confirm the pre- 
dicted antiferromagnetic coupling between the simple- 
cubic sublattices and a g= (0.85+0.04)y, as compared 
with a predicted f= (umntucr)/2=0.85y. 

If m2,=3, consistency requires that the transition 
from antiferromagnetism to ferromagnetism occur at 
or before a Fe since Fe has 8 outer electrons. Whereas 
the atomic moment of antiferromagnetic iron would be 
(2+62,)=2.3un, the atomic moment of ferromagnetic 
iron is slightly smaller (as discussed above) since the 
bonding ft, electrons do not contribute. 

Thus granted m2,~=3 for all the bee transition ele- 
ments, there follows a consistent interpretation of the 
type of magnetism and the magnitude of the atomic 
moments for the bec elements. There remains to inquire 
whether the model is applicable to other bec alloys 
than MnCr. 

b. Alloys. The measured and predicted magnetic 
properties of the bec Fe alloys are listed in Table III. 
The predicted moments follow from the fact that the 
model distinguishes four types of solute atom: (1) those 
with only outer s and p electrons (nontransition 
elements), (2) those with m2,’<3, n,’=0 (Columns 





© J. Hastings, Neutron Diffraction Conference, Gatlinburg, 
lennessee, April, 1960 (unpublished) 

*#G. E. Bacon, Neutron Diffraction Conference, Gatlinburg, 
Tennessee, April, 1960 (unpublished). 

“ M. K. Wilkinson, E. O. Wollan, and W. C. Koehler, Neutron 
Diffraction Conference, Gatlinburg, Tennessee, April, 1960 
unpublished 

* T. R. McGuire, Neutron Diffraction Conference, Gatlinburg, 
Tennessee, April, 1960 (unpublished). 

“ G. DeVries fy phys. radium 20, 428 (1959) ] has observed a 
rapid drop in Ty with small additions of V that extrapolates to 
Tw=0°K at ~4 atomic percent V, a rapid increase in Tw with 
small additions of Mn. These observations are compatibie with 
Fig. 6 and Ep(Cr) at the transition to antiferromagnetism 

“7 C. J. Kriessman and H. B. Callen, Phys. Rev. 94, 837 

* J. S. Kasper and R. M. Waterstrat, Phys. Rev 
(1958 


1954 
109, 1551 
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IVA, VA, VIA except Cr), (3) those with m,’<3, 
n,’>0O (Cr, Mn, and probably Tc and Re), and (4) 
those with 3 <n,’ 4 (Columns VIIIA, VITIB, 
VITIC).# 

With no d electrons, solute atoms of type (1) carry 
no moment so that the rate of change of average 


6, or 


magnetization with solute concentration c is simply 
dj /dce= — (2.24+-Ano,¥*)uep= —2.2u", where Anz,F* is a 
measure of any small relative shift of the ¢., bands with 
c. The most important type (1) solutes are Al and Si. 
These form the ordered alloys FeAl, FeAl, and Fe,Si. 
Since Al has no d electrons, no /., band can be formed 
in the CsCl-type FeAl. However, R(n.n.n.)=R, so that 
a bonding e, band can be formed of the Fe sublattice. 
This introduces antiferromagnetic order on the Fe 
sublattice with pr, If mo,=3, this would 
mean pF*=3yun. Ordered Fe;Al and Fe,Si, on the other 
hand, carry two types of iron atoms: Fe; occupies an 
ordered rocksalt-type Fe-Al sublattice and Fer occupies 
an all-Fe, simple-cubic sublattice.” The Fe; atom, with 
all Fe nearest neighbors, should atomic 
moment purer = (2.2+ Ano, ?")up=2.2ue. The Fey atom, 
with four tetrahedral nearest-neighbor Fe atoms and 
four similar Al atoms, may experience a larger Anz, 
and therefore have a somewhat lower moment. How- 
ever, another mechanism is expected to be present to 
lower the apparent wren. There must be some critical 
number of Al nearest neighbors, ma\° where 4<m,a\°<8 


(Neg by MR 


have an 


’ 


at which e, bonding with next-nearest-neighbors Fer, is 
more stable than /,, bonding with nearest neighbor 
Fey. If LFell 2.2(1- 4x)—12x ur 

(2.2—21x)ur, where x is the fraction of Fe; atoms that 


ma\°=5, then 
are disordered. To obtain the observed g for the ordered 
alloys, it is necessary to assume x=0.035 for Fe;Al 
(2.14+0.1)un, Gren (1.46+0.1) yz, fiaj (0.12 
0.05 for Fe,Sifg(Fe,Si) = 1.15% |. 
Such a degree of disorder is reasonable. 

With n,’=0, solute atoms of type (2) also carry no 
moment. However, they participate in the bonding f2, 
band whereas type (1) solutes do not. Thus a CsCl-type 
alloy with a type (2) solute would, in contrast to FeAl, 
be ferromagnetic since the bonding ¢,, band inhibits 


(rel 
+O0.1)upn ™ and x 


“ Primed symbols always refer to solute 

Similarly ordered CoAl and NiAl are predicted to be anti 
ferromagnetic with uc. ~ 2uz, uni ~ lun. However, the electronega 
tivity difference of Al and the transition elements may introduce a 
larger number of electrons at the transition elements in the ordered 
phase, thereby reducing these moments considerably 

* Such ordering minimizes next-near-neighbor repulsions due 
to antibonding ¢, electrons provided spin correlations order the 
¢, electrons on Fe;, the ferromagnetic t,, electrons on Feyy. 
Evidence that such ordering takes place has been found in recent 
polarized-neutron-beam experiments [S Pickart and R 
Nathans, J. Appl. Phys. Suppl. 31, 3725 (1960)] that suggest 
granted the dubious assumption of equal radia] distributions of 
¢, and ts, electrons) that of the magnetic electrons ~70% are e, 
on Fe; and ~12° © on Fe ai 

@R. Nathans, M. T. Pigott, and ( 


G. Shull, J. Phys. Chem 
Solids 6, 38 (1958 


"= R. M. Bozorth, Ferromagnelism (D 
Company, Inc., New York, 1951), pp. 74, 79 


Van Nostrand and 
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raswe III. Solid solubilit nents in a Fe and their influence on magnetizatic ere cc Fea 
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formation of ¢, bonding.™ Further, antiferromagnetic, Fe-Fe¢ 
magnetic, and solute-Fe 
magnetic. In this case it 


cv : 7 - > Dh we FSS Ff 
where 4,’ is the number of ferromagnetic f2, electrons of  df/de= — (2.2+-n, +62, 


’ ef 
dpa 2.2+An Fe Oo; MR, 


Fe that have been donated to the bonding /, band. situation in the Fe-Cr a 
For Ti, 4,/<2; for V, Nb, and Ta, 6,/<1; and for Mo more complicated 

ind W, 6,/=0. Arrott and Noakes® have recently experimental situatio 
reported dji/ de 3.45un for dilute <2 atom The type (4) solute 
percent Ti) I ‘4 


t 
The type (3) Fe-Cr and Fe-Mn alloys must be more with a Fe. For Column VIIIA solutes, dg/d Anouip 
complicated since n,’>0O and the interactions change !S small, where probably » >3 for second- and third- 


li alloys, suggestive of 6,ti~1.2 electrons Therefore, these form ferromagnet oys 


from antiferromagnetic to ferromagnetic on passing period solutes. Co } solutes have one addi- 
from Mn to Fe. If charge neutrality prevents “ferro- tional ferromagneti t that can be either / 
magnet ” 1, electrons from be ing shared by the solute OT €9. Therefore, initi 
atoms, lit follows that solute solute interactions are dp dc lu OT dy 

% 1). P. Shoemaker, Massachusetts Institute of Technology MM. Fallo 


unpublished), reports ordered FeV alloys are ferromagnetic "C.G 


Noakes, J. Appl. Phys. 30S, 97S (1959 eC 
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electron correlations do not favor ferromagnetic solute 
log electrons, the upper é, band of a solute is forced to 
be partially occupied. Such an occupation would reduce 
uw’. It follows that 

bd , 
c above which Ms 


there is a critical solute concentration 
3 unless atomic ordering takes place 

The highest concentration with large ~@ would be a 
50-50, ordered compound with UFe™ 2.2uR, p~ 3 _up, 
and f~2.7ux. For c>0.5, all added solutes would have 
—lipsz. Measurements 

of the magneti properties of the Fe-Co alloys are in 
substantial with — this Initially, 
dpi/ de maximum of 2.52lu,z at 
c=0.33. In the compositional range 0.33 <c- 


three e, electrons and dji/dc= 


agreement view 


lug and @ reaches a 
O.5 there 
is evidence of ordering toward a CsCl-type structure, 


but @ decreases to 2.42u, at c=0.5. In the ordered 


i 


metal carries ~2.0un, the other ~2.9y, 
In the range c>0.5, da/dc=—1py. That the Cst 
order is never complete is indicated by y,) for the 


Above the critical composition « 


alloys, one 
type 
alloys.' 0.35, there 
is a sharp increase in y,; suggestive of partial filling of 
the upper e, subband. With two 

Column VIIIC solutes can have p’ (max 
the maximum /», 


extra electrons, 
(3.5+6eu)uB, 
magnetization being 1.54u,/ atom, but 
are like ly to have u’= (2+42,,)uz since one electron can 
be ¢ xpec ted to oc upy the upper @, band even initially 
that ur that 
increases with stabilization of the f.,’ electrons, or on 


going from Ni to Pd to Pt. 


It follows Op p< dj/dc« and dp/ de 
é mM M 


2. Close-packed metals and alloys 


a. Elements. It follows from Fig. 5 that the c.p.h 
metals are Pauli paramagnetic unless localized, partially 
filled d,: orbitals are present. Therefore, the Pauli 
paramagnetism of the c.p.h. metals containing eight 
or fewer outer electrons per atom is consistent with a 
(pd*) bonding band. The condition for ferromagnetism 
is that partially filled metallic and localized orbitals be 
simultaneously present. If this condition is fulfilled, 
then the atomic moment is p= (n,+m)yupz, where m is 
0, 1, 2 for Ni, Co, Fe, respectively.” Since the s bands 
are shallow relative to the d bands, consistency requires 
that for any element n,(c.p.h.)=m,(fcc). Consistency 
also requires that m, vary more or less regularly on 
going across any long period. 

Magnetization measurements*® of fcc and c.p.h. Co 
and Ni give n,@(c.p.h.)=0.72=n,@ (fcc) =0.75 

\t room temperature, c.p.h 
The possibility that c.p.h. Ni 
be Pauli paramagnetic can be embraced by the present 


and 
n, ‘(fe 0.55 (gx ixX%2 


Ni is paramagnetic.™ 


* P. Weiss and R. Foner, Ann. phys. 12, 279 (1929 

®C. G. Shull (private communication). The experiment was 
unable to distinguish which moment goes with which aton 

*!C. T. Wei, C. H. Cheng, and P. A. Beck, Neutron Diffraction 
Conference, Gatlinburg, Tennessee, April, 1960 

® This assumes g=2 

* J. Crangle, Phil. Mag. 2, 659 (1957 

* G. LeClerc and A. Michel, Compt. rend. 208, 1583 (1939 
\. Glodeanu, Phys. Rev. Letters 4, 231 


ryu hliel i 
unpubusnea 


**1T. Teodorescu and 
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model since the probability that the localized d,: 
orbitals are completely filled with more than nine d 
electrons is high 

Since the 4s band becomes increasingly stable relative 
to the 3d band on passing from Ni to Co to Fe to Mn, 
the estimates m,%'=0.55, n,©°=0.75 suggest that 
1<mn,“"<2. As pointed out this implies 
Postulate III and Fig temperature, antiferro- 
with f.c.tet. (c/a<1) symmetry and 
(O01 alternately antiferro- 
(d,.d.,) band. The 


y Mn has already been 
connection, but only crystal- 


above, 
8) a low 
magnetic phase 
lerromagnetic 

reflecting a 


planes 
mag etic, bonding 
f.c.tet. “fer 


discussed in 


transition in 

this 
bonding-band 
Tw is 
found" in an with T in a 
temperature interval above the Néel temperature Ty. 


Further evidence for 


formation below the transition temperature T, 


lographically 


anomalous increase of x 


Bonding tends to spin-pair some of the d electrons.” 
It therefore 3(d) that® 
2+ (n,¥"—1)+6 -~0.3 


follows from Fig UMn 


jez up, Where 6, measures 


the localization of the (d,.d,,) electrons induced by the 


Neutron- 
diffraction measurements® confirm the predicted mag 
order for T (2.4+0.1) ur. 
Ms 1.15 and therefore the consistent 
0.95, 


localized electrons simultaneously present. 


net T, and reveal a MM, 
Phis 
progression: ,° 
mg, Maa 1.15. 


This fact is important not only because it demon- 


suggests n, 
0.55, m,©°=0.75, m,¥* 


strates the internal consistency of the model and its 
ferro 
and Pauli paramagnetic elements, but also 


power to distinguish between antiferromagnetic, 
magnetic, 
because it has important implications for fee Fe. If 
should be 
ure~3un. However, if n,**>1, there can be a low 


nX*<1, > Fe cubic, ferromagnetic, with 


temperature f.c.tet. (¢/a>1) phase in which the fy, hole 


is ordered to give a d 


zy bonding band. The tetragonal 
phase would have antiferromagnetic coupling within 
001) planes and lugp<pre<2up [See Fig. 3(c) }. In 
either case, the high-temperature phase would be cubic 
Wilkinson and 
Shull® have observed evidence of ferromagnetic short- 
range order persisting through the a—Y¥ transition tem- 
perature whereas extrapolation” of the low-temperature 


with ferromagnetic Fe-Fe interactions. 


properties of fcc Fe-Mn alloys suggests antiferromag- 
netism for pure ¥ I 
ceptibility of 


Also, the low-temperature sus- 
Fe precipitated in Cu has been found 
to be small and temperature independent.® 

The Pauli paramagnetism of foc Rh, Pd, Ir, and Pt 

not interpret ible from the above arguments unless 
both e, subbands are considerably more stable in the 
second and third long periods than in the first (refer 
Fig. 8). But even this interpretation would require 


No'*<5, no,%*<5, and for neither Ir nor Rh is a 


f.c.tet. phase reported 

* M. K. Wilkinson and C. G. Shull, Phys. Rev. 103, 516 (1956) 
* P. Weiss, L. Corliss, and J. Hastings (quoted by reference 66) 
“1. Kaufmann and S. Foner, Lincoln Laboratory, 1958 
inpublished). 
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Tasie IV. Variations in average atomic moment with concer 


tration of nontransition-element solute in fcc Ni and Co 


u, Ag, Au 7m, Cd/ Al, Sc, GO, in|Si, Ge, Sn PP, AS, Sb 
Of /dicps) 
(theory)* 


djl /dic pg) 1zn20 Also sn 4-41 


lobserved)” al24™ | sss 


ent atk a« 
1932); V 
1937 


ly solv arry 
17, 371 Maris 
8, 146 


b. Class (1) alloy Irom the above discussion it 
follows that close-packed, transition-element solvents 
ferromagnetic Pauli 
magnetic. The first class, class (1) solvents, have been 
more widely investigated magnetically. With localized 
metallic that are partially filled, the 


close packed alloys can be successfully discussed with 


are of two classes, and para- 


and orbital 


the collective-electron model originally proposed by 
Stoner™ and later developed by Stoner” and Wohl- 
farth.’ 


> 


If m,<3 is the number of holes in the d bands 


of a class (1 e number of outer electrons 


solvent, is th 
. 


on a gaseous solute atom, and n,’ is the total number of 


olute 


d elec trons on the 


then the 


when present in the solvent, 


average number of Bohr magnetons per atom 


in a ferromagnetic alloy 


C)\M/ BB 


[%e + 


110 ey for 5< n,’ 10, 


where it is assumed that the orbital angular momentum 
refer to the pure 
that 


\oc, where the proportionality constant A 


is completely quenched If Nhp, Sey 


solvent, it is reasonable to assume (Ntnpt5ep) 


(m,+6 
is a small fraction, positive or negative, that measures 
the solute-induced alteration of relative d- and s-band 


stability. With this assumption, it follows that 


up (1) 


Chiu rR, 


where «(p) is the atomic moment of the pure class (1) 
o } ( 
E. ¢ 
A169, 339 
nE. P 
? Generalization of 
small magnetizations of 


Mag 15. 1018 
Roy. So I 


Stoner, PI 1933 


Stoner, Proc mdon) A165, 372 (1938 
1939 
Wohlfarth, Proc. Roy 1949 
the r tor 
the conduction band, 6, and 4,’, was first 
suggested by G. S. Krinchik {Izvest. Akad. Nauk S.S.S.R. Ser. Fiz 
21, 869 (1957) [translation: Bull. Acad. Sci. U.S.S.R. 21, 869 
It Zener’s | Phys. Rev. 81, 440 (1951 


1957) ]) as a resul 


SOK 


A195, 434 


model to allow 


London 


ollective-electron 


proposed s-d ¢ ouphling 


‘This assumption cannot be correct so long as 0<ma,<6 


te 
However, it should not introduce an error greater than ~10° 


and is therefore neglected in this simplified treatment 


GOODENOUGH 


solvent, and that 
diz 


s’< 10, 


for 


dc 10 


where A= (Aop+6,—4,’) a1 Lh 1, iS an integer. 
The application of Eq lows 
vided considered: (i 
relative energies of the 
d \evels, 


zation that induces, 


immediately pro- 
the 
solvent d bands and the solute 
stabili- 
2 

hole ordering 


two factors are explicitly 


(ii) bonding-band (or bond-formation 
whenever possible » fag 
at low temperatures even if such ordering introduces a 


the latti symmetry (as discussed for 


distortion of 
f.c.tet. y Mn 
several 


These i require the distinction of 


situation 


Case (a n element 


dni p/ de 
The « xpe rimental information summarized in Table IV 


st alloy (~0. However, 
st that A~0.5 for Al, Si, 


indicates that in mo recent 


measurements” and Ge 


in fee Ni 


If a transition-element solu 2 fer 


sugyge 
solvent, then 
m4 issed below may be 
that 
moving to 


any of the cases (a) throug! 


anticipated. However, consistet requires there 


be a continuous change from (a) to (d) on 
heavier solute 
Periodic Table, 
of Table V, 
patible with observed variatio 
to Eq. (1), shows that st ynsistency criteria are 
everywhere fulfilled, and also that the stability of the 
olvent Fermi level is 
consistently greater in fcc Ni alloys than in fee Co 
all of the moment 


¢ 


elements in any one long period of the 
or on going down any column. Inspection 


in which are given atomic moments com- 
itn ¢ according 
the 


solute d levels relative to the 


alloys. In binary alloys of case 


iS assoc iated, pre sumably, solvent atoms. 


Case 


dip dt 


This situation is differentiated 


of the explicit assumption in 


3 and 8 that the 


from the more general 
5 because 


Figs. 


situation n,’ 


the construction of lower e 


- 
subband is below the metallic band. The principal 
he fact that the 
solutes corresponding to case (6) have ferromagnetic 


but antiferro- 


relevance of this assumption lies in the 


solute-solute interactions if m.,’=0, 


for Ni-Cr and Co-Cr 
ind 6.0p p. Wi 


magneti solute-solute interactions®® if 0< mz is! 

The measured variations dj/d. 
alloys are, respectively,™:7* —4.4u, 
4 J. Crangle and M. J. ¢ rtin, Phil. Mag. 4 1959 

5 It is assumed here that nearest-neighbor solute 
formation electron. The 
situation is y { which Ti-Ti 
d-electron bonding along the « 


7*®V. Marian, Ann. phys 


1006 
solute b 

occurs even if n r T ne " 

analogous 8) 


. 


presumably 
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TABLE V. Interpretation of atomic moments for disordered fcc transition-element alloys. Case (a): Ferromagnetic. Class (1 
h=pl(p)—(v'+m+A)cus, na’ =0. Case (b): Ferromagnetic. Class (1): f=p(p)— (v'+m+A—2n,')cun, O<ma' <2. Case (c): Near 
neighbor solute-solute pairs antiferromagnetic. If ferromagnetic (no solute-solute pairs 


f 22,’ 1) O<n,,'<3 
Class (1): w=yu(p)—< 0'+m+A—4 | hus, | -" ;| 
L 6 J) 3<m2,'<5 


2 
Case (d): Ferromagnetic. Class (1): f=y(p v'+m+A—10)cue. Class (2): Require sufficient number of ferromagnetic solute-solute 
pairs to induce ferromagnetism. Symbols: »’, »=number of outer electrons of solute, solvent; m=10—p, u‘(p), u(p) atomic moment 
of pure solute, solvent, #4’=number of solute d electrons; #2,'=number of t, electrons at solute; i=average atomic moment, and 
c=concentration of solute; A= measure of relative stability of s bands 


i . - —- —-- r- 


Co | a 


CASE(d) | CASE id) 
no 19 
Aw -019 

e 


PROBABLY CASE 

; 25 - ° #aes 

a 0) OSSIBLT Cast 
A Ms 


CASE la case cas ) CASE CaSf (d) CASE (d) 


PARAMAGNETIC Tuy 


ASE Lo CASE (b) | CASE | 
, 0 c Tit wiee ft f) 7 
PARAWACNS —— were Fe ReOmacet . ] FRROMACKE Tit 
= ? 
| Pee ~* Buy Hun ~ "ly 


\ - ee 4 





* Mo and W (v’ =6) are Case (a) in Ni with a.’ =6, and da/d : »bserved 

» Also see Table VI. 

* ure = 2.868 +( (1 —c)/< } 0.6un —pni), ¢ <0.33. 

4 ure =2.5un + (1 —c)/c}(0.76un —puni), 0.33 <c <0.6 

* woo =1.79un + (1 —0)/c] 0.6un — uni) 

' Assumes concentration of solute-solute pairs sufficiently great to induce spontaneous polarization of fy band and t fer 
Ous <fpa <0.6yn, Opp < fpr <O.4un, the magnitude depending upon the number of solute-solute pairs present 


romagnetiem. Anticipate 
0, this corresponds to mg©"(Ni)=0.8 and mg@"(Co) of  antiferromagnetic nearest-neighbor — solute-solute 
0.2. [The Co-Cr alloy could also be interpreted as interactions. 
case (a) with A= —0.4 }. The linear variation in c for the n the compositional range 0< c< 0.08, diig/dc= 42.4 
Ni-Cr alloys holds only for the compositional range for the Ni-Mn alloys.”* With A~0, this suggests that 
0<c¢0.07, the curve deviating to higher magneti- »,™"(Ni)=4.7 and therefore that the Ni-Mn alloys 
zations for larger c. Such deviatiens are consistent with : 
a smaller ionization of a Cr atom with a Cr nearest 
neighbor: They are not consistent with antiferro- 
magnetic Cr-Cr interactions. This supports the arbitrary 
placement of the lower e, subband below E,(t2, 


correspond to case (¢ Evidence for the resulting 
ferrimagnetism was first observed in Ni;Mn, which has 
ii~O0.3un if disordered, but a large magnetization if 
ordered (Au;Cu structure).”? More recent evidence from 
magnetization measurements has been reported by 
Case (c): 2<mq' <7: For dilute alloys (no solute-solute Kouvel et al.”*-” and from neutron-diffraction measure- 

n.n. pairs), : ments by Shull and Wilkinson.’ Although the latter 
workers report fim,=(3.18+0.25)u, in a sample of 
ordered Ni;Mn, this is not necessarily in disagreement 


with ma¥"=4.7 since only 5% disorder would reduce 


di p/ de (o’+m+A)+44 . (4) 


With at least one f2, electron or one f2, hole, nearest- the observed fy, from 4.742 to 3.3u,. Further, more 
neighbor solute-solute bonding can occur so that solute- ee ee ee 

solute interactions are ferrimagnetic. Therefore the ‘y Ey ene D. Grahan te. see J. J. Becker, J. Appl. 
model provides the sharp prediction that disordered phys. 29, 518 (1958 

alloys corresponding to case (c), as determined from . 5. Kouvel, C- D. Graham, Jr., and I. S. Jacobs, J. phys 
measurements on dilute alloys and Eg. (4), must be "4" ae ee to 


” J. S. Kouvel and C. D. Graham, Jr., J. Phys. Chem. Solids 11, 
ferrimagnetic, bul without magnetic order, as a resuli 220 (1959 
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BAND STRUCTIU 
~ 8.35 electrons/atom, and this appears to reflect the 
boundary at which the upper e, subband begins to be 
occupied (see earlier discussion). 

Metallic 


teristics. 


Cr is significant for several of its charac- 
One of these is its Hall constant, which is 
and temperature sensitive with an 
effective hole concentration at 14°C of 0.23 hole/atom.” 
Chis behavior is without explanation on any previous 
band-structure model, but it is not at all unreasonable 
given Fig. 6. The bonding ¢., band is three fourths filled 
and therefore contributes little to the Hall constant. 
Phe ¢2, band is nearly filled, and therefore contributes 
a large, positive term to the Hall constant since the 

electron mobility should be relatively high. Tem- 
perature sensitivity follows from the fact that the lower 
e, subband is right at the Fermi surface. 

A positive Hall constant for V (effective number of 
holes per atom is 1.09) has also been reported.” This 
again is essentially compatible with Fig. 6 since the 
fo, band has about one hole per atom and the /,, band 
is presumed to be about three-fourths filled. 

In the close-packed metals and alloys, the shallow s 
band must dominate the Hall effect to make R»<0 
rhe only known exception to this statement™ occurs in 
disordered Ni;Mn in which the band structure is 
modified by the formation of Mn-Mn near-neighbor 
bonding. 


positive, large 


D. Number and Form Factors of 
Outer 3d Electrons 


Careful x-ray measurements of the atomic scattering 
factors can be used to determine the number of 3d 
electrons in the transition metals. The technique is to 
measure the absolute scattering factors and to subtract 
the “argon core” as calculated by self-consistent tech- 
niques for the free atom. Since the radial extension of 
the 4s and 4p electrons is such that their scattering 
factors are negligible at all Bragg angles, subtraction 
of the ‘‘argon core” leaves only the contribution of the 
outer 3d electrons. The original experiments by Weiss 
and DeMarco” claimed to find 9.8+0.3, 9.7.0+3, 
8.4+0.3 3d electrons associated, respectively, with fc« 


"RR. M. Bozorth, American Institute of 
McGraw-Hill Book Company, 


5-239 
” k J 


(1958 


Physics H indho« h 
New York, 1957), pp. 5-237 to 


Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 


rRANSITION METALS &3 
Cu, Ni, and Co, in good agreement with conventional 
expectations and those of Fig. 8, but only 2.3+0.3 and 
0.2+0.4 assoc iated, respec tively, with bec Fe and Cr. 


his latter result was quite unexpected, and subsequent 


measurements by Batterman* gave approximately six 
3d electrons for Fe. Komura, Tomiie, and Nathans” 
number of 3d the Fe; 
atoms (all near neighbors Fe;;, next-near neighbors Al) 
of ordered Fe;Al. Whereas Batterman used a poly- 
crystalline iron sample, Komura, Tomiie, and Nathans 
used a single crystal. In contrast to Weiss and DeMarco, 
studied rather than in 
reflection so as to surface-roughness effects 
Finally, the ordered alloy reduced the extinction effects 
and permitted them to go to smaller Bragg angles. Their 
5+1. The 
Fe, but for a 
larger radial extension of the three bonding 3d electrons 
which could be responsible for the low number of 3d 
electrons reported by Weiss and De Marco. 

In closing, attention is drawn to the fact that the 


investigated the electrons at 


they x-rays in transmission 


avoid 


experimental results are compatible with mg 


model of this paper « alls for mg=5 on be« 


unpaired d electrons in a Fe are apparently spherically 
distributed.™™ This is in contrast to the anisotropic 
form factors found in Ni and Co.** The origin of the 
anisotropi form factors has already been discussed. A 
sphe rical form factor for a Fe ij 


since the 


implicit in the model 


electron correlations that stabilize next- 


nearest ne ighbors with e, electrons on one, lag electrons 


on the other do not ‘“‘freeze’’ these distributions (it is a 


dynamic effect) and at the same time they introduce, on 


the average, an equal occupation of e, and fg, states at 


9 


any atom.” In ordered alloys, on the other hand, the 


correlations may be frozen in. In fact, this has been 


shown to be the case for ordered ke,Al (see reference 
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Specific Heat of Thorium at High Temperatures*} 
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rhe specific heat and electrical resistivity of high-purity thorium have 


perature to 1000°C. The specific heat was measured by an electrical pu 
been analyzed in tert 


of additive lattice and electronic specific heat 


APPARATUS AND PROCEDURE The specific heat was ( hroughout 


. ’ ; eo f +} atic ae DOW del r h 
HE specific heat of crystal bar thorium was mea- pulse from the ratio lelivered to the 


sured from room temperature to 1000°C by an 


sample to the time ra f change sample tem 


‘ ‘ : , ‘rature ne pow: lelivered wa i) the 1s 
electrical pulse-heating method. This method has been perature. The p r electrical 


power dissipated in the imple, ulated trom un- 


developed recently and tested thoroughly on high- bal IK brid 
. . . ‘ . — ‘ . alances ivin bridg juatior ninus tf ate 
purity iron. Since a detailed description of the experi- hich } | cope f le | “le ” rau 
. . , , . . . at wh heat was lost trom the san > bY cr uctio! 
ment has been given elsewhere,' a brief outline will be as Bee : iple DY Conduction 


sufficient here through the wire en an adiation from the wire 
‘ . ; surface, calculated wit I 1d theoretical expres- 
Ihe sample was prepared in the form of a wire with “tes oe 
. ° — sions obtained by il rating it flow equation 
diameter of the order of ten mils. A plece of the wire ; . : 
1 heal for the wire im te « hange of the sample 

about five cm long was mounted in a sample holder by 


; temperature was obtained by tf iverting the sample 
connecting each end to a copper block or electrode mE ' “espa p 
, resistance to temperature with the aid ol the measured 
I'he sample holder was designed to support these . ; 
resistance as a function mperatu ind then differ 
electrodes in the hot zone of a vacuum furnace and also ; j; 
, , entiating the sample temp itur vil pect to time 

to bring electrical leads from the electrodes out of the ub ; ' ‘ , : ‘ 
throughout ea pulse. Most of tl | he heat com- 


vacuum system. The leads were connected into the . : 
putations were carried out v t d of an IBM-650 


“unknown” position of a calibrated Kelvin bridge. A 
calibrated platinum to platinum-13°% rhodium thermo- 
couple was attached to one of the copper blocks and PREPARATION OF THORIUM 
served to measure the sample temperature. 


( ompulte r. 


‘ i? Iodide thorium w ired in this laboratory by 
he sample was annealed at 1000°C for at least one PSS, 


‘ the de Boer-van Arkel proce method of prepa- 
hour under a pressure of less than 10~° mm of mercury. 


‘ ration gave crystal bars of 
I » was n co ( ure at ¢ = 
Phe furnace vas the! oled to room temperat re ata In order to fabricate samples 
rate of about 40°C per hour, during this time the re ments, a crystal bar w 
sistance and temperature ol the sample were measured 


at about 5°C intervals. At about 100°C intervals, the 


sample was pulsed in order to collect specific heat data 


the button was cut i 
swaged into wires. W 
further reduced to diamet 
over a 200°C temperature range ing (with lubricant)* throug 
\ pulse was accomplished by connecting a six-volt were cleaned 
battery to the battery terminals of the Kelvin bridge sodium fluosili 


for about 30 milliseconds. During this time the sample brought out a metallic luster 


wire was heated by the large current (of the order of | when the wires were stored 


10 amp) which passed through it, but other parts of 


the circuit were not heated appreciably. As the tem- Pase I. bi 
perature of the sample increased during the pulse, its 

resistance increased and the bridge became unbalanced Nonme 

The unbalance voltage of the bridge as a function of 

time throughout the pulse was recorded photograph 

ic ally from the face of a calibrated oscillos« ope 


* Contribution No. 891 | rt 
Laboratory of the U.S om nergy ymmission 
t Based in part upon ¢ mitted by the author to the 
Graduate School, Iowa Stat niv ty, in partial fulfillment 2N. D. Veigel, E. M 
of the requirements for the degree « tor of Philosophy, 1959 VWetal Thorium, edited 
t Present address: Spac nology Laboratories, Inc., Los Metals, Cleveland, Ohio 
Angeles, California >The Reactor Handb 
1D. C. Wallace, P lles, ar inielson, | pp Atomic Energy (¢ I 
Phys. 31, 168 (1960 Sec. 1, p. 317 





SPECIFIC HEAT OF Th 
Table I gives a list of impurities which is representa- 
tive of the thorium used in this experiment ; the metallic 
impurities were present in amounts only of the order 
of or less than the limit of spectrographi detection. 
The thorium wires could not be mounted in direct 
with the sample 
holder, since thorium alloys with copper at high tem- 
peratures. 


contact copper electrodes of the 
It was therefore necessary to separate the 
thorium from the copper with strips of platinum or of 
tantalum. The wires were mounted variously by clamp- 
ing the ends between platinum strips or by spot welding 
the ends to platinum or tantalum strips. 


RESULTS OF MEASUREMENTS 


rhe room-temperature resistivity of thorium is ex- 
tremely sensitive to small amounts of impurities, es 
pecially carbon.‘ Values greater than 18 wohm-cm have 
been commonly reported, but the lowest measured 
value is 12.2 wohm-cm at 23°C.* The thorium wires 
which were used in the present investigation were 
found to have a resistivity of 17.4 wohm-cm at 25°C 
before annealing. The lowest value obtained after an 
nealing was about 16.9 wohm-cm at 25°C. 

The curve of the resistance as a function of tempera 
ture was reproducible during heating and cooling cycles 
of the furnace. The apparent resistivity as a function of 
temperature was calculated from the measured resist 
ance as a function of temperature and the room tem- 
perature dimensions. Because of the difficulty of mea- 
suring the cross-sectional areas of the fine wires, the 
accuracy of the resistivity is placed at 1%. These data 


Table II. 


are listed in 


mole °K) 


Fic. 1 
mental 
thoriun 


HEAT (cal 


Theoretical and experi 
specific heat curves for 


‘J. F. Smith, reference 2, ( 
Reference 2, p. 155. 


HIGH TEMPERATURES 


rasve II. Electrical resistivity and specific heat of 
thorium as functions of temperature. 


Apparent 


resistivity 


Spec ific 
heat 
mole deg) 


lemperature 


yohm-cm 


16.9 6.56 
18.4 6.63 
21.45 6.75 
24.4 6.87 
27.34 6.99 
Ww 
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For each sample, the complete set of specific heat 


25 points for each of 10 pulses or 


data points (about 
) 


50 points in all) was plotted as a function of tempera- 
ture, and a smooth curve was fitted graphically to the 
points. The final results for four samples showed minor 
discrepancies and these were again smoothed graphi- 


he results, listed in Table II, are accurate to 
ie 


cally 


at least 2% over the entire temperature range. 
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cess specific heat, AC ¢, for thorium 


ANALYSIS OF SPECIFIC HEAT 


lattice and electrons 


neglected, the specific heat can be repre 


If the interaction between the 
in a metal 1 
sented by 


+Ce, 


p is the specific heat at constant pressure, ¢ 
( p is the 


specific heat contribution due to the dilatation (thermal 


is the lattice specihe heat at constant volume, 


expansion) of the crystal, and Cg is the specific heat of 


the electrons at constant volume 
These 


thorium and the 


contributions have been calculated for a- 


results are shown in Fig. 1. The term 
according to the De bye theory, with 


a 


formula Cp 


Cr, was calculated 
De bye 
, 


calculated 


term Cp Was 
aGC TT, 


volume ex- 


temperature Op 


from the Griineisen 
the te coeflicient of 


where a@ 1s mperature 


pansion, G the Griineisen constant, and 7 the absolute 
were taken from a curve 


and the data 


temperature. The values of a 


fitted to the data given by Smith‘ 


, 
The 


room temperature Irom the 


given 


Gsruneisen constant was computed at 


by Ertling.' 


formula G=al /x( _ where 


ind « the isothermal compressi- 


aid idgman’s’ value of 1.85(10 


V is the molar volume 
With the 

for « at 
32.4(10~' 


bility 


cm?/dyne and the room temperature 


value of for a, G was found to be 1.39 
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of 138°K at 1 
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heat 
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SPECIFIC HEAT O] 
between high- and low-temperature y values. It should 
be pointed out that such a discrepancy is quite com- 
monly found in metals 

heat 
The difference between the 
measured values and curve 3, the excess specific heat, 
was found to fit an equation of the standard Schottky 
type. Friedel'* has attributed such an excess specific 
heat to the metallic 


rises con 


At high temperatures, 
siderably above curve 3. 


the specific 


electrons in the case of uranium 
\ccording to Friedel, if there is a very sharp energy 
level which contains m electron states per atom sepa 
rated from the Fermi energy by energy Ep (above or 
below the Fermi energy), then there will be a specific 
heat contribution due to the thermal excitation of 
electrons to or from this level. When E> is large com 
pared to kT, the excess specific heat per mole is given by 


AC x (nn. EP kT: é ale ‘Tt (2 


where Vo is Avogadro’s number. A somewhat more 
general discussion of the approximations involved in 
arriving at (2) is given in the Appendix. 

Figure 2 heat for 
thorium is of the form of (2). A straight line has been 
fitted to the experimental points, and the slope has 
given a value of 0.68 ev for Ep and the intercept at 

1/T)=0 has given a value of 4.1 per atom for n. It 


should be pointed out that the creation of defects in 


shows that the excess specific 


the lattice should also give rise toa spec ific heat con 
tribution of the form of (2), but although the value 


found for Ep is reasonable for a defect creation ene rgy, 


n is far too large to be reasonable for the number of 
defects. It is therefore concluded that the 
excess specific heat in thorium is probably an electronic 
effect, and not due to defect formation. 


observe d 
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APPENDIX: EXCESS ELECTRONIC SPECIFIC HEAT 


For a system of electrons which obey the Fermi 
Diras 


n ( N(E) fdE, 


the total number of electrons; 


statistics we have 


U f EN(E) fd, the internal energy of the (A2 
electron system ; and 
(A3 


Cambridge 


f=[e*-?'*7?+1 }", the distribution function; 


3’ See for example, A. H. Wilson, Theory of Metals 
University Press, New York, 1953), 2nd ed., p. 150 
‘J. Frnedel, J. Phys. Chem. Solids 1, 175 (1956 
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where E V(E 


Fermi energy [{ 


electron energy, density of electronic 


¢(T 


strictly constant, we have the condition 


states, and ¢ 0) |. Since mp is 


on 
TE-¢+T7¢’' WE, (AA) 
aT 
where ¢’ l¢/dT. With the aid of (A4) the spec ific heat 


at constant volume can be written 


au 

oT 
lo represent the model of a very sharp electron 
energy level located at energy E,, where | Ea—{o| = Ep, 
V(E ViAiE V,(E) is an 
analytic function of & for energies within a few kT of 


we write +nd(E,), where 
states in the level at 
We consider the 


With the aid of (A1), €(7) is found to be 


Co, n is the number of electron 
energy E, and 6(£,) is a 6 function 


limit kT /¢<<1 


nN 
g(F, 
V(t 


(A6) 


where ¢(E, {LE J g( La (E.)—1, Ee<fo. 
rhe entire effect of the ene rgy level at E, is contained 
in the first term on the right of (A6); the remaining 
terms form Note that 
(+0 as T-+0, so that if T is small enough, [~ fo. 

We consider finally the limit £,/kT>>1 and investi- 
that |Ea—¢| can be replaced to 
good approximation by E,= | Ea—{ 
is |Ea—f|>\¢—fo!. If 


contribution of the 


the usual power series in 7°. 


gate the condition 
this condition 
V,(2) is well behaved, the 
((—fo) is 


power series in 7? to 


small compared to f» or compared to E,. We then ob- 
condition | # C 


proximately 


tain the 


(n/N. (fo) \g(E.), or ap- 


Ee®?!*T n/N (fo). (A7) 


For the present model, the specific heat is found from 
A5) to be 


Ci+ AC, 


r ~ il Ty! 
LE. om ty Tt 
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TLAE 


Under the approximations listed above, these ex- 
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C, is expressed as power series in 7, 


but the coefficient 1 modifi y the addition of 


in e *! general be 


terms 


small compared to the the effect 


of the electron level at be 


Ea 
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Critical Fields of Superconducting Tin, Indium, and Tantalum* 
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I. INTRODUCTION 


, , 
critical field curves 
H 


ave 


LL pure superconductors have 
which approximat: relation, 
Ho 1—(7T/T.)*). Experi 


| 
has predic ted* 


the parabolic 


nental measurements | 


shown! (and theory deviations from 


this relation. Observations on lead* and mercury‘ hav 
been of particular interest in showing deviations of the 
found in the majority of 
Supe rconductors and pred ted by theory. The prese nt 
work 

conducting elements all 


H 


BCS theory. These measurements achieve a significant 


opposite sense from. those 
{ } 
neid 


of 


the 


reports criti¢ measurements on super 


from the 
sense predicted by the 


which deviate 


parabolic relation in 
accuracy over earlier results and also 
show differences i 


improvement in 


among the several elements. 
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Il. EXPERIMENTAL 
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two ti measured differed both in 
and preparation 
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ritical fiel 


accurate 


g deviation functions ar 
main experimental error in the 
he extrapolation of the measurements to 0°K from the pr 


ite some of this uncert 


It was cast and grown as a nearly single in a 
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n hvdrofluorik 


99 DOORS, pure tin from 
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crystal 
graphite coated Py rex tul ind i vacuum of 
mm Hg. The tu was later et d off 
acid. Sn-2 w: 
Vulcan Detini 
grown in a carefu 
ol pure 


slotted to allow i 
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vacuum 
the effects of 
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Corporation of 
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America. Sar 


nanner as OI 
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in the same [ 
In-2 and Sn-2 


spectrographi al 
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ne preparation 
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Laboratory indicated a 

0.03% in In-0-8 and 0.05‘ 
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raB_e I. Summary of critical field data. The 


Sn-l 
T* 
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H° 
Transitions oersted Transitions 
3.6922 
3.6344 
3.5468 
3.3591 
3.2200 
3.0683 

7520 

5158 

3079 

0307 

7565 
1.4132 
1.2287 
1.0700 
3.3869 


4.342 
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Sn-2 
3.6767 
3.6636 
3.6442 
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4.432 
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mperature uncertainty = +0.0005°K 
wmal temperature uncertainty = +0.002 
tic field uncertainty = +0.05 oersted. 
nal field uncertainty = +0.2% of He. See text for explar 


K 


near the cut ends 


However, for the present length to diameter ratios, 
the effect of these regions should be quite small. In 
order to form a readily measurable specimen severa! 
of these strands were stacked within the 


same coil. 


conducting properties® existed 


together 
The ballistic induction techniques are those used in 


* Most 


in 


the earlier research on lead* and mercury. of 
the present the 
cryostat used for the mercury measurements. However, 


| 


point of helium and for t 


measurements were carried out 


go 
4 


for tantalum is somewhat above the normal boilin 
his range the cryostat from 


the lead measurements was used.® By operating at an 


{ 


overpressure points close to T, could be taken whil 


using the helium vapor pressure for temperature 


‘J. I. Budnick, Phys. Rev. (to be published). See also D 
Seraphim and R. A. Connell, Phys. Rev. 116, 606 (1959). 


*R. R. Hake, D. E. Mapother, and D. L. Decker, Phys. Rev 
112, 1522 (1958) 
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CONDUCTING Sn In, AND Ta 


footnotes indicate the random experimental error in measured values 


Ta 
H T* 
K 


oersted 


HA 
nsitions oersted 
7.650 
27.408 
50.02 
93.04 
122.82 
147.59 
177.16 
203.20 
231.09 
244.18 
254.29 
3.099 


Six strands 
4.1761 
3.9828 

7046 

3928 

1034 

8242 

5309 

0403 

7966 

5452 

2723 
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100.20 
160.19 
243.15 
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476.92 
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757.00 
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122.. 
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167.43 
190.66 
212.07 
224.72 
236.16 
244.82 
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1.6966 
1.4176 
1.1806 


Four 
100.41 
13.57 
24.39 
40.00 
71.80 
699.52 
738.83 
766.35 


indication. All temperatures were deduced from the 


1958 He‘ Scale of Temperatures.’ 


Ill. RESULTS AND DISCUSSION 


Table I gives the critical field and temperature 
values for each specimen together with the number of 
transitions measured at For the tin and 
indium specimens the random uncertainties in each 
poi +0.0005°K and +0.05 oersted but 


omewhat dependent upon tl 


each point 


nt are this is 
number of transitions 
In particular, near the 


(2.18°K) temperature regulation is some- 


t 


measured and the temperature 
lambda point 
times difficult, leading to a considerably larger un- 

iinty. Points for ich this is true 
} 


DY a footnote 


for wh are indicated 


\ typical transiti ycle (S-N-S) for tantalum is 
hown in Fig. 1. Note that the S-N curve clearly 


m cve 


j 
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G. Brickwedde, H. van Dijk, M. Durieux, J. R. Clement, 
J. K. Logan, J. Research Nat!. Bur. Standards 64A, 1 (1960) 
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le fora specimer! 


of tantalum wire 


hows region ition in which no change ot 
wu, occurs when the applied field is changed. No detailed 
study of this phenomenon has been made but it can 
be interpreted a 
field A single strand 
of tantalum wire also showed this same type of behavior. 
determination of H,., 


polation of the lower approximately iinear portion of 


indicating slightly different critical 


for various parts of the specimen 


The method chosen for extra- 


the curve to w,=1, represents a compromise among 


be interpreted. A 
Is caused by the 


the various ways this curve might 


comparable uncertainty presence of 
hysteresis in the transit 
S-N V-S trai 


for tantalum, 


ion. In lead a separation of 
such as is shown in Fig. 1 
field 


A comparison 


and 


itions 


indicate a reversible critical 


midway between the two transitions. 
of samples with differing amounts of hysteresis has not 
been made for tantalum 
the lead 


critical field value 


and we are reluctant to apply 
Thus the tantalum 
easily be in error by half of 


findings to this case. 


may 


AS (PARABOLIC) 


same cu 
critical field 


H?/2x«T, 


supercor 
upere 


lashed curve AS 


*R.W. Shaw and ther, Phys. Rev. 118, 1474 (1960 


AND HOPRINS 


().2° ol the 


the hysteresis width, or approximately ; 

critical field Further mea 

tantalum specimens are 
The 


resonance 


value irements on other 


plant 
solenoid constant was measured by proton 
this 
and other sources 
0.19, 


observed between 


techniques following ast run of 
work. The systematic error from th 
is thought to be less in ipproximately 
maximum difference 
samples of the ime Values quoted for 
the purer sample 2 and I aré 
Where made for 


thermomolecula sure differen fi inhomo 


to be preferred. 


appli ible, corr tions \ been 


geneity, and 
Table II 
coethcient ot 


derived from the 


specimen Determinat! 


absolut 


polation to the 


complished by a in 
TABLe IT. Co 


1 
specimen hk 


n-1 3 


79 
2 72 
‘2 


14+0.0005 
n-2 3 7224+0.0005 
1-0-8 3.4075+0.0005 285.7 
1-2 3.4085+0.0005 
a 4. 4820+0.0008 
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* All errors q 
i data 


each set la 


the lowest measured point is determined, basically, 
from the limiting slope of the er y difference curve 


Figure 2 shows the curve of ised 


data for tin in Table I. It is clear tl 
define y unequivocally milar curves 
structed for 


upon the 
AS does not 
can be con- 
indium and tantalum with the same 
conclusion. 


The Hy and Y Value yf 


supersede d when 


hould 


now being built at 


soon be 
a He’ refrigerator, 
this laboratory, becomes operational. For this reason 
curve fitting and more detailed rapolation procedures 
have not been carried out at this The values of 


Hy and ¥ 


in earlier papers."' This is 


listed here are lar iti to those given 


to the lower 
temperatures reached here uous iIncreas¢ 
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The deviation, D(1), of the critical field curve from 
parabolicity is defined as the difference between the 
true critical field curve and a parabola drawn through 
the experimental values of Hy and T-,: 


H(t) 
Ho 


D ' 


, Such curves are shown in Fig. 3 for the materials 
discussed here as well as for lead and mercury. It is 
clear that the differences among tin, indium, and 

’ tantalum are small. The amplitudes of these curves 

\ TANTALUM are sensitive to the choice of H» and thus are affected 

\X by the uncertainty in the extrapolation to O°K. 
Measurements below 1°K will be required before the 

differences in amplitude of D(¢) for these elements can 

be considered to be clearly established. Further 

measurements, if extended to sufficiently low temper, 

atures to yield reliable y values, will also permit the 

deduction of the temperature dependence of C,, (the 

superconducting electronic specific heat) from the 

Fic. 3. Deviation of critical field curves of several super shape of D(t 
conductors from parabolicity. For clarity the curves for individual 


samples of tin and indium are not shown (since the differences in IV. ACKNOWLEDGMENTS 
D amount to 0.0014 or less ‘ sine 
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Whether this behavior will extend into the range Discussions with Professor C. A. Swenson, Dr. J. I. 
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It should be pointed out that the work of E. A. Lynton data are extrapolated to0°K by means of an expression which takes 


B. Serin, and M. Zucker on tin indicates that a value of y in explicit account of the exponential temperature dependence of 
better agreement with calorimetric data resuits if critical field the superconducting electronic specific heat 
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Anisotropic Superexchange Interaction and Weak Ferromagnetism 


TOrvu Morrya* 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 25, 1960) 


\ theory of anisotropic superexchange interaction is developed by extending the Anderson theory of 
superexchange to include spin-orbit coupling. The antisymmetric spin coupling suggested by Dzialoshinski 
from purely symmetry grounds and the symmetric pseudodipolar interaction are derived. Their orders of 
magnitudes are estimated to be (Ag/g) and (Ag/g)? times the isotropic superexchange energy, respectively 
Higher order spin couplings are also discussed. As an example of antisymmetric spin coupling the case of 
CuCl, -2H,0 is illustrated. In CuCl,-2H,0, a spin arrangement which is different from one accepted so far 
is proposed. This antisymmetric interaction is shown to be responsible for weak ferromagnetism in a-Fe,O,, 
MnCO,, and CrF;. The paramagnetic susceptibility perpendicular to the trigonal axis is expected to increase 
very sharply near the Néel temperature as the temperature is lowered, as was actually observed in CrF; 


INTRODUCTION of this phenomena based on an impurity effect, possibly 
magnetite. Many years later, Li? proposed a different 


\ EAK ferromagnetism of mainly antiferromag- 
netic crystals, represented by a-Fe,O; and the €xplanation based on antiferromagnetic domains with 


carbonates of Mn and Co, has been a controversial magnetized walls. As he pointed out, however, the 


problem for a decade. Néel' proposed an explanation formation of antiferromagnetic domains is not energeti- 


*On leave of absence from Tokyo Metropolitan University, L. Néel, Ann. phys. 4, 249 (1949 
Tokyo, Japan ?Y. Y. Li, Phys. Rev. 101, 1450 (1956 
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cally advantageous and may be possible only when 
nature 
From these impurity mecha- 


ome imperfections of structural or chemical 


stabilize the domain 


nisms, we expect the magnetic properties to change 
from sample to sample depending on their purity. 
However, it seems to be natural to raise the following 


question : Is weak ferromagnetism an intrinsic property 
of a-Fe.O, or not? An affirmative answer was first given 
by Dzialoshinski.* His argument is phenomenological 
follows: He first 


are perpendicular to the 


and is as howed that when the spins 


trigonal ax an a Fe.O; 
crystal with the antiferromagnetic spin 
has the that 


arrangement whict nas a net magneti 


arrangement 


ame symmetry as with a canted spin 


moment 


perpendicular to the trigonal axis. The next step was 


to write down the free energy of the system in terms of 
pin variables, the magnetic moments of the four 
ublattices. Among the terms of the form allowed under 
this crystal symmetry there was a term which favors 
the canted spin arrangement rather than the antiferro- 
therefore is essential to the weak 


magnet ic one and 


ferromagnetism. This term is expressed by 
D-[S\xS 1.1) 


where D is a constant 


to the trigonal axl This 


In a-Fe,Q;, D is parallel 


theory, however, is a phe- 


vector 
nomenological one and does not clarify how this 
interaction arises and how D can be calculated. 

We first 


symmet ric 


note that the expression (1.1) is the anti 
part ( the 


bilinear spin-spi 


most general expression for 
interaction. Only the symmetric 
interactions have been familiar to us so far. In insulators 
the known spin-spin interactions are isotropic super- 
exchange intera¢ tion, Mag! etl dipole dipole interac tion 
and anisotropic superexchange interaction of pseudo- 
dipolar type. Among them the magnetic dipole-dipole 
interaction can make a contribution to the antisym- 
metric coupling in certain special cases because of the 
orbital moments. Its magnitude, however, is generally 


very small and it vanishes in the above mentioned 


trigonal crystals. The anisotropic superexchange inter- 
the so-called pseudodipolar 


ymmetri 


tudied so far* 1 


action 


interaction and is s\ However, the previous 
theories do not seem to be general. 

We have developed a general theory of anisotropic 
superexchange interaction with the use of the new 
formalism recently developed by Anderson.’ We take 


he mechanisms 


account of the spin-orbit coupling in t 
of superexchange while the previous theories do not 
explicitly 


We could 


sufficiently 


consider the mechanism of superexchange. 


show the crystal symmetry is 


th 


t when 
term of the anisotropi 


low . 
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superexchange which is linear in the spin-orbit coupling 


has an antisymmetric form as was briefly reported.® 

In this paper we discuss the anisotropic superexchange 
fuller ext weak ferro- 
Mn and Co 


interaction to a ent and the 


carbonates of 


magnetism of a-Fe.O;, the 
and CrF 


ANISOTROPIC SUPEREXCHANGE INTERACTION 


The anisotropic hange interaction is derived 


superext 
by extending the theory of superexchange interaction 
effect of We 


formalism® of superexchange inter 


to include the pin-orbit coupling use 


Anderson’s new 


action. The basic one electron wave functions are those 


localized at the positions of magnetic ions and are 


orthogonal to each other. The one electron part of the 


Hamiltonian is diagonalized within an ion, in this 


representation These ba inctions are denoted 


by 


where f and | mear * spin almost up and almost 


down, respectively. A count of the spin-orbit 


coupling, these functions eigenfunctions of the 


spin component S, but mixtures of + and — spin 


states. The one electron Hamiltonian is written in terms 


of annihilation and creation « perators as follows: 


> > en(R)[ 


— 
R 


n 


to L 


R#R’ n,n’ 


+ any*(R Ay 


[an .* R’ ant (R) 


—On4* R’ a, T " R’ R)an+* | ad Ont R) 


Ww here 


ban(R’—R 
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ant (R) and aat*(R) are the annihilation and the creation 
operators of the electrons in the state ~a+(r—R), etc. 
The most important contribution to the superexchange 
comes from the configuration mixing of the polar states 
due to the transfer terms of (2.1). By the second order 
perturbation calculation we get the usual isotropic 
superexchange from the & terms, the interaction of the 
form (1.1) from the 6C terms and pseudodipolar 
interaction from the C* terms. We have for the inter- 
action between the spins at R and R’ 


=J pr (S(R)-S(R’)) 
+Dre®-[S(R)XS(R’) | 
+S(R)-Tre®-S(R’) 


E: RR 


(2.3) 
where the scalar, vector and tensor quantities: Jrer™, 
De.r®, and 'rr™ are given in the case of one electron 
per ion as follows: 
2| baw (R—R’)|?/U, 
(41/U) [ban (R—R’)C,-,(R’— R) 
— Cun (R—R’)ba-.(R’—R) |, 
(4/U)[Cun(R—R’)C,-,(R’—R) 
+(C,.,(R’— R)Can-(R—R’) 
—(C,../(R—R’)-C,,,(R’— R))1 ]. 


(2.4a) 


Jr 


Derr 


I x R 


(2.4c) 


The expression for Jer has been obtained by Ander- 
son.° We assumed here that the ground state of an ion 
is nondegenerate except for being a Kramers’ doublet. 
n and n’ represent the ground states of the ions at R 
and R’, respectively, and LU’ is the energy required to 
transfer an electron from an ion to its nearest neighbor, 
thus making a polar state. 

When the orbital level separation in an ion is larger 
than the spin-orbit coupling, we can calculate the 
transfer integrals 6 and C by a perturbation method. 
The 6 terms are the ordinary transfer integrals without 
spin-orbit coupling and the C terms are given up to 
the first order in the spin-orbit coupling as follows: 


Nfs rn’ * (R’) 
(3 he 


3 (RR 
R’)—,’(R’) 


m” En 


b, ~(R—R)) +e(R R), (2.5 
R 


R’ 


(2.6 


<[gradV r)Xplen(r—R)dr, 


where n,n’ represent the ground orbital states and 
m,m’ the excited states, I,,,(R) the matrix element of 
the orbital angular momentum of the ion at R, A the 
spin-orbit coupling constant, and ¢,(r—R) the ground 
orbital wave function of the ion at R. 

From (2.5) we see that the magnitude of the C 
terms is roughly (Ag/g) times that of the b terms where 
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g is the gyromagnetic ratio and Ag is its deviation from 
the value for a free electron. Therefore the orders of 
magnitudes of D and I are estimated by 


D~ (Ag/g)J, T~(Ag/g)?J. (2.6) 


rhe contribution of the next importance is the direct 
exchange interaction. This has the same form as (2.3) 
and the coefficients of the first two terms Jrr™ and 
I'rr™ are given as follows: 


Tre =JI re (nn'nn’), 


Ln(R) 
° , , 
Dre ™=2iAt > Ter (nn'mn’) 
m ém(R e,(R 


I R’) 
m'n’ j 


J wr (nn’nm’)). (2.8) 
€,’ (R’ 


The tensor coefficient gg’ of the last term has just 
the same form as that which has been discussed by the 
previous authors‘ though they regarded J to include 
superexchange implicitly. The exchange integral is 
given by 


e 
Ter (nn'mm'’) fon r1— R) on* (r72— R’) 
Tie 


XK Om(%2- R) om (7; — R’)drjdto, (2.9) 


, are the orthogonal orbital wave 
functions obtained the spin-orbit coupling. 
We see here again that the ratios of Der and 'gr™ 
are approximately given by (2.6). Therefore, 


where ¢,(r—R), et 
without 


to Jrer™ 
these terms are generally smaller than the corresponding 
second order superexchange terms as was shown by 
Anderson in the case of isotropic superexchange. 

The third order perturbation which include transfer 
terms twice and the intra-atomic exchange interaction 
gives the same form of coupling as (2.3). The isotropic 
first term and the anisotropic second and third terms 
come from BJo, bCJo, and C*J» terms, respectively, 
Jo being the intra-atomic exchange energy. All the 
three terms are generally Jo/U times smaller than the 
corresponding second order terms. 

We shall here show only the coefficient of the second 
term. The first term is given in reference 5. 


Deer (4 U?)(> sm Fe m (R’)[ Bam (R - R’) 
X Corn (R’—R)— Cam (R—R’)bmn(R’— RY] 
+> m J nm (R) [Bam R’— R)Can (R—R’) 


Carm(R’—R) bmn (R—R’)}}, (2.10) 


where Jam(R) represents an intra-atomic exchange 
integral in the ion at R, etc. We have considered above 
the most important three contributions to the super- 
exchange interaction. As was seen, all the terms linear 
in the spin-orbit coupling have the form (1.1) which is 
antisymmetric for the interchange of two spins and the 
terms of second order in the spin-orbit coupling have 
the pseudodipolar form which is symmetric for the two 





rot 


tal structure of 
open circles represent 


the shadowed ones 


pins 


couplings ire generally given in relation to the isotropie 


The orders of magnitude of these anisotropi 


coupling by (2.6 
Phe crystal 
for the 


ymmetry is of particular importance 


1.1) 


coupling vanishes though it is 


antisymmetric coupling In crystals of 


high symmetry thi 
important In cry tal 


weak 


propertie 


of low symmetry, particularly in 


relation to ferromagnetism. Discussion of the 


symmetry will be given in the following 
section 

Extension of the theory to the case of many-electron 
the ground ioni 


ions is straightforward only when 


state has a single configuration. In this case we need 
only 


1 to expres the 
t! 


pin operators of the electrons by 
1 equivalent operators of the ionic spins with some 
modifications in the coefficients. However, in the first 
transition group ions the term separation is much larger 
than the spin-orbit coupling and the ground states 
taking of the 
generally be expressed by a 


account spin-orbit coupling cannot 
single configuration. More 
over, in crystals of low symmetry in which the anti 
symmetric coupling (1.1) is of particular importance, 
even the purely orbital states cannot generally be 
represented by a single configuration. The calculation, 
therefore, is very complicated even for the isotropic 
the 


order estimation 


coupling and we would content ourselves with 
expectation that also in t] ase the 
of (2.6) may be corre 

We shall now furt contribution from 


the higher order perturbations qualitatively. For the 


her discuss the 


one electron ions there are no other types of interaction 


between two ions than those given by (2.3). So the 
higher order perturbation calculation gives only minor 
corrections to the contributions treated above. On the 
other hand, the 


couplings of more than fourth order in the spin vari- 


for the ions with electrons 


many 
ables come out from higher order perturbations. For 
example, from the fourth order perturbation we get 
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and 
third 
minor 


forms of spi pli for S>1 
couplings which are 


biquadrati« 
and ol 


order in the other (for S> %), in addition to the 


corrections to the bilinear term \ representative term 
of the fourth order perturbation which contributes to 


the isotropic biquadrat > form: 


¥ U-*X ban (R—R’)bn 
nn’ 
mm 


Xbmin(R’—R 2 > a s*(R)a 


_ R md” R lm’) R’ Lm 2 11 


When the ground toni n be expressed by the 


numbers of ele trons In > basi tates, the first sum 
doublets. In 


2.11) 


order of magnitude of 


is over the singly occupied Kramer 


ition value of 


take the xpect 


I 
general, we should 
in the ground ionic state. The 
the isotropic biquadratic coupling may be (b/L’)? times 


the usual bilinear superexchange interaction.’ Contri- 


butions to the ani OLTOplE coupiing can be obt iined by 


the spin suffixes of the 


replacing one, two or three b’ with the 
corresponding modifications of 
From the order of 


Ag/g } ve 


annihilation and creation operator 


magnitude relation: C~ may estimate 


their magnitudes 
higher 


Though we will not discuss any further these 


order perturbations, we already see how to provide 
he orders of magnitude 


the mechanisms and toe 


of various forms otropic super- 


exchange couplings 


CRYSTAL SYMMETRY AND THE ANTISYMMETRIC 
SPIN COUPLING 


In the preceding secti 
lating the anisotropic 
developed. In an actua 
the symmetric and 
vanish of the 


intisymmetr 


components ol 
oupling tensors 
because Here we 


discuss the from the 
crystal symmetry point 
The coupling betwe 
considered first. The 
the points A and t bisecting 
the straight line denoted bi he following 


are obtaine 


1. When :; 


rules 


When 


throug! 
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4. When a two-fold rotation axis perpendicular to AB 
passes through (¢ 


D | 


two-fold axis 


When there is an n-fold axis (n> 2) along AB, 


For example, for an Fe**—Fe** pair in a-Fe,O 
oriented along the three-fold axis, D is parallel to the 
trigonal axis when the two ions are (1 or 4) and (2 or 3) 
in Fig. 1 and D is zero for the other pairs. For the 
rutile type iron group difluorides, D is not zero for the 
pairs of corner and body-center ions. D for the nearest 


neighbor interaction is given by the following table 


The Positions of the Ions Direction Magnitude 


000 and 0) +D 

+-D 
5 + D 
OOO and } } [ } + D 


iH 
2 
i 

) 


000 and 
000 and 


When the spins are ordered and form sublattices we are 


interested in the coupling between the sublattice 


magnetizations. In the case of iron group difluorides, 
that 


symmetric coupling of the form (1.1) between the two 


we see from the above table there is no anti 


sublattice magnetizations. 


and 


In a-Fe.O 3, this coupling is 
D for the coupling between sublattice 


This 


not zero 
magnetizations is parallel to the trigonal axis 
was first shown by Dzialoshinski.? 

Symmetry consideration on the transfer integrals is 
also useful in theoretical calculation of the anisotropic 
exchange. This will be discussed in the following section 


MAGNETIC ANISOTROPY IN THE ANTIFERRO- 
MAGNET CuCl,-2H,O 


The magnetic anisotropy energy of CuCl.-2H.O 


which determines the spin orientation has been dis 
ussed by Yosida and the present author.* However, 
they neglected the antisymmetric coupling of the form 
1.1). This interaction may be of particular importance 
in understanding the antiferromagnetic spin arrange 
this crystal as was briefly discussed in the 
4. We shall show in this 
D of the anisotropic exchange interaction 


in be calculated in CuCl,-2H,0 as a typica 


ment im 


reference section how the 
coe lent 
example 
of the preceding section 


A Cu** 


crystal 


ion has only one hole in the 3d shell. The 


structure is orthorhombic and two Cu 


1oOns 
are located at the commer and the base-center sites in a 


unit cell. The symmetry elements of the crystal are 


—32C 2, 
= —4V3C 9—iC 


iIV3C 9— iC 











iown in Fig. 2. The prin of the crystalline 


field around the comer and the body-center 


ipal axe 
electric 
ites are different. Only the } axis is a common principal 
ixis. We denote it as the z 
axes at the corer 


axis. The two other principal 


site and those at the base-center 


ites are written as £m) and £m, respectively. Writing 


the a- and the ¢ axes as y and x, respectively, we have 


a relation: 


¢ xr cosé@+y r cOs# 


£1 ing, 


y sin6, 


"1 rsiné-+ycosé, 7 v sind+ y cosé, 


known so far 
* ion are 
crystalline field and have the 


angle @ is constant but not 
3d orbital 


nondegenerate in thi 


where the 


The five localized states of a Cu? 


following forms 


Ws& 02, 
Ws= 2, 


' ; 


ere the constant eS tan" are in principle 


determined by the crystalline potential. We shall denote 


the transfer integra! between the nth state of a comer 


ion and the mth state of its neighboring base-center 


ion by Bam 


Then the following relations are obtained from 


symmetry consideration 


matrix elements of I are listed 
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cells oriented in the li ion. A four sublattice 
model may be reasonable. In tl case, D, for the 
periminial a interaction between the corner and the base-center 


sublattice magnetizations vanishe However, non 
vanishing D, is very important in determining the spin 
arrangement. The spin arrangement which is accepted 
to the 


at present is the ferromagneti layers paralle 
ab plane with the spins pointing in the +e and —a 


iv’ iil I Tu 
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yy” ~~ 


Fic. 3. Proposed spin arrangement in antiferromagnetic spin arrangement shown 1 3. The c « omponent 
CuCl,-2H,0. The spins are in the ac plane. The black and the 
open circles represent the ions at the positions 0, 0, 0 and 4, 4, 0, : =e oe , 
respectively 10% of, the @ component > expect that this spin 


P directions alternatingly When D, is not zero this 
>a ° 2 . 


arrangement cannot be stable. We propose instead the 
of a spin is expected to be g) times, i.e., about 


arrangement may give a more consistent understanding 


os : P f > to <onance data both above an slow the 
| sing (4.2) and (4.3) we can calculate D from (2.4b) of the proton resonance d ib ibove and belo he 
| 


and (2.5). Though we do not know which of the five 


) 


and the neutron diffraction data" 
for the positions of the protons. Neutron diffraction 


experiment below the Néel temperature is highly 


Néel temperature® 
states (4.1) the ground state is, the following formulas 
are valid, regardless of the ground state: : 
desirable. 
SiA Cs) un 
D,? =D," > bamDnns WEAK FERROMAGNETISM OF SOME 
En TRIGONAL CRYSTALS 


in (le cosO—1, Sin®) mn The following trigonal crystals are known to be weak 
D, D, bamDnn, ferromagnets: a-Fe.O;, MnCO;, CoCO;, CrF;, and 
_—s possibly FeF;. a-Fe,O; has a corundum type crystal 
D D ’ structure and MnCQ,; ; O,; are of NaNO, type. 
The crystal structures of CrF; and FeF; have recently 
where » denotes the ground orbital state and m the _ been determined All of these « tals have the same 
excited states. There is no reason why any one of the’ space group D;4°—R3 he spin superstructure of 
transfer integrals should vanish and therefore we see a-Fe,0;" gives rise to ing antisymmetric 
from (4.3) and (4.4) that the a and 6 components of — spin coupling of the form (1 tween the sublattice 
D are nonzero regardless of which the ground state magnetizations and D is par to the trigonal axis as 
may be. D, or D, in (4.4) consists of only one term was first shown by Dzialoshinski.’ For the remaining 
when the ground state is other than ¥; and two terms crystals, the carbonates and the trifluorides, non 
when the ground state is W;. Similarly the direct vanishing D parallel to the trigonal axis exists when the 
exchange contribution is calculated as follows. magnetic unit cell is just the same as the chemical unit 
cell (with two molecular units) as may actually be the 
D,*=4ik = ————J (nnmn), —— ' : : 
. When the spins are perpendicular 1 he trigonal 


axis in the ordered state, net magnetic moment is 


"En 


(/_ cosO—1, SiN) mn =, induced by this interacti » magnitude of 
> ox . ve (4.5) A 
dD, } J (nnmn), 


En En 


moment at O°K may be « 
D,==0, 


where J(nnmn) is defined by (2.9). These expressions 
are also valid regardless of what the ground state may 


Comparison of the Lu n “d \ 5.1) with the 
ye. 


' : —_- measured moments is shown ible Che agreement 
(Quantitative calculatior > transte tegrals } . ' , 
en - en oe the transier Mm egrals bmn jg generally reasonable , the orbital moment 
and the direct exchange integrals J(mnmn) is necessary 
. T — ) ) os 
to get D. However, we may expect that b,, and *N. J. Poulis and G. I sica 18, 201 (19 
* J. Itoh, R. Kusaka gat 2. Kiriyama, and 
. Ibamoto, Physica 19, 415 53 
and J(nnnn), respectively, because of the low symmetry ™S. W. Peterson ar Le hys. 26, 220 
°° ° . , ° ° — se { 957 
at the positions of Cu*+. The magnitude of D may be 195 


. ; . “For CrF,; see K Jack a | i , 
about (Ag/g) times the lsotropl superexchange inter- London) 232 (1957): K ! } lso obtained the same result 


’ 
. ; : H 
J(nnmn) are of the same order of magnitude as ),,, 


action. (private communicati 
Cryst. 10, 345 (1957 
2 : é ‘ ‘ 2C.G. Shull, W 
unit cell is considered to consist of two chemical unit 83, 333 (1951 


In the antiferromagnetic CuCl.-2H.O, a magnetic 
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may be of particular importance. Though the g values 
are not available. we may naturally expect a compara- 
tively large D and therefore a large moment, in quali- 
tative agreement with the experiment. In a-Fe,Os,, 
CrF;, and FeF;, we have neutron diffraction data" 
which show that the spins are perpendicular to the 
[111] axis below the Néel temperature. For MnCO; 
neutron data™ suggest the spin directions are between 
the [111] axis and the (111) plane while a magnetic 
susceptibility measurement'® seems to show that the 
spins are almost perpendicular to the [111] axis. 

Various magnetic properties of a-Fe,O; have been 
discussed by Dzialoshinski® from phenomenological 
grounds with the essential use of an interaction of the 
form (1.1) with D as a parameter. We have now 
provided the mechanism for this interaction, thus giving 
a firmer ground to his theory. We shall here remark 
one property of these weak ferromagnets which has not 
been discussed. The paramagnetic susceptibility of 
these weak ferromagnets shows a very sharp increase 
near the Néel temperature. A simple model to show 
this may be the following Hamiltonian: 


H=J¥ (S,S)+BE Ss2 


tJ 2 


+D¥ (Sie jy—SiySjz)+gusH-> §;, (5.2) 
7 


i,j 


where summations are taken over nearest neighboring 


pairs. We assume that B is positive, i.e., the easy 
direction is perpendicular to the z axis. By a molecular 
field approximation we can easily show that X,, (z 
component) obeys the Curie-Weiss law fairly well 
down to Ty while X, is given by 


Neg’us’S(S+1) T-To 


WT+Ts) T-Ts 


JZS(S+1) Dy?}} 
ent 
3k J 


JIZS(S+1) 
To a ss 

3k 
where Z is the number of nearest neighbors. As (7 ~— T9) 
is small and positive, X, increases very sharply near Ty. 
A measure of the sharpness may be given by 


1,D\? M 3 
(Tn-—T») Ty~ ( ) ~2/ ) 4 (5.5) 
2\u NgupS 


The smaller the net moment below 7 the sharper is 
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36, 766 (1959) [translation: Soviet Phys. 
( 1959) }. 
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Paste I. Comparison between fractional magnetic moments 
and (Ag/g) in various weak ferromagnets. 


M/NeBuS) 


a-Fe,O; 1.4x10-* 
MnCO, 2~6X10"' 
CoCO, 2~6xX 10% 
CrF, 1x10 
FeF, 


Substance 


(Ag/g) 
~1x10 
~1 x10 


~1x10 
~110 


the increase of X, near Ty. This behavior seems to be 
observed in CrF;.'® For MnCO, there is some sign of 
this behavior but it is not yet clear.'® Similar behavior 
has been expected theoretically’ and was observed in 
NiF».'* This behavior of the paramagnetic susceptibility 
may be one of the distinctive features of weak ferro- 
magnets. 

Our next discussion is on the possible other mecha- 
nisms of weak ferromagnetism. Interactions between 
two spins have been fully discussed in 2 and the higher 
order interactions are more than two orders of magni- 
tude smaller than the bilinear term discussed above. 
We shall consider the anisotropy energy of single spin 
nature which comes from the spin-orbit coupling under 
the crystalline electric field. This interaction does not 
depend on the superexchange mechanism and therefore 
is more important in substances with low Néel temper- 
atures. In NiF, this kind of interaction is responsible 
for its weak ferromagnetism." In the trigonal crystals 
which we are discussing now the fourth order terms of 
trigonal symmetry are the lowest order terms which 
may give rise to a net magnetization of the crystals. 
This is possible because there are essentially two kinds 
of positions for the magnetic ions and the crystalline 
fields around them are different. They are written as 


(1) 
Kl ¥ SiSiy(Si?— 352?) 


(2) 


—F SiS(Sai— 3S )} (5.6) 
P| 


where the first and the second summations are taken 
over one and the other kinds of ions, respectively. This 
interaction is effective in producing weak ferromagnet- 
ism only when the equilibrium spin orientation is 
somewhere between the trigonal axis and the plane 
perpendicular to it. This is possible when the total 
effect of the second order and the other fourth order 
anisotropy energies and the dipolar and pseudodipolar 
interactions favor it. In a-Fe.O;, CrF:, FeF; this does 
not seem to be the case."** Moreover, the estimated 
values of K for a-Fe,O; and MnCO, are more than one 

‘© W.N. Hansen and M. Griffel, J. Chem. Phys. 30, 913 (1959). 

7 T. Moriya, Phys. Rev. 117, 635 (1960) 

'* R.G. Shulman, NMR measurement in NiF» (to be published ); 
\. H. Cooke, x, of NiF2 (private communication); J. C. Burgiel, 


V. Jaccarino, and A. L. Schawlow, x of powdered NiF: and 
Ni(IO,):-2H,O [Bull. Am. Phys. Soc. 4, 424 (1959)] 
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order of magnitude smaller than D. We may fairly 


safely conclude that this interaction is not of primary 
importance in the weak ferromagnetism of a-Fe.Os;, 
MnCOs;, Crk and Fel 


energy is probably negligibly small as compared with D 


The sixth order anisotropy 


CONCLUDING REMARKS 


It should be emphasized here that now a firm ground 
has been given to the mechanism of weak ferromagnet- 
ism first propo ed by Dzialoshinski. It is no longer a 
phenomenologi al model but is a real effect established 
may be 


Though there 


(chemical 


theoretically some impurity 


effect or structural), this mechanism always 


exists as an intrinsic property of the crystal 
At present we have many weak ferromagnets and we 
know two type of interactions which can be the origin 
of weak ferromagnetism. One Is a coupling between the 
spins such as the antisymmetric part of the anisotropic 
tion, and the other is the single 
a-FesOs, first 


mechanism and in Nik. the second one are the origins 


uperext hange interac 
spin anisotropy energy In tc... the 
of their weak ferroma 
both 
Crenerally 


Néel 


interaction 1 


gnetism. There may be substances 


in which of these types of interactions are im 
there is 
high 


and 


ortant peaking, a tendency that 
| § 


when the temperature is the first type ot 


Néel 


more 


more important when the 


the second mechanism is 


temperature I iow. 


important. This is because the first is approximately 


proportional to the exchange interaction while the 


second } exe hange interaction 


When the 


with the exchange energy, a 


independent of the 
ingle spin anisotropy energy is comparable 
may be possible for some 
Ag/ g) 


is not small, the magnetic moment may not necessarily 


substances with low Néel temperature, or when 


be small. This may be the case in ludlamite where 
I'y=20°K and the magnetic moment is 0.8 wa per ion 
of divalent iron 

The 


important not only as an origin of weak ferromagnetism 


antisymmetric spin coupling treated here is 


but also in determining the spin arrangement in 
antiferromagnet is was illustrated in the case of 


CuCl,:2H.O 
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The general equations for the annealing of vacancies ir 
can be attached have been solved on an analog computer for a wide variety of parameters 


raiory, 


DIENES 
Upton, New } 


1960 


etals containing impurities to which the vacancies 


The computer 


results show that some simplifying assumptions may be made which permit the general equations to be solved 


analytically 


It is shown that for many physically interesting cases of vacancy migration the 


decay curve is 


exponential, and the decay constant is related to, but not equal to, the rate constant for vacancy migration 


It is further shown that only experimer 


migration energy, and that impurity contents as low a 
methods and calculations are discussed which can be 


impurities in metals prepared by controlled doping 


INTRODUCTION 


HE annealing of vacancies in quenched, cold- 

worked, and irradiated metals is now a rather 
standard method for the measurement of the activation 
energy for their mobility. It is well established that 
vacancies can become bound to some impurity atoms, 
but no theoretical analysis has been made of the effect 
of this binding on the annealing kinetics. For instance, 
the purity of the metal required to yield accurate data 
is not known, but the investigators feel that the metal 
should be quite pure. Several annealing curves have 
shown deviations from exponential, and it is not known 
if this can be caused by impurity binding. 

Modern theories of impurity diffusion in metals 
require that vacancies be bound to the impurities to 
form a “Johnson molecule.” Calculations have been 
made of this binding energy’ and the results have 
been checked against measured diffusion coefficients. 
Agreement has been rather poor in many cases casting 
some doubt on the calculations. However, there are 
other factors, in addition to vacancy-impurity binding, 
which can affect the diffusion of impurities,’ and the 
existence of these possibilities implies that diffusion 
measurements are not a fair test of the validity of 
binding energy calculations. One of the natural results 
of a theory of vacancy annealing in the presence of 
impurities will be the suggestion of a more direct type 
of experiment by which the binding energy of impurities 
to vacancies can be determined. 

The problem of vacancy-impurity interaction is 
treated in the most simple form by solving the corre 
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used to measure the binding ecnerg 
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Damask, Bull. Am. Phys. Soc. 5, 182 


on zone-refined metals can give the correct vacancy 


Experimental 
ot vacancies to 


sponding differential equations on the analog computer 
Associates, Incorporated, Type 31R) at 
Brookhaven National Laboratory. It is realized that 


Electronic 


6 


divacancies® can form which can alter the kinetics and 


that the formation of trivacancies’ and larger clusters 
probably supply an increased number of sinks for the 


removal of the vacancies. This general problem, which 


is obviously much more complex, is currently being 
studied, and the results will be published in a later 
paper. However, it is believed that as long as the 
vacancy concentration is low, clusters of vacancies can 
be ignored. This is indicated by experiments which show 
that 


usually occur for high-temperature quenches where the 


significant deviations from exponential decay 
initial concentration of vacancies is high. 

It will be shown that, regardless of the impurity con- 
centration, an exponential decay almost always occurs. 
However, the rate constant of this decay is only partly 
related to the activation energy of vacancy mobility. 
Even metals of 10~° impurity content can yield false 
values for vacancy migration energy, and only zone- 
refined metals of purity of at least 10~’ can guarantee 
a true This requirement of extremely high 
purity has been anticipated in the experiments on 
aluminum by DeSorbo and Turnbull.’ 


value 


THEORY 


The two reactions in the annealing of vacancies to 
sinks in the presence of impurities to which they can 
be bound are: 


(1) 


> sinks, (2) 


frac- 
tion) of vacancies, unbound impurities and vacancy- 


where v, J, and C are the concentration (atomic 
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impurity complexes, respectively, and the K’s are the 
corresponding rate constants. The physical meaning of 
Eq. (2) is that vacancies disappear by migration to a 
fixed number of sink 
differential equations for these reactions can be written 
as (after the substitution J=J»—C) 


for example, dislocations). The 


dC /di= K,l K KL, 


dv/dt K,lout+K,Cvo+KX— Ky, (4) 


where J is the total impurity concentration, which is 
a constant for any given experiment. Experimentally, 
for example by resistivity methods,’ the total vacancy 
concentration, i.e., the sum of C plus 2, is the measured 
quantity. Thus the pertinent quantity to be calculated 
is N=C-+2, which from Eqs 
by the differential equation 


(3) and (4) is desc ribed 


dN /dit=d(C+t)/dl K 3 (5) 


Equations (3) and (4) form a set of nonlinear coupled 
differential equations which when solved will describe 
the complete annealing behavior of the system. The 
equilibrium concentration of vacancies at the annealing 
temperature is negligibly small, and hence v and C 
approach zero as time approaches infinity. (The equi- 
librium concentration is easily included, if desired, by 
a simple change in variables.) 

These equations were solved on the analog computer 
for a wide variety of parameters (initial vacancy con- 
centration, impurity concentration, and binding energy) 
and the details of these calculations will be discussed in 
the next section. The first general result of interest from 
the machine calculation was the finding that the number 
of complexes, C, increased very rapidly during the early 
the 
period the concentration of free vacancies decreased 
rapidly. After these fast transients, C and 1 

The physical basis for this behavior is as 
The equilibrium concentration of complexes 
at the annealing temperature is much larger than that 
at the quench temperature. The fast transient is there- 


stage of annealing. During this same transient 
decayed 
steadily. 
follows: 


fore the establishment of the new equilibrium and is 
largely governed by the jump rate of the vacancies (see 
Appendix I). The rapid elimination of these transient 
conditions suggested that an analytic approximation 
could be used for the bulk of the decay curve. Equilib- 
rium for the first reaction, Eq. (1), implies that 


( K, 
K, 
( K 


AND G. 


DIENE 


Substitution into Eq 


Integration gives 


KI 


Inv+ KI in 


Equati m (9) 


gives v as a function of time. The value of C correspond- 


where A is the constant of integration 


ing to any value of » can be calculated from Eq. (7) and 
thereby C+1 


Equations 


can be determined as a function of time. 
7) and (9 of the 


curves obtained in the machine cal tions. Somewhat 


were found to fit all 
surprisingly, however, many of the decay curves (the 
change of N with found to be simply ex- 
ponential in time which implies that the ratio of C to 1 
remained constant. This constancy of ¢ 
a further approximation in Eq. (6), namely C/o. 


time) were 

arises from 

This 

latter approximation is valid over a wide range of the 

physically interesting parameters. Substitution of 
i ¢ 
K 


into 5) and integration gives 


where 


Ky 
K.=Ki/ (14 I 
Ke 


Equations (11) and (12) can also be derived from Eq. 
(9) with the approximation that Av<1 and »<10~*. 
(This latter approximation allows one to neglect K/ 
with respect to | KJ» Inv}.) 

Two things are immediately evident from Eq. (12). 
First, K, is a composite of all the rate 
the impurity concentration and w 


constants and 
ill therefore, in general, 
not obey a simple Arrhenius equation even though the 
decay curves are purely exponential. Secondly, the pre- 
exponential term contains two of the rate constants and 
is therefore temperature dependent. It is therefore 


obvious that the determination of activation energy 


by a change of annealing temperature and calculation 
of the slope ratio is an unsatisfactory method. 

It is also clear from Eq. (12) that 
constant decreases with increasing impurity 


the effective rate 
concentfa- 
tion. The physical basis for this behavior may be de- 
scribed as follows. The va 
gration toward sinks, en 
which they become trapped tem] 


es, in their random mi 


ounter 


atoms al 


plexes must dissociate to 
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Fic. 1. Computer-produced curves \ 
of Eqs. (3), (4), and (5) with B=0.25 | 
ev, T,= 00°C and J)=10*. Curve y ixIO° | 
1—concentration of free vacancies; * 
curve 2—concentration of complexes; 
curve 4—concentration of N=C+2; 
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curve 3—» (and N) vs time for pure 
metal, i.e., J>=0 


5xiO° 





further annealing. Thus, the whole annealing process 
is slowed down. 


DETAILS OF CALCULATIONS AND RESULTS 


A wide range of physically interesting parameters 
were selected for the machine solution of the general 
coupled nonlinear Eqs. (3) and (4). The pertinent 
parameters, which determine the rate constants and 
the initial conditions, are the annealing temperature, 
the vacancy migration energy, the effective sink con- 
centration, a, the vacancy formation energy, the quench 
temperature, the impurity concentration and the 
vacancy impurity binding energy. The following param- 
eters were held constant throughout the calculation: 
the annealing temperature, 100°C; the vacancy mi- 
gration energy, Ey, 0.8 ev; the vacancy sink concentra- 
tion a, 10*", (see Dienes and Vineyard,” and Dienes 
and Damask"'),” and the vacancy formation energy, 
1.0ev. The variable parameters were the quench 
temperature, 600, 800, 1000°C ; the impurity concentra- 
tion, 10-5, 10~*, 10-*; and the vacancy-impurity binding 
energy, B, 0.20, 0.25, 0.35 ev. 

The initial concentration of free vacancies was as- 
sumed to be the equilibrium concentration at the quench 
temperature and therefore calculated from the relation 


toe Er ‘T 


” G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
Interscience Publishers, Inc., New York, 1957), p. 143 


uG. J. Dienes and A. C 
1958); see p. 1716 

2 The quantity frequently measured experimentally is the mean 
number of jumps a vacancy makes before annihilation which, 
from a random walk approximation, is roughly the reciprocal of 
the atomic fraction of sinks. a, from reference 10, is given as 
a=2xN,/in(r:/ro)~No where No is the number of dislocation 
lines per cm*. Therefore the concentration of sinks is No» X number 
of lattice sites per cm of line, and the atomic fraction of sinks 
= N,X (number of lattice sites/cc)~! if it is assumed that 


Damask, J. Appl. Phys. 29, 1713 


sites/cm of line?’ = lattice sites/cc 


B=0.25 ev 
T, *600°C 
ive 

ly 10 


60 
TIME IN SECONDS 


40 80 


where Ey is the energy of formation. This assumes that 
the number of free vacancies is independent of the 
number of bound vacancies. This assumption is valid 
up to a concentration of about 10~* impurity atom; at 
this concentration the error is about 1% (because 13 J 
lattice sites are not accessible to the free vacancies). 
The initial concentration of complexes was calculated 
from Eq. (6) using the above values for 1. The K’s are 
written as follows: 


K,=42y exp( ~ Ey kT), 
K.=7v exp[ —(Eut+B)/kT ], 
K;=aw exp(— Ey/kT), 


where 42 and 7 are the appropriate combinatory 
numbers for association and disseciation of complexes, 
respectively, and the values assigned to the other 
constants are v= 10" and \?7=10~, 

A typical solution for the early stages of the annealing 
is shown in Fig. 1. The rapid build up of the complexes 
and the associated decay of the free vacancies are clearly 
observable. The transients obviously disappear very 
fast with respect to the decay of V. For comparison the 
annealing of vacancies in the absence of impurities is 
also shown. 
selected curves which have 
been plotted semilogarithmically. For these curves the 
binding energy is 0.2 ev. The lower four curves represent 
runs at the same quench temperature but different 
impurity concentrations. The upper curve has the same 
parameters except for a different quench temperature. 
It is seen to be parallel to the curve at equivalent im- 


Figure 2 shows some 


purity concentration but of lower quench temperature. 
All of these curves are straight which indicates that 
each has a single decay constant. It is also seen that 
the decay constant is the K, of Eqs. (11) and (12), and 
K, calculated by these equations is exactly the same 
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lig. 1 for the decrea e 
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as read from The important point de 


monstrated is that a good exponential plot of vacan y 
annealing data does not mean that the activation 
energy thereby determined i 
motion of the vacancy 

rhe approximation which applies in the above cases 
is that the number of complexes is small compared t« 
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viously stated, Eq. (11) will not obey an Arrhenius law 
It is of interest to calculate the temperature dependence 
of Eq 
may be expected experimentally. All variations will, of 


12) for some selected parameters to show what 


course, occur within the two limiting slopes of Ey and 
E-y+B. These two limits are shown in Fig. 5 by curves 
1 and 5. The limiting case of Ey-+ B cannot be attained 
with a binding energy lower than 0.35 for an impurity 
concentration as low as 10~*. Conversely, if the binding 
energy is 0.2 ev, 10~* impurity concentration will begin 
to cause deviation from the Ey limiting slope in the 
lower temperature region. This means that if the binding 
energies of the impurities in a metal are not known, 
the measurement of vacancy migration energy cannot 
be guaranteed to be correct even with an impurity 
of 10 Although not in this 
figure, a binding energy of 0.35 will correspond to a 


concentration shown 
slope larger than /y for an impurity concentration as 
low as 10-7. This may well be an extreme case, but the 
general picture given by this figure is that any measure 
ments on metals less pure than zone-refining processes 
permit will contain a probable error of a considerable 
fraction of the unknown binding energy. An example 
of the nonlinearity of this Arrhenius plot is evident in 
curves 3 and 4. The change in slope with temperature 
is visually evident in curve 3 and is calculated and 
labeled on curve 4. It is evident from this analysis that 
the influence of impurities is emphasized by low 

temperature annealing runs. 


DISCUSSION 

The requirements for the study of vacancy migration 
in impure metals can now be examined. In order to 
obtain the energy for vacancy migration, zone-refined 
metals must be used and caution must be exercised in 
the subsequent handling of the material to prevent the 
The guarantee of results 
can perhaps be established by performing the same 
experiment after a second zone refining to see if a 
has the vacancy 
energy has been measured, binding energy experiments 


introduction of impurities 


change occurred. Once migration 
can be done. This is achieved by making the same 
measurements on a zone-refined specimen to which a 
known amount of a single impurity has been added. It 
was shown in Fig. 5 that in order to attain the Ey+B 
slope with a low binding energy, impurity concentra- 
tions considerably greater than 10-* must be added 
This can lead to problems in the association of im 
purities and also to a breakdown of the present simple 
theory. However, in order to obtain the value of B, 
the slope Eyw+B need not be achieved. The binding 
energy can be calculated immediately from any ex- 
ponential decay curve by use of Eq. (12) once Fy is 
accurately known. 

For the purposes of computation the annealing data 
should be taken in the 


decay occurs. This 


range where an exponential 


achieved by either low-tempera 
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Plot of calculated A, vs 1/T for selected parameters. 
ture quenches or analysis of only the long-time portion 
of the decay curve where Eq. (11) is expected to be 
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APPENDIX I 


Che analog computer solutions have indicated that 
the transient is fast compared to the steady decay of 
the defects. Since the analog computer solutions were 
obtained only at one annealing temperature, we examine 
here the importance of the transient under more general 
conditions. 

1), (2), and (12), of the text the ratio of 
the transient rate, R,, to the steady decay rate, R,, may 
be written 


From Eqs. 


R, Kyl 
, (I-1) 
K (C+ 

This ratio, which should be large for a fast transient, is 

small when K, is maximum, i.e., K,=K,; (a minimum 


of binding). Thus, 


R, 


Kyl, 


R, K;3(C-4 
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and ¢ 7, and therefore 


Kilo 
K 
given in the text 
+x 10'*/ 
~ 40, 
R, 


which is again the low limit 


, the initial rate of approa¢ h 


lor a 10" and / 10 

for the R,/R, ratio Thu 
to equilibrium is much faster than the steady decay 
for physically reasonable choices of the parameters, 
and, the equilibrium of the reaction represented by 


Eq. (1) 1 


typical analog computer 


rapidly established, as already shown by 


olutions. 


APPENDIX II 


Experiments reported in the literature to date indi 


cate that annealing of quenched-in defects has the 


following characteristi 


1. The over-all defect concentration decreases mono- 
tonically, 1.e., dN/dt 1 
Z. i the second derivative, d2.V/df, is 


positive 


always negative. 
most case 
For quenches from high temperature, decay 
curves with an inflection point have also been observed 
The 


negative at /=0 


would imply a second derivative that is 


latter 


The annealing equations for the vacancy-impurity 


mechanism are examined for these characteristics in 
this Appendix 


G 


Equation 


shows immediately 
required by condition 1 a 


T he se ond deriv itive 1 


d*\ 


[I-2) 


At t=0, Jo, and 


at the ¢ 


equilibrium 


( ondition 


At ‘=0, therefore, 
ad? 
K;K; (1I-4) 
dt? 
Since 7,>T7,, exp(B <ex] , and, therefore, 
K}/K2<K,/K2. Thus, K,'/K,')>1 
therefore, @\ /df is al 
Thus, 
plain those decay curves whi 


The point 


and, 


the vacancy-im} mechanism cannot ex- 


show an inflection pom 


arises from the 
We plan to 


1 the presence of 


inflection very probably 


presence of quenched in 


examine the kinetics of a1 
divacancies by the techniques di sed in this paper. 
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Ferrimagnetic Resonance in Rare-Earth Doped Yttrium Iron Garnet. 
I. Field for Resonance 


J. F. Ditton, Jr., 
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Resonance experiments have been performed on YIG crystals doped with each of the rare earth ions 


except Lu, Gd, 
measurements of the field for resonance in the 


shows characteristic structure. For-Pr, Ho, and 1 


Hee. For Nd, Sm, Dy, and Er it is relatively broad in angle 
in angle, but there is a very sharp but small spike in Hr. Only in the case of 


b this structure is 


and Pm. Except for Ce these are thought to replace Y as trivalent ions. This paper presents 
110) plane at 1.5°K for each of these samples. In several 
cases there are also data up to about 25°K. Except for Ce, Eu, and Tm the curve Hre in 


110) at 1.5°K 
dominated by very narrow peaks in 
For Yb most of the structure is relatively broad 


I'b and Yb do sharp spikes 


appear at other than symmetry directions. In some cases the height of the peaks falls off rapidly with 


increasing temperature starting at the lowest temperatures, but in other cases it does not 


then fails off. 


HE first ferrimagnetic resonance results reported 

on single crystal yttrium iron garnet (YIG 
aroused interest largely because of the narrow lines 
observed.' These results also showed a peak in the line- 
width versus temperature plot somewhat below 50°K 
Since that time the measured linewidths have dropped 
substantially as specimen preparation techniques have 
improved and higher purity crystals have been pre- 
pared.?? Samples of YIG have become the preferred 
experimental material for studies of linewidth. However, 
even in the earliest work, some anomalies were observed 
at very low temperatures.'* The variation of field for 
with crystal direction, i.e., the surface 
H en(hkl), was highly convoluted in the case of one par- 
ticular batch of crystals, and apparently quite normally 
behaved in the case of some other batches. In order 


resonance 


to clarify experimentally these earlier data, a program 
of research was undertaken to study the effects of rare 
earth impurities in YIG. Interesting results also have 
been obtained with the addition of impurities other 
than members of the rare earth group. This paper will 
present an experimental survey of the field for resonance 
data for YIG crystals doped with each of the rare earth 
ions which we would expect to have an effect. Prelim- 
inary reports for several ions have already been given.°‘ 
A more detailed study for the cases of certain ions will 
be given in later papers. We will also present later the 
results of the linewidth versus temperature measure- 
ments made on these samples with the steady field along 
various crystal directions. 

Of the rare earth ions, we have attempted to intro- 
duce all except promethium, gadolinium, and lutetium. 
Promethium has no naturally occurring isotope, and the 
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110, 1311 (1958 
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‘J. F. Dillon, Jr., Phys. Rev. 111, 1476-1478 (1958 
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*j. F. Dillon, Jr., and J. W. Nielsen, J. Appl 
published ) 
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to be 


change at first, 


difficulties of preparing a macroscopic purified quantity 


of the 25 year Pm'* or the 1 year Pm' remove it 
from the realm of the practical. An indication of the 
effect of the Gd ion is found in the work of Gesch- 
wind and Walker,’ and is probably so slight that other 
rare earths present as impurities in ordinary high-purity 
gadolinium would surely override the effect of the 
gadolinium itself. Similar considerations are thought 
to apply to Lut 
and thus has no net magnetic moment. 


whose electron configuration is 4/'4 


SAMPLE PREPARATION AND MOUNTING 


The crystals used in these experiments were grown 
from the oxide-fluoride fluxes first described by Nielsen." 
The starting mixture was modified by the inclusion of 
the appropriate rare earth oxide. For the most part 
the crucibles were cooled through the growth range at 
5°/hour. From each batch the soundest crystals were 
chosen, and a slice sawn off near a sound face. This 
and these cubes 
were in turn ground into rough spheres on an improved 
version of the Bond sphere grinder.’ These rough spheres 
were then ground further and polished using the two 
pipe technique also described by Bond.'® In this case 
the grinding was done with a slurry of American Optical 


section was diced into 0.025 in. cubes, 


303 4 emery in water, and the polishing with Linde A, 
in water. The polishing procedure called for removing 
at least 0.0005 in. of material from the surface by 
polishing after the bottom of the grinding pits was 
reached. For the most part all of the spheres were 
brought down to a diameter of 0.016 in. 

The orientation of the samples was performed by 
x-ray goniometer techniques using instruments de- 
veloped in collaboration with Bond."' The spheres were 
affixed to the end of thin quartz fibers, perhaps 0.006 in. 
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in diameter, with Ambroid cement in such a way 


the glue only wetted the sphere on the side near the 
I 


fiber. Thus supported the sphere y oriented in the 
x-ray beam to within about 2’. It was then transferred 
to a single cr al pecimen rod so that the 
oriented axis wa paratiel to the ax of the rod. This 
transfer is effected by bringing the sphere to within 
about 0.0005 in. of the end of the rod and then covering 
the whole end of the rod and the sphere with a thin 
quartz cement.” The use of a sapphire rod is considered 
important in that its high thermal conductivity serves 


to counteract any tendency of the phere to assume a 
temperature different from that of the cavily. 


EXPERIMENTAL APPARATUS 


The experiments described in this paper consist of 


the determination of the field required for ferrimagneti« 
resonance as a function of crystal direction for single 
CTY tal sphe res ol doped VIG in the te mp rature range 
from 1.5 to 25°K. The low temperatures were achieved 
by insulating the cavity a embly in a metal Dewar 
located between the pole pieces of an electromagnet 
Io measure a moderately complicated H, .(0) curve re 
quires temperature tab Ly lor pe riods of pe rhaps on 
half hour. For the most part this is accompli hed by 
working with the cavity and sample immersed in thi 
cryogenti liquid or solid with the ippropriate pre ure 
maintained by pumping 
The T/ cavity is iris coupled to waveguide input 
and output arm It oriented so that the H plane Is 
horizontal. The impie 1s 1n the center of this cavity 
Barring distortion by the dielectric sample rods, /,, ha 
a fixed direction in the horizontal plane The coupling 
between the spin system of the sample and the magnetic 
field of the cavity may be varied by changing the angle 
between /74. and h It turns out that this freedom is 
very valuable because of the wide range of linewidths 
encountered even in the course of a single experiment 
It will be seen below that the angular dependence of 
He. IS often very teep It has therefore been found 
worthwhile to elaborate } sual imple method of 
rotating the crysta A scl lc representation of this 
is included in Fig. 1 hort s , | sapphire 
specimen rod de ibed above is att: to a long 
fused quartz rod whic brought through an “O” ring 
out of the top of var. There it is held in a collet 
type clamp a center of a worm gear driven by a 
worn n | alt on which the worm is 
mounted. It is als mi ted to the shaft of a counter 
displays the ar lia etting, and can be read to 
about 0.2 The transmit : yn is located conven 
iently, and it is fitted with a dial indicator which car 
be read or set to 0.1 total backlash in the system 


} 


2° and this can be effectively eliminated by 


is about 0.2 


alwavs rotating th pecimen rod in one sense. This 





Fic. 1 
pole pieces a 
the rf magr 


be varie 
onduct 


or solid 


lower er 


es a 


feature 
of the crysta 


rhe microwave 








FERRIMAGNETI( RESONANCI 
\ klystron is sawtoot! modulated across a mode whos« eve 
center Irequency ts that ol the cavity. A detector on the 
output arm of the cavity enables us to see the trans 
mission characteristic of the cavity displayed Merely 
examining this on the face of an oscilloscope as the 
teady field is varied enables us to find the center of 
the resonance. The microwave circuit contains approp 
riate padding attenuators, and arrangements for sam 
pling the mode pattern as well as for measuring the 
frequency. The output arm contains a properly padded 


rotating vane attenuator 


The stainless steel Dewar was fabricated to our speci 
hications by the Hofman Laboratories, Incorporated 
Phe only unusual feature is the very long small diameter 


section which continues a full eighteen inches below 
the center of the pole plreces. By varying the heat leak 
to the cavity from a long heavy rod of copper extending 
down through this region, and also the power dissipated 
in small winding attached to the cavity, we can obtain 

a at various intermediate temperatures. The whole 

war assembly is held in a precision mount and thus 
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iin starting mixtures as 
crystals by analysis 


Ratio 


measured 


intended 


0.18 
1.34 
0.53 


0.79 


‘ along three ‘ndicular axes. It is , 
n be moved along three perpendicular axe It i From this it may seem unlikely that praseodymium 


nt so t is t - freely at ‘ 
entered so that the magnet can be free y rota ed about mpurity will appear in a cry 
i tical 2.” ' S ASSOCI ith it ° 
i vertical axis. The Dewar has associated with it a pump, proportion in which it appear 


f 
; a and a Vincent of these laboratories | 
suitable valving arrangement. vel in our crysta by x-r 


a safety valve, several manometers, a mano 


Phe field measurements were made in every case by ‘Pape 1 give paeeniaie: ual 


counting the frequency of the Li VMR : asi +} 


Ms a ose aeterm 
| ‘ ‘ — ; ’ th - 
The temperatures quoted are derived either from ase of tertile. ceanles t 


published temperature verus pressure curves or from a not | 
no CCT 


ou 


carbon resistance thermometer in good thermal contact 


tal of YIG in the same 
in the melt. Miss Shirley 
is measured the impurity 


ay tluorescence analysis 


the intended impurity 
ined by her analysis In 


or lower levels of doping 


iven, since our microwave measurements 


irly showed that those particular analyses were not 


th tl sily itt , 
WIN the ver Cavity ignificant in the range of 0.1 atomi // and below The 


nm cases wh t} wnewidth s stil ' - - 
In cases where the linewidth was still very narrow, other results are given thougl 


would often observe a number of magnetosta criterion for judging them. The 


there is really no good 


most heartening feature 


Yi les is |\ | | nit } *CC} al i 1 ; 
on aS WEN « € untiorm prec ion In every Cast ibout the bulk of these analyse is that they do not 


it ," s OSS] | | ti? j | | 1 ; 
it was possible to identify unequivocally the 1,1,0 give results which differ great 
tions. The exceptions to this a 


the angle between the steady field and the rf field was = ,; 


mode by observing the strengths of the absorptions as 


ni inalyses are believed to 
a BES : . 
varied near Zero the amount of impurity prese 


elements a concentration coett 
IMPURITY CONCENTRATIONS growth process 

In these « xperiments we would like-to know ace 
impurity concentration in the doped crysta ; PUSECY Seve: 1. 
endered particularly difficult by the chemical 1 dilution €% 
of all of the rare earths and yttrium as well as bi 
evel of the doping In every Case we know 
ights of the oxides put into the crucible from whi n a program devoted to tl 


he crystals were grown, that is to say we know the the m; ic properties of ¥ 


intended percentage of the impurity. Since there might lesira ive as a referer 
be concentration coefficients of unknown size operating of pure YIG. In the 
in the kinetic system from which the crystals are grown, temperature data 
ot simply take this intended dilution as the Most of 
ial dilution. As an example it might be pointed out 
has not been possible to make praseodymium 
garnet at all, presumably for reasons of ionic siz inisotropy is probable that 
vith regard to th - 
orporated, 5 Evar Terr = 1 regard : magne 
to observing the true an 


ly from the intended dilu 


re La, Pr, and Nd where 

be good within 10°, of 
nt. Appar ntly for these 
icient does operate in the 
Ss impurity appear 

e melt. We conclude 


ntially that given by the 


PURE YIG 


e effect of impurities on 

IG crystals it would be 

the corresponding prop 

he linewidth versu 

possible to do 

in our present 

with the residual 

the case of the 

the impurity level is so 

tic ons that we are very 
isotropy of pure YIG. 
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30 40 50 60 70 
ANGLE IN (110) 


60 90 


| It, 2 | it ld ince in 
YIG measured t ‘ uenc\ 


) 
temperature 1.5°K 


110) plane of highest purit 
vas 20 240 Mc/sec, and the 


introduced Into 
field 
Crystals grown from ordinary 


Practically all of the rare earth ion 


\ IG in low concentration produced ( harac teristi 


lor resonance surface : 


yttrium oxide invariably showed some structure in the 
hkl that 


rare impurities. 


low temperature H could be at 
idual 
crystals grown using specially purified yttrium oxide 


that 


Surface 


tributed to re earth However 
and 


110 


show n in 


such as LeCraw, 


Clogston 


mentioned by Spencer, 


showed no such structure at 1.5°K. The 
field surface is 


Fig. 2 for 1.5°K. If the fields for the principal directions 


section of the lor resonance 


and first and second 
1.998. 


are used to determine a g value 
order 


K,/M 


obtains g 
17.8 o¢ 


anil olropy con one 


126.4 oe, an Vl 


Howe ver 


Y1IG (0.10 at. perce 


peratures 


110 


veral ten 


\ND : - NIELS 


an analysis of these partic howed 
that about 0.16 atomic percent « } ( ions were re 
placed by silicon ions. From ex] crystals 
were Intentiona ly doped vit | n we know that it 
effect 
urlace T} 
sence of Fe 


anisotropy associate d 


has a considerable temperature field 
lor resonance 
forces the pre 
t that due 
YIG, its 
that 
other 


exper 
to the silicon present 1 u ESI imple ol 
differ ntiy irom 


Tr} may also be 


low-temperature anisotropy 
YIG 
low-level_impurities affect 
However at this 
to take this sample 


of “absolutely pure 


neasured properties 


lage | 


CERIUM 
Ground State for Ce 


The initial to observe 
ion in YIG wa 

which 0.18 at.% yttrium wa 
The plot of Heres | 110 Wi 
shows no clear effect. It 

near the [110] axis 

the [111 
characteristk ar 
Tb Thus it seen 


crystals is not such a 


Irom a 

ced by cerium. 
given since it 
Little 


structure 


direct oO! 


low-temperature hel 
1 valence of four 
under strongly oxid ; 
Cet ions would | iva e to enter the growing 
crystal. Presumably imultaneous 
incorporation ol a 

charge neutrality 
produced no effect 


effect, or that « 


no major 
mniy ¢ 


moment Is 


in the crystal. The analy ndica hat Ce is not 


re jected by the growing « ry 


T his té nds to corroborate 


ric. 4 
temperatures 
20 280 Mc /se 
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PRASEODYMIUM 
Ground State of Pr***: 4f° *H, 


In this case 0.1°% of the yttrium atoms in the melt 
were replaced by praseodymium. Analysis indicates that 
somewhat less appears in the crystals. Though praseo- 
dymium iron garnet has not been made, there is no 
trouble in substituting a small fraction of the element 
into YIG as an impurity. This also applies to the cass 
of neodymium. Figure 3 shows Hyres in (110) at three 
low temperatures where the anomaly is clearly evident. 
The anomaly consists of a single spike along [100 ]. In 
all of these experiments it has only been practical to 
look at Hyes in principal crystallographic planes. In this 
case we have only looked in (110). It is entirely possible 
that there is other structure to be seen on examination 
of the other planes. It will be seen that the height of the 
anomalous peak is stil! rising steeply at the lowest 
temperature at which we took measurements. 


NEODYMIUM 
Ground State of Nd***: 4f° ‘I, 


Neodymium was introduced into the starting mixture 
for these crystals ata level of 0.19 at.%. About 0.15 at. % 
appears in the crystals. While the plot of Hrs in (110) 
at the lowest accessible temperatures is similar in form 
to that shown for pure YIG, (see Fig. 4) note that the 
total excursions of the field for resonance are approxi- 
mately twice as large. In the pure YIG we know that the 
peak in (110) at [110] is actually a saddle, and if 


viewed in the (110) plane it would appear as a minimum 
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at 1.5°K. Frequency was 23 220 Mc/sec 


RESONANCE 


] for YIG (0.19 at. percent Sm) as measured 
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From the data presented here it is not clear whether 
there is a saddle or a true maximum in the field for 
resonance surface when the applied steady field lies 
along [110]. Note that Hy. in (110) is essentially iden- 
tical at 1.5 and 4.2°K. The introduction of perhaps 
‘7 Nd*** has changed the total excursion of Hye. from 
about 400 oe for pure YIG to roughly 1200 oe. Further 
data on the temperature dependence of the Hye, surface 
and on the profile of that surface in other crystallo- 


graphic planes seem de sirable. 


SAMARIUM 
Ground State for Sm***: 4f° *H, 

Again in the case of samarium we attempted to grow 
crystals with a doping of 0.19 at.%. The 1.5°K Hees in 
(110) is given in Fig. 5. The curve now has a shoulder 
about 18° from [100]. Its total is about 
1600 oe. Measurements on the temperature dependence 


excursion 


of the peaks and the shoulder should show whether they 


still change rapidly with temperature as the anomalous 
spikes in the Pr*** and Ho*** or whether the shape 
of the curve is not changing with temperature in the 
lowest range as was the case in pure YIG and in the 
Nd doped materia! 


EUROPIUM 
Ground State for Eu***: 4f* ’F, 


\ sample prepared from a crystal batch whose starting 
materials were doped with 1.13 at.Y% Eu gave the Hres 


in (110) at 1.5°K shown in Fig. 6. This shows some 
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ANGLE IN (110) 
110) ] for YIG (1.13 at. percent Eu) at 1.5°K 
was 23 228. The structure apparently corresponds 
of about five terbium ions per million yttrium 


° ® 
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con ider 


ion. How 


earti yT 


ot ¢ urop 


more compile 


well detined peak 


0.019 at. per DYSPROSIUM 
MY 470 Mi : : 
Ground State of Dy : 4 


enin the case ot 


remarked that this is at were grown 0.19 


to residual Tb impurities placed by 
e yttrium oxide from which lor resonance 


how ] 


comparing the heigl t of the are 
vith those in samples inten In the cases « 
the terbium doped VIG tne 


dope 1 terbium, we estimate 


bout 0.005 at.©7. Thus t 4 ture in the H 
for resonan Increasing ter 


mn. This is i d with what we should ey tures available 


ing tha } the ground state of sharp In angie, 


ever in ¢ t Ling propertie ol I ‘ - fall off on warmir 
lays approxin 
lum a toa nt samarium are Phat at [111 


by the proximity | 110} begin 


in crystals with their ground states, 


compafris nm 


ibout 4) 


Importal 3 
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temperature seach Eu 
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>the magnetization 


TERBIUM 
Ground State of Tb 7 4f° 'F, 


minary resu oO b doped YIG were reported 
ta have led Walker to 


Lropy ol VIG doped wit! 


owewl 


reported 
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value is measured in the various directions 1.961+ 0.003. 
Whether the spread represents a slight shift in fre- 

lencies or a real variation of g with direction is not 
yet clear. Similar determinations in several other cases 


re pi inned 


THULIUM 
Ground State of Tm : 4f"* *H, 


Phe intended doping of our initial sample in this case 

0.19 at.%. The H,.. in (110 plot for 1.5°K showed 

no structure other than that attributable to impurity 

terbium. A second sample with ten times as much 

thulium tn it also showed no anomalous structure. How- 

YIG (0.19 at. percent Ho) at sever: ever in this case the first order anisotropy field K,M, 
g ire wap non te — ecg ry it 1.S°K was 162 oe. Comparing this with the 126.4 
appear to be at the same field. T} for pure YIG, it clear that the thulium has made 


t yure (; ‘ ¢ : 
YI ome contribution o the ordin iry anisotropy. In terms 


of the discussion below it appears that in the trivalent 


ponding H,,s plots for YIG doped with each of the rare 
earths leads us to conclude that the most important 





impurity in the original crystals was dysprosium in a 
concentration of pe rhaps 0.3 or 0.4 at. De We also know 
from earlier work the hape of the field for resonance in 
100 and 111). The peak at [110 } is a true maximum 
not merely a saddle point as in pure YIG, and it is 


considerable sl arper when viewed in (100 )than in (110 


HOLMIUM 
Ground State of Ho***: 4f'° °/, 


ntended dilution of the Ho crysla 

The H,.. plots at several temperature 
shown in Fig. 9. The data of Fig. 2, 
110 for the purest YIG we have | 


sure 1S plotted as the dotted line at 











propriate temperature, 1.5°K. Here again it is 


he ne ight of the anomatlics falls off Starting from the 


est temperatures Here the peaks in the 110 plane 











occur only in symmetry directions. 
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Ground State for Er***: 4f'' ‘J 


ution of these crystals was 0.19 at.% 


tended di 


intended dil 
5°K H,,. surface is shown in Fig. 10. Thoug! 
iO very sharp anomalies the doping na 
strongly af the anisotropy surfa 
mum higher than tl 

minimum at | is markedly wi 


slight struc 


L supposedly re 
terbium impurity se of YIG(Er 











xample of direct data on the g value. Figure 10 
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Wo cuite 
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frequences a 
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the two are pio 
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miu ground A 
the next to vest ’ There ts little 


the behavior of i 
YTTERBIUM the multiplicitic 
. . on At this stag 
Ground State of Yb*** : 4f'* °F, 
P servation on 
Samples were made u vith intended diluti of arising from ¢ 
0.19 and 2.10 at.%. Eve n the lower of these ty sectiol of these urt 
dilutions there wa clear effect. In Fig. 11 the H,.. in Pr, Tb, and Ho. Other 
110) curve n for the 2.10 at.% Yb sample. The it is better to sav the 
tal excu n of t field is over 3000 oe. There is a broad in angle. These 
ind another not quite Our observation is this 
aps this curve 1 | elements whose tri 
the small height of the pike +f electrons, and 
rp, but in the 0.19 at.% sample integral. The broad 
bun p in the curve. The cas« sociated with elemer 


ilar interest in view of the para- odd number of 
¢ resonance experiments on Yb*** in yttrium whose J’s are | 
garnet recently reported by Boakes, Garton, are elements for m 
ind Wolf ind by Carson and White." Ce, Eu, Tm, and Yb 
sharp peak. Of course, 
CONCLUSION seen on ¢ xploration ot 


ive pre sented experimenta data The quan . 
tiie fie] 1 conan 
e in the 110) plane of YIG field for resonance 
the energy surface 


ire earth element which might 


effect. 1.5°K data is given zation. Only in the 
her tempe rature information the anisotropy energy) 
the addition of the rare resonance surface. For 


vy no effect. In several cases here it is simply not pra 


there iT I 4 AK in the field for resonance as on doped crvstals wot 
th v ay ld ic rried ol : : 
the angle t id lis varied around the (110 integrated, to give 
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lane. Other doping ( vith structure in } 
sens : : Pearson of the Mu 
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*]. W. Carso hit pp ! » bee Rev. 117. 681-687 (1960 
iblished 16. R. Walker (to be | 





FERRIMAGNETIC RESONAN( 


whom we are cooperating Is now medsuring torque 


curves on these same samples. 


Discontinuities in the surlace 


Slope ol the ene rgy 
with angle produce very high anomalies in the field for 
resonance which may be very much higher than the 


How 


aniso 


total excursions of the anisotropy energy surlace 
there will be very large 


earth ions in the 


ever, we do expect that 
\ 


rare garnet 


And if one attempts to extrapolate to the aniso 


troples assot lated wit 
ittice 


t 


tropy surface of the rare earth garnets themselves, it 
seems certain that the total excursions will be very larg: 
It is probably impossible to saturate many of the rare 
earth garnets in other than easy directions with the 
fields available in the laboratory. Williams and Sher 
wood'* have measured the magnetization versus temp 
erature for terbium iron garnet for a number of crysta 
directions. Along [111], which our data shows to be 
an easy direction, the curve is apparently well behaved 
However, their plots of M(T) show that they were 
unable to saturate the crystals in the available tield 

the other pring ipal directions until the te mperature had 
been raised consid rably. An important consequence ol 
this is to make suspect any measurements of the mag 
netization of the rare earth garnets in the low-tempera 
ture region which have been made on polycrystalline 
samples. Also measurements on g and line width made 


in resonance experiments al low temp ratures are 


que stionable ; 


Ferrimagnetic resonance linewidths in the rare earth 


iron garnets are for the most part so large that resonance 


experiments are difficult. Measurements of g value and 


musned 


+H. J. Williams and R. C. Sherwood (unpu 
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RON ts 


anistropy at low temperatures are simply not pra 


ticable. However, by studying the properties of YIG 


oped with rare earth ions one could obtain most of 


the desired information. In lightly doped samples such 
is ours, the probabliity of rare earth ions in neighboring 
Thus the rare earth ions 
fields only from the iron 


he rare earth Iron garnets, there ts 


ahedral site l sma 


d der 
are subjected lo ¢ xch ing< 
iblattice s. But in 
t coupling between the rare earth ions. Though this is a 
ler than the iron-rare earth coupling, it 


important. Details such as the positions 


good deal sma 
is neverthele 
of anomalies in the energy surface would almost cer 
tainly be different because the net exchange field acting 
Also, of course, 


would manifest 


on the rare earth ion would be different 
the slightly different lattice 
itself in a different crystal field 

It is our intention to publish shortly a more complete 
of terbium impurities 


constant 


experimental study of the effects 
in YIG. This will include the variations of field for 
resonance with concentration; temperature, frequency, 
and lattice constant; and will include data taken with 
the steady field in each of the principal planes. Measure- 
ments of linewidth versu 
in YIG doped with each of the rare 


temperature for various sig 
nificant direction 
i later pub ication. 


earths will be given in } 
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Effects of Illumination Upon Sodium Chloride Thermoluminescence 


INTRODUCTION 
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b) 800 my iliumination 
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OF ILLUMINATION N rMOLUMINESCEN( 


used quartz light pipe extending vertically to a 


I lheminetion 
ilica windowed photomultiplier. The phototube fe) (200 mys Muminet 


| (b) 550 ium ination 
mal passed an impedance matching amplifier to the ia 


| F . : (c) 450 mys illumination 
vertical axis of an N-Y recorder. The horizontal axis 
of the recorder was driven by a thermocouple attached 
to the copper heater blo k 


X-ray irradiations of 15-min duration were made 


Thermoluminescence (arb units) 


with a Picker army field unit operated at 30 kv and te) 


$ ma The sample was maintained either at dry ice » _Abh, — 





. ‘ yl. y 
temperature or at room temp rature during irradiation : Ped 100 
iccording to the experiment in progress Temperature (deg C) 


The sample was illuminated by monochromatic lig] noluminescence o ay irradiated sodium chloride 
from a Beckman monochromater with a carbon ar It nneahng at i amir , elected wavelengths 
ource. The monochromater slits were adjusted for ap in alec ates aan 
proximately equal illumination through the wav tas 
length range 400 1200 my, as judged by the current RESULTS 
drawn from a silicon solar cell at the sample position ires 1 and 2 present the results of the bleaching 

response was corrected for wavelength according : iments. Glow curves of the sodium-chloride sample 


e manufacturers’ specifications after illumination at wavelengths are shown 


g. 1. Curve t), for 1200 my illumination, is 


ame as that observed following x-ray irradiation 
“20°C Pook = / it d temperature with no illumination. All of the 


D—a= af 
ai pre ent int gio curve are decreased in 


/ 45°C Peok ntensi by illumination with 
apes ! he second figure contain 


(arb. units) 


obtained from Fig. 1 and 


obtained following illumina 


Area 


S} 


In contrast gel behavior in Fig. 1, the 


’ 


glow peak alt in ‘ in curves (b and (c). 


: 
a 
nS 
= 
9° 


Growth of this glow peak represent the excitation 


i t 
effect of illumination. Were the sample x ray irradiated 


at liquid nitrogen 


emperature, the 75°C glow peak 


would be observed in it thermoiuminescence Instead, 





the sample was irradiated at dry ice temperature where 
(dictienthsia iin adithiasetiniciais coasts 


600 800 1000 1200 the peak is thermally unstable and is not observed. 
Wavelength (mys) I}lumination at liquid nitrogen temperature atter x-ray 


7] , ‘ irradiation on dry e reinstate the giow peak in the 


iloride glow peaks 


in the wavelength r re imple * thermoluminescence Glow pet iks at lower 


400-1200 1 temperatt than that of x-ray irradiation may be 
| it higher temperature . 
The bleaching effect was studied in the following 


sequence of procedure 1) The sample was irradiated ” id ontait ults of the excitation 


ts. TI imple was annea at 100°C in 
nitrogen temperature in the t experime! ( nor , the highest tem 


l l i i pl 


it dry ice temperature. (2) It was transferred eperimer 

ya plate liquid 

of the emergent beam of the monochromater ire glow peak observ a) of Fig. 3 is the 
} 


wavelength of illumination was selected and ame as that observed after : ling. with no illumi 


sample illuminated for 5 min. (4) The sample ition » glow peak lov are present. Curves 
vas transferred quik klv to the liquid nitrogen cooled } uN observed ter j ition, show the ex 
heater block of the thermoluminescence apparatus and tation low peak is temperature, and 


glow curve obtained. The sequence was rep leaching he main ak abov is temperature 


imber of different wavelengths 


tation effect was studied in the same way, ‘Ir ot ibset structure in a {| the total whe 

] f } { } ! t I the aK he 

wiley the ut of ' ; oe p 

only the fir p of 1 juen : i : vary much in tetemndty fe 
he sample was irradiated by x rays at room tem the bleschine experiment naiderable variation in the relative 

ture. (1b) It was annealed at 100°C for n intensities 0 7s mponents was observed 


ow peak doublets 


in the 


Steps 2, 3, and 4 of the bleaching experimen blet reported | 


then repeated at a number of illumination wave 





STODDARD 


(a) -75°C Peak,annecied 


(o') -75°C Peok,not annealed 
(b) 45°C Peak, annecied 
(c) 90°C Peck ,ennecied 
(d)-20°C Peak ,anneaied 
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3 





Area 


Glow Peok 


Ot 


—S 


6001000 1200 
(mys) 


—" ‘ 
400 600 
Wovelength 
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curve 
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temperature 


chloride glow peaks 


illumination in the 


following 
wavelength 
The dashed 

of the 75°C glow peak in a sample 
radiated by x rays at dry ice 


nitrogen temperature 
represents excitat 


inneale 


Vas if 


Bleaching of the 280°C peak in these experiments is 


) 


shown in Fig 
nown in IZ. 2 


imilar to that 

The areas 3 andin 
additional wavelengths of illumi 
nation are shown in Fig. 4. The 75°C peak was excited 


in both the excitation and bleaching experiments. Its 


of the excited glow peaks in Fig 
similar glow curves at 


growth in the bleaching series is shown as curve (a’) in 
Fig. 4 for comparison with its growth in the excitation 


series, curve (a 


DISCUSSION 


may be 
models in which the defect 


Current model f thermoluminescence 
divided into two categort 
tates involved are a ngle electron excess center and 
several electron det enters, and models involving 
everal electron exct en 
In the 


served number of 


ters 
single electron excess center models the ob 
glow peaks are ascribed to an equal 


number of elect: deticient model of 


Bonfiglioli e/ al. assigns different cross sections to the 


centers. The 


electron deficient centers for capture of electrons ther- 
mally released from the 


conduction band Phe 


electron excess center to the 
lowest temperature glow peak 
observed arises from capture of electrons by the center 


largest cro ection. Centers with increasingly 


‘ = 4 } 
cTOSS St lon \ Is oO a succession of giow 


Lh increasing temperature 


Halperin® mentioned a model due to Katz involving 


the same center However ectrons are assumed 


band 


electron excess 


thermally excited 


from tl to electron 


deficient centers, rat! 


v. 108, 932 


1957 


center to the cond 
panies capture 
the electron exces 


Randall Wilki assun w peaks to arise 


from the thermal relea of tray 1 ¢ 


and 


ectrons dis 


tributed in a number of 


hn excess centers 
Increasing temperature ‘ rons 
that 
et the types of cent 


peaks 


electrons 


first from 


type ot center Wit! Ow | i vation 


energy, 
Ol giow 


number 


Emission of ipture of 


these 
Irom the unspecified 
electron deficient cent 

Che effect of iminatio! pon ther! iminescence 
divides into two 
glow peaks 


electron excess center 


excitation ol 

Agreement I me nvoiving a singie 

yr ol 

model with several 

excitation effect wi 

the two effects are 

of the difficulty of 

this set of « xperiment 
Illumination 

of F centers ir 

bleaching curves 

of all of the 


Phis result 1 


Ziow | 
exper 
models In WI 
electron are 
capture from 
by electror 
present as I 
holes in 

The exci » ett 
Randall and Wilki 
glow peak remaining 
the F 


with other elec 


center. Lower tem} 
tron ¢ 
trons were removed 
annealed Sample 

releases 


band 


centers 


ectrol 
some are 
When the 
of the electron « 
to the glow curve 
Excitation of 
length light in 
nealed sample 
follows from the 
to be associated 
e.g., R, M, and 
long wavele! pv 
would contril 


6 Excitatior 
annealed samp 
model, the center 
formed with 


band electre 


ms 





OF ILLUMINATION 


with the —75°C peak upon illumination of the un- 
annealed sample. 

Difficulty is encountered in fitting both the bleach 
ing and excitation effects to either one of the categories 
of models. In the single electron excess center models, 
the number of glow peaks equals the number of electron 
deficient centers. Only one glow peak remains after 
annealing. Correspondingly, annealing leaves but one 
electron deficient center and a residual concentration 
of F centers. Illumination in the F band can only reduce 
the concentration of the remaining electron deficient 
center and further reduce the 


Che models do not allow for the reappearance of glow 


F-center concentration 


peaks, in disagreement with the excitation effect. 
Wilkins’ derives the 


number of glow peaks from a series of electron excess 


Randall and model observed 


centers. If these are centers recognized in optical ab- 


sorption studies, differentiated by their wavelengths 
of maximum absorption, the various glow peaks would 
not be expected to have the similar bleaching curves 
2. Each glow peak would be bleached 


most at the wavelength of maximum absorption of its 


shown in Fig. 


associated center. Other glow peaks would be enhanced 
at this wavelength by the retrapping of some of the 
electrons released from the absorbing center. Inte rpret 
ing the bleaching effect in terms of this model requires 
that assumed to have different 
thermal activation energies have similar optical ab 


the centers which are 


sorption curves. 

Each of the models was proposed on the basis of 
rather convincing experimental evidence. Each is to 
some extent supported by the data presented here. 
Each is also, however, in conflict with one or the other 
of the two complementary effects of bleaching and ex 
citation. Several reasons may be suggested for thinking 
the correct model to be some modification of the 
Randall and Wilkins type. Recent work by Halperin 


ON 


NaCl THERMOLUMINESCENCE 117 
et al.* greatly weakens the arguments for a single elec- 
tron excess center model of the type proposed by Hill 
and Schwed? and Bonfiglioli ef a/.* Halperin finds differ 
ent thermal activation energies for the glow peaks, as 
observed also in this laboratory by initial rise methods 
He also reports a common emission band in most of the 
glow peaks. As pointed out by Halpe rin, both of these 
findings contradict those reported by Hill and Schwed 
and by Bonfiglioli ef al. as the basis for their model. 
Nor do the wavelength of the emission band, and the 
existence also of other bands reported by Halperin fit 
well with the single electron excess center model pro 
posed by Katz 

[wo possibilities arise to account for the bleaching 
results in the framework of the Randall and Wilkins 
As shown by Compton and Klick,® the R, M, 
and color centers are not isolated from one another, 
but interact under illumination. It may be that the 
centers involved in 


mode 


sodium 
chloride are coupled to the F center under illumination 


thermoluminescence of 


in such a way that the concentration of each is reduced 
by illumination in the F band. A second possibility is 
suggested by the F-band growth study of Mitchell, 
Wiegand, and Smoluchowski.® Growth of the F band 
under x-ray irradiation at room temperature is shown 
to arise from two centers of perhaps the same atomi 
description, but different physical properties due to 
different locations in the crystal. If these centers differ 
in thermal activation energy, the requirements for a 
Randall and Wilkins type model to account for the 
experiments reported here are satisfied for two of the 
sodium chloride glow peaks 


J. J. Hill and P. Schwed, J. Chem. Phys. 23, 652 (1955 


‘W.D Compton and C, ¢ 
*P. V. Mitchell, D 
117, 442 (1960 


Klick, Phys. Rev. 112. 1620 (1958 
\. Wiegand, ard R. Smoluchowski, Phys. 





NUMB 


Variational Treatment of Warm Electrons in Nonpolar Crystals* 


I. Apawit 


1 meric 
Rect 


1 Lat 


tal 
ttering by 


influence 


naximun 


the 
ot po 


iver 


1. INTRODUCTION 


N an earier paper 

application ot the 
of nonlinear conduct 
In this 


culation 


paper w 
ol 
conductivi 


Thi 


ha 


problem 
beer 
eveta 


al port ( 


boundary 

differential 
for near! 
| 


ature 
for hig enough 
hig! temperature 
the 
the correct bound 
Morg in 
phonot 
solution ot 

(ur tre 


Morgai 


tional 


ot 


* The res 
Ameri 1 


See | 


1960 
1960 

+t Present 
I. Adawi 
-T. N. Morg 


differential equat 


the 


triational method to the problem 


after referred to a I, 


mou olids has been discussed. 


concerned with an actual cal- 


d order term in the electrical 


wlar crystal such as germanium. 


d warm electrons problem, 
theoretically by 


approximated the 


\ and 


equation for whicl 


ie of 


different 


, ] ‘ 


1] 
actually violate 
it infinity Phe 


justified at 


pa age LO 
high temper 
at all temperatures 
determining the 
trend, 


whe n 


in 
isymptoti 
but 


uable, only 


r\ tio? 
I Olli 


Ing Orpor ite d 
of 


numeri 


Importance optica 


ba ed on a 


ifferent from 


based on the va 


this to 


paper is 
variational method 
be come 


field 


Wil 


ne Zero 


lytic illv, then the higher 
ity can likewise be given 


Phe 


picture 


st ond 
ol 


i series 
overall 


tudying the temperature 


te + +} eetit 


e, 1959 and Det 


129 (1959). 5, 193 


1dg 


ved May 


ralorte 


16, 1960 


treate 

both acoustica 
of optical pho 
lor a tempera 
ility is high 


nvergence 


dependence ol tnese leviatllor nel ensitivily 
to ionized impurity hown that 


the 


scattering is maximum 


relative Importance of opt { cou | phonon 
orresponding 
approximately to the opt 11 Dhor n y ne high 
and low-temperature lin 


Wi 


tron collisior d se hye 


acoustical phonons tion 


ol 
argument 


Frohlich’s? 


deration of the 


electron-ele 
loliows trom 
thermalization prob en 

In Appendix A the correct solution of the 
equation dis issed by iT nita given. | 
B the « 


established in 


differential 
Ay 


thod is 


ypendix 


onverge! ul riationa me 


2. TRANSPORT EQUATION 


The model we na d lorm< Vy { yvered in 
sb of I 
and notation of I 


Phe 


For brevity we ise the formulation 
Addit ol troduced 


centfra 


SEC 


as needed 
of I 


calculate 


lor 

+} 

define the 

operator \ 
Con 


nonpolar « 


1der 

Try 
optical brancl 
} 
and 


effect 


the a 


of a weak 
electron 
that attering 
honon be 
89 Ty 


for 


single p 
of Seitz 
T ind T 


ré¢ spectively, 


7H. Frot 
B69, 21 (1956 
4242 

e} 


* see als 


355 


Set 


nortal 





ATIONAL 


W2C?(mAT )!/ pen’, 


OP? K"?/8C wu? 


juations x and x» are the electron energy 
and the optical phonon energy hw . 


f the 


respectively, scaled 
AT. C and D ar 
ng constants defined by Seitz,’ p is the mass of 

tal per unit 


reci prot al lattice 


thermal ene rey 


volume, c is the speed of sound, 
wave vector, m is the equi 
optical phonons, 
and the square root refers always to the 


briura distribution of 


1 eX —] 
positive re al part. 


namely 


The acoustical collision 


of I, by 


phonon operator 


defined, according to Eq. (7 


re 2mc?/ KT, n the equilibrium number of 
il phonons, namely, 1 ce 1 hw / KT. 


refers to absorbing phonon 


icousti where z 


integral in (5 
The upper limit is 2(4x,)'+x,, and the 


2(xxq)' for x<x,/4 ar 
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Che first 
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d zero otherwise Equation 
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b. Orthonormal Polynomials 
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y~lInx. This suggests that an improved asymptoti« 
solution is obtained by expanding ¥(x+%o) in a Taylor 
series. This solution is discussed at length in Appendix 
A in connection with Yamashita’s work. 

(ii) For very low temperatures such that b(x»9/x,)n<1, 
the optical phonon terms in (10) can be neglected and 
the answer" is 

y=Ina —W (4), 
—().61. 
(iii) For Jow temperatures such that bnap<1, optical 
phonons contribute very little to the mobility and the 
function h(x) be and 8}, for 
acoustical phonons aione). But, optical phonon terms 
on the right of (10) must be retained. 

(iv 


can ignored rr! (as 


h~ 2b, 
and the mobility wo is reduced from its acoustical 
phonon value by the factor (1+2b). From (17 
(15 


For high temperatures xo<1, nxo~1, 
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b,=rr!/(1+20b), 
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(34) 


Indeed, the optical phonon collision operator can be 
reduced (in analogy with the form (6) for acoustical 


phonons to 
i @ doo 
— Wbx°* (« "% ) 
\/x dx dx 


and Eq. (10) reduces to 
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The solution of (36) is 
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1+26 


From (37), (13), and (32) we obtain that 


B(xo=0 —().61/(1+ 25). (38 


The high-temperature limit of (38) is the same as the 
low-temperature limit of (32) except for the factor 
1+ 26. In the former case the optical phonon operator 
i 36) or (10) approaches zero slowly as 1/T (since 
(hig)? /2mc?K 1 in the latter it 


In 


to°/Xa and case 
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vanishes exponentially and rapidly like 


exp hino/ KT) | 

For some moderate temperature, therefore, the optical 
phonon operator should have a maximum influence on 
the solution and /|8 a minimum value 


when the thermal energy is of the order of the optical 


should assum¢e 


phonon energy. 


4. CALCULATIONS 
In this 


electrons in germanium 


section we 


calculations of @ for 


prese nt 


a. Parameters 


rhe parameter 6 relating the strength of scattering 
by optical to acoustical phonons is determined by 
fitting the temperature dependence of the mobility po 
to the experimental! law 1 *® Deviations from T 
law are thus ascribed to optical phonons alone, although 
it is conceivable that a small change in the effective 
mass m with temperature might contribute.” There is 
arbitrariness in 
from Figs. 1 and 2 
find b~0.19 if log(puo/u. 
slop —0.16 for 80°<7T: 
c=5.4K10° cm Mo at 
300°K are used optical phonon energy is assumed 
to correspond” to 400 K. A scalar effective mass for 
germanium is clearly not defined. We shall take for m 
either the density of states effective mass” 
(0.22 


1.6 


be seen 
and the graph of Herring.” We 
versus log7 has the average 
300°K. The accepted values 
3800 


some determining 6 as can 


sec, and 


The 


cm?/volt sec 


which is 
or the conductivity effective mass which is 
0.12 mo, where m 


” 
is the electron rest mass. This leads 


to the two values of 475 and 870 for hwo/2mc?. With 

















1. Influence of optical phonon scattering on the temperature 
dependence of the reduced zero field mobility wo/., for various 
values of the optical phonon scattering parameter } 


J. Morin, Phys. Rev. 93, 62 (1954 
2) Intervalley scattering is ruled out by the symmetry argument 
f C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956 

= (Herring, Bell System Tech. J. 34, 237 (1955 

% 1. Pelah ef al., Phys. Rev. 108, 1091 (1957 
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ic. 2 
mobility from the 7~! law, for various values of 6. The ordinate 
scale shows the deviation A where u T 4”). A is obtained by 
differentiating the curves of Fig. 1 


of the zero field 


Femperat ire dependence of deviations 





these values, the field parameter y can be written as 


y= 1.9273 « 10°F". 39 
when £ is expressed in volt/cm 
b. Temperature Dependence of 3 
In these calculations the method of orthonormal 


polynomials was used as it proved to be more accurate, 
from a practical and not a fundamental point of view, 
than the method of (16). [ This is particu- 


larly true if the system of linear equations (15) is 


pows r seri 


illeonditioned The convergence of 8 [and of course 
that of (WAy¥)} is monotonic. The last 


percent. In all no 


terms retained 


contributed no more than a few 


more than 10 terms were used. The variation of the 


i? term in the mobility with temperature is shown in 
and } 


rhe first term in the series of Eq. (30 


Figs 3 
his A T 1 


(which corresponds to a Maxwellian distribution) is 


where 8 is plotted against 


It is seen that |8 
KT~0O8 


s about 4.3. No simple power law can describe 


also shown for comparison assumes 


a minimum for fw For the Maxwellian this 


value 
with 
temperature range. For 7: 
Below i) K 


altogether and we 


the variation of 8 wide 
8O°K, woe and kk can be 


optical phonons can be ignored 


temperature over a 


ignored 
essentially have acoustical phonons 


alone, 
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c. Ionized Impurities 


It is customary to use for the potential of an ionized 


| 


impurity center the screened Coulomb field, 


Vir ¢ g*e~"!*/ Dr 1) 


where } > q; the potential energy, charge, 
ng radius, re- 
sive and attrac- 
ind Weisskopf 


creening factor in (40) and introduce 


dielectric constant, distance and screen 
The + and 
tive potentials, respectively. ( 
CW 


the cutoff by ignoring scattering for 


spec tive ly 


omit the 
impact parameters 
greater than 4.V;* where .V; is the number of ions per 
unit volume, while Brooks and Herring take a to be the 
Debye length 
with a natural cutoff is still oper 


The question of a rigorous potential 


For purposes of estimates a is of order Vr. The 
validity of cla sical mect i] i] d the Born approxi- 


calculation of a cross section and a re- 


mation for the 


laxation time from (40 excellently discussed by 


sohr.27 To summarize Bohr’s results, the collision diam- 
eter 6.=2¢?/ Dmt* and the de Broglie wavelength/2z 
X\=h/ mv are introduced where the velocity of the 
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Fic. 3. Temperature den neon | Penc? an 475 
8 as given by a Maxwellian solut shown for comparison 
rhe straight line portions tted for t Maxwellian) are the 
high and ilow-ter perat ire ts 
*% Both methods are discusse P. P. Debve and E. M 
Conwell, Phys. Rev. 93, 693 (1954) a N. Sclar, Phys. Rev. 104 
1548 (1956). See S. Chapman a r. G. ¢ g, The Mathematical 
Theory of Nonuniform Gase Ca ge University Press, New 
York, 1953), 2nd ed., Sec. 10-33 
6 The questior |! a natura i ~ scussed for a similar 
problem by O. Theimer and R. Gent Phys. Rev. 116, 787 
1959) when the Debye Hiickel theory is va 
277N. Bohr, Kg Dansk \ t i se isKa Mat s. Medd 
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incident electron. Bohr defines the ratios, 


(=b./a=2¢/ Dmea, 


2y?/ Dhv, 


$1 
xk=b./X 


ind the validity of various theories is defined in terms 


of regions in the ¢« plane. For minor screening (<1, 
classical physics is valid for k>1 and the Born approxi 
>1. the 


and Classica 


mation holds for «<1. For excessive screening, ¢ 
Born approximation applies when «<¢? 
physics holds for «<<¢ but only for angles greater than 
X/a. Exact 


the gaps 


quantum methods must be used to fill in 


For our problem the constants D, m, and a are 


while variable, and hence the locus of (¢.«) is the 
parabola, 


k 2g*ma/ Dh*)<. $2 
From the above discussion it follows that if 
a<Dh 


2q"m, 43 


velocities 


hold 


Unfortunately, the quantity on the right of (43) is half 


the Born approximation will for all 


a semiconductor and the inequality 


the Bohr radius in 
satisfied only for high impurity densities leading to 


mpurity conduction which does not concern us here 
The case of interest corresponds Lo 
a> Dh? /2q°m. 14 


In this case, classical physics has partial validity (for 


ingles 2X/a) in the energy range, 


Da, $5 


hh? /2ma e<¢ 
and full validity for 


g’?/ Dae < 2q'm/ PPh? = en, 16 


vhere ¢€ is the energy }mv’, and eg is the binding energy 


of a hydrogen like impurity. The Born approximation 


e> den +7 


so be used for small angles to supplement the 


issical solution for energies given by (45), but the 


matching of the two solutions (classical and Born) sti 


a 


1 
difficulties, as Lane and Everhart have re 


below A 


presents 


cently pointed out. Energies 2ma’® (where 
\>a) definitely require rigorous quantum methods 


Here, we shall ipply the above criteria to a thermal 


electron of energy 3A7 2 and restrict ourselves to the 
‘minor screening’ where we can use the classica 

At 80°K, b.~10°* cm for 
ondition for minor screening 
Sand T>80°K. The 
1) holds for 7~145°K if 


me rt, for ionized impurity 


ise of 
or the Born approximatior 
in electron in Ge and the « 
well satisfied for V,;< 10"? cm 
3K 7 


relaxation 


equalitv 4e; Or 


m~O.1» Lhe 
117, 920 


Lane and E. Everhart, Phys. Rev 1960 
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Fic. 4. Temperature dependence of —8 for fwo/2mc*=870 


ature ad 
’ 
3 as given by a Maxwellian solution is shown for comparison 


Che straight line portions (dotted for the Maxwellian) are the 
high- and low-temperature limit 
ering is given by**”* 
l/r Zag N 1/ Pm") L, 
L=\In(1+ D’a*m*s*/¢ Rutherford) (48) 
Inf 1+ (2a/x $a?/(4a*?+-? (Born) 


For simplicity L is treated as a constant which is in 


ignificant except for low energies, but then the whole 
theory is open to question and the form (48) has to be 
revised. In the manner of an earlier paper" the param- 


eter a is introduced and defined by 


a Ope Mi, (49) 


vhere yw, is the zero field mobility for ionized impurities 


tlone. Observe that @ for the same .V; is proportional 


roughly to 7~!. Calculations of 8 versus a were carried 
out for T7=80°K and 300°K as discussed in Sec. 3, with 


modification, 


e ony 
(50) 


Che advantage of treating the logarithmic term in (48) 


i constant is that the matrix elements 6, (or a,) can 


be evaluated analytically in terms of sine and cosine 
integrals for 7<80°K when A can be ignored. It is im- 
portant to notice tha ion matrix D or the 
polynomials p, are the same for all a. The convergence 
of 8fora>1lat 80°K (4 5) is 


do or ur Re ull ba 


r 


the colli 


not monotonic and some 


oscillation ed on using 10 poly- 
” Here the Rutherford formula is used for impact parameters 
than 4a, and ota actua lassical cross section for the 
ia 40) as Lane a I ha The difference should 

e significant ! z 
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nomials are presented in Figs. 5, 6, and 7. The values 
of 8 here are lower than the values based on acoustical 
- by a factor 3 to 10 at R0°K. 
s00°K. 


calculated here differs considerably 


phonons alone and a 
factor of 50 to 100 at 

We see that 6 as 
from its value for a Maxwellian distribution, particu 
larly at 80°K where the discrepancy could be a factor 
of 15. Deviations from Ohm’s law (as measured by 8) 


are strongly sensitive to ionized impurity scattering. 
Ionized impurity densities which alter Ohm’s law mo 
bility wo by only a few percent (a~0.1) and are hardly 
detectable in yo measurements can induce relative 
changes in the field dependent mobility 8 of order 30%. 
Chis conclusion, which was reached earlier by Adawi'! 
for acoustical phonons alone, might be exploited in 
checking various theories of ionized impurity scattering 


by measuring #, rather than wo, for various densities .V, 


d. Discussion 


In Table I a comparison of theory and experiment is 
870 (or The 
measurements on high-purity samples at 300°K and 
200°K are taken from Seeger’s 


[he measurements on impure 


made assuming fiwyo/ 2m m~QO.12mp). 
paper® and agree sur 
prisingly well with theory 
samples where ionized impurities play a role were carried 
out at 78.5°K by Gunn? and are compared to our calcu 
5 or 7 =80°K, which is close enough. In 
computing a we follow CW and take a= 4.1; and set 
3A 7 inside the logarithmic term.”® If we recall 


in a random distribution of noninteracting parti- 
' 


lations for a 


mv? / 2 
that, 
cles, the average nearest neighbor distance*! is 0.55.V, 
we see that the Conwell Weisskopf choice is reasonable 
lheory gives 8=0 for a~1.25 while the experimental 
value is a= 1.12. For a below unity the theoretical values 
are about a factor of 2 higher than the measured values. 
) 


For 2<a<4 theory and experiment give a broad maxi- 


| 
4 








Fic. 5. 8 as a function of @ for tws/2mc*=475 and x»=5. The 
dotted curve is the Maxwellian result multiplied by 10. The 
straight line portion refers to the value of 8 when a=0 

® An arithmetical error ha et detect lable I of reference 
11. For a=2, 8, 10 and 15, 8’ should read 0.069, 0.042. 0.032. and 
0.017, respectively, instead of the values given, thus bringing 


8’ and 8 closer for a>1 


1S. Chandrasekhar Modern Phys. 15, 1 (1943 


Revs 


ADAWI 


heoretical values on the 
i factor of 4 


e theoretical values 


mum value for 8. However, the t 
right of column 3 in Table I are 
higher than measurements; while tl 


on the left of column 3 which are based 


ibout 


on a Maxwellian 
distribution agree quite well with experimental values. 
electron- 
here) for 
80°K might become im- 
portant enough to impose a Maxwellian distribution. 


[his is suggestive, but not conclusive, that 


electron collision (which we are ignoring 


densities of order 10'® cm 


Some idea about electron-electron collision can be 


obtained from an elementary consideration of the 


thermalization problem. Consider an electron gas of 


density m at thermal equilibrium (Maxwellian) in a 
crystal. At time/ 


electrons whose number is negligible compared to m and 


0 introduce into the crystal a group of 
let their initial distribution be f(x,0) which is isotropic 
For future time, the injected group of electrons will tend 


tions with the n 


to be thermalized through their interac 
If we write the 


i), then @ 


host electrons and the lattice vibration 
time dependent distribution f(x,t) =e *@o(a 


satisfies the equation 


e 70d y/ dl A ,@+A 14 do, 31 


where the acoustical and optical phonon operators have 


een defined in (6) and (7 Che electron-electron colli 
I lef 
sion operator Ao*, which is linear for our problem, has 
been derived by Rosenbluth, MacDonald, and Judd, 
and Kranzer® and is defined by*** 

irng’iny 1 @ Od 
A “od _ G& 2x)? r)i¢-* 

D?m'(KT)3 \/x da Ox 


52) 
G(z) 2/0) [ew y*/2)dy/z—exp(—2*/2) I, 


rryyr 


= 
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fe./ ET es 
O.j6F 4 
i = = J 
0 0.4 4 
Fic. 6. 8 as a function of @ for tw,/2mc?=870 and x»=5. The 
dotted curve is the Maxwellian result Itiplied | 10. The 
straight line portion refers to the value of 8 when a=0 
2M. N. Rosenbluth, W. M. MacDona D. L. Ju 
Phys. Rev. 107, 350 (1957 
7H. C. Kranzer, Atomic Energy ( missi Report NYO 
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TABLE I. Comparison of theory and experiment. The last two 
rows refer to values at 300° and 200°K and the remainder of the 
table applies to ionized impurity scattering at 78.5°K 


N; u—po)/pol? V-* cm? 
cm a theory experiment 
6.6 K10" 0.25 18x10 1.110 
1.45 10" 0.36 13x10 § x10°5 
2.7 «10% 0.48 96x 10~5 5.5x10°5 
49 «10™ 0.63 6.2 10~* 3; «10% 
1.8 10" 1.12 tee 0 
7.8 10" 2.14 38xK10°° +19x10°° 4 x10 
1.25 10"* 2.6 48x10°° 1.9x10°5 5 x<10-* 
2.95 10"* 3.75 4810-6 1.7x10°5 4 x10 
0 300 °K -—3 x10" 3 x10°7 
0 200°K —1.8x10°* 2 xe 


From (6) and (52) we see that the frequencies 
V.=W2a, 
V = 4a \ny/ Dm) (KT), 


(53) 


can be looked upon as thermalization coupling constants 
to acoustical phonons and electrons, respectively. For x 
of order unity (or energies of order KT) we anticipate 
that electron-electron collision will be important relative 
to acoustical phonons for electron densities given by 


n>no= Wx lm (KT)!/4xq Iny. (54) 


The density mo as given by (54) is the same as that of 
Frohlich’ (except for factors of order unity) when we 
replace & in Fréhlich’s Eq. (1.4) by AT. W is of order 
g/ Mpa, and my is about 10'* cm and 10" cm at 300°K 
and 80°K, respectively. Since the calculations of this 
paper have shown that, due to optical phonons, devia 
tions from Ohm’s law are lower than their acoustical 
phonon values by a factor of order 100 and 10 at 300°K 


2880, Institute of Mathematical Sciences, New York University 
1959 unpublished ) 

%« Note added in proof.—To obtain a formal solution to Eq. (51 
multiply both sides by ./x and expand @p» in terms of the ortho 


normal Laguerre polynomials |,*(x), where, 1,4 ==1,4/[m !(m+4) ! }}, 
see Appendix B). Thus, 
oo(x, t)= = cn (tyl,d (x) 
ano 
Let C be the column matrix whose elements are ¢;, C2, ¢ and 


we have the two equations, 


Coll) =c 0), 

C=—DC, 
where D is the total collision matrix of Eq. (51) formed with 
respect to the polynomials /,4(x). The first equation simply 


reflects the conservation of the number of particles. Since D is 
symmetric and positive definite its eigenvalues, A, Az, are 
positive and its eigenvectors, X;, Xz, --- can be orthonormalized 
Form the matrix X whose X,, element is the ith « omponent of the 
kth eigenvector where these vectors are orthonormal 
matrix algebra we have 


C(t) =X(Lexp—/H JX7C(0), 
The solution written in full is 


th 2 XieX pc; (0) exp— (Py 


After some 


where H;;=\4,, 

c +‘) = a 

jk 

It is seen that the eigenvalues A, can be identified with reciprocals 

of relaxation times, the lowest A, leads to the longest relaxation 
time 
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Fic. 7. 8 as a function of a for Awo/2mc*=475 and x9=4/3. 


The dotted curve is the Maxwellian result shown for comparison. 
Che straight line portion refers to the value of 6 when a=0, 


and 80°K, respectively, we anticipate that electron- 
electron collision will become important for densities 
of order 10'* cm ° 
at liquid nitrogen, when all the three interactions are 


* at room temperature and 10 cm 


present. This does not mean, however, that for these 
densities electron-electron collision will impose a Max- 
wellian distribution. The question can only be answered 
by a rigorous treatment. In passing we remark that if 
we were interested in the influence of electron-electron 
collision on the zero field mobility we might compare W 
to V,. W is of the order of the frequency of momentum 
randomization by acoustical phonons. V, is 3.6/1, where 
t. is the Spitzer* self collision time which is the time 
necessary for an average electron to be deflected by #/2 
by collisions with other electrons. This suggests that 
electron densities of order (K7/2Zmc*)no are necessary 
to influence the zero field mobility which are about a 
factor T 
however, has no influence on yo if r is independent of 


higher than mp. Electron-electron collision, 
energy 
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APPENDIX A 


In this appendix we shall give the correct solution to 
Yamashita’s basic equation. We shall therefore use the 
notation of Yamashita (Y). In his notation, J, s, B/A, x, 
and pé correspond to our symbols b, xo, bnxe?/xa, x/ Xo, 
and yw, respectively. On solving™ Eq. Y (16) for ¢ in 
terms of x, Yamashita has ignored the optical phonon 
terms in the coefficient of £. Consequently, the contribu- 
tion of optical phonons to the inhomogeneous term of 


Eq. Y (22) has been omitted. The correct equation 


“L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 


Publishers, Inc., New York, 1955), p. 76 
* Reference to an equation in Yamashita’s paper is made by 
inserting Y before the number of that equation 
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distribution to b 
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finite 


olutions of 
which behaves 
r>>1. £0 violates the 
therefore be 
(A.3). This 


makes the solution 
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together 


i(x)~ s/x, E~linax (wi 
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normalized 
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dary condition at 
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Irom energy 
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+} 
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of x. This can 


the 
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deration. Consequently, 
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assign 
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vyeneral, then ne 
both R and S. Consequently, 
here 


In a and 
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depend on 
Yamashita’ 
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CONVERGENCE 





VARIATIONAI rREATME 


known to converge, not only in the mean, but point by 
of from Uspensky’s 
theorem.” We shall demonstrate this in the simple case 
when g= — (d/dx)e~*x to which the answer is well known 
kq We easily find that from (29 


1)--? 13 
n(n-+1)! 22 


y is 


point, (at points continuity) 


32 


2n 


normalized to zero. Let 


x 1 
E (- 
n=l i 


and 


-([+f) 


which reduces to 


az 
s fo ' 


The first integral in (B.9) is expressed as a power series, 


substitute z= // ( 1) 


dt 


1+ f c 


r 


and the second integral (which is the expone ntial inte 
gral) is simply Inx+C—the 


Euler’s constant 0.577. The 


same power series. C is 


result is 
S=C+I|nx—1. 


Phe 


sidered is given by 


J 1 1 n 
E ( I 
" n nt+1/ = 


theore m 


constant term B.8) which has not been 


2r—1 
R 
2r 


By the binomial 


R= [0-2 —1e/e— faa 


2 In2—1 


Therefore, from (B.10), (B.12), and (B.8 


¥=Inx+C+2(In2—1 13 


Inx—y (4), I 


and the pointwise convergence of y is established. The 
convergence, however, is very slow in this case. If we 
take only the first .V terms (B.8) and denote that 


sum by yn see that 


in 
we 
(V+1), 


(ywAwny \ 14 


which approaches the limit 1 rather slowly. 


N 


r OF WARM ELECTRONS 
One can also see that 8 as computed from (B.8) and 


Eq. (13) (with A=0) is given by 


(B.15) 


which is exact. However, if we consider only the first ten 
polynomials, then we obtain 8 0.53 which is about 
13% higher than the limit value of (B.15 

It is of interest to observe that if we attempted to 
solve the ac ousti al phonon proble m by the power series 
(16 
e system of equations 


representation of Eq we would have been led to 


+} 
N 
} (8.16) 
al 

Phe solution of this system follows from comparing the 


in 90 c,x’ the first .\ 
terms of (B.8). We find after some algebra that 


[vrs 1)!. 
r 


problem of acoustical phonons and ionized im 


coefficients of x’ with those of 


(B.17) 


Phe 


purities which we solved" earlier, using numerical inte 


gration, can now be solved, by these methods, analyt 
ically, and @ is evaluated from a series involving the 
sine and cosine integrals. 

Now we mention briefly the high-temperature limit 
As in Sec. 3, 


for acoustical and optical phonons with 


v= >-a-p, and g= Ay, we see that 


y’ > «a,p,’ > Prk p. (B.18 


Now in (B.18) we substitute Ay for g and 


’ 
/ 


> (prAv) py’, (B.19) 


which, from (34), can be written a 


yw 
y’ rep f pp, Y'dx, 


{a 


where. 


p=e t+An(s (x(xt+r }. (B.20) 


Che orthonormality of the polynomials p, with respect 
to A implies the orthonormality of their derivatives 
p,’ with respect to the weight function p given in (B.20 
rhus, variational 

expanding y’ in terms of a set of polynomials (p,’) which 
are orthono;mal with respect to p. One anticipates that 


in essence, the method reduces to 


the convergence for these polynomials is similar to the 
convergence for Laguerre polynomials 
Finally, the eigenfunctions of the reduced optical 


phonon operator given in Eq. (35) (after lifting ¥/2 
and Whbx¢?) are the Laguerre polynomials L,° with n 


as eigenvalues. 
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Broadening of the Méssbauer Line* 


H. S. SNypER AND G. ( 
Brookhaven National Laboratory 


(Received May 27, 


Ihe therr 


could conceivably 


WICK 
/ pion 


Vew York 
1960 


al excitation of the solid which leads to a temperature-ce 


cause a broadening of this line. We show here through a 


that for a perfect crystalline solid such a broadening does not occur 


7 has been pointed out'* that the energy of recoil- 
free y rays emitted or absorbed by solids (Méss- 
bauer line) is subject to a small temperature-dependent 
shift to lower energy, which has been described as a 
second-order Dopple r effect! or alternatively -as a result 
of the small change in the vibrational energy of the 
lattice system, which must accompany the emission of 
the 7 ray, owing to the decrease in mass 6M = E.,/c* of 
the emitting nucleus 

Our purpose here is to discuss some finer points con- 
nected with this effect, namely the existence or non- 
existence of a minute broade ning of the Méssbauer line, 
associated with the mechanism which produces the 
temperature shift 

From a classical point of 


view, one is tempted to 


discuss the problem as an ordinary frequency-modula- 
tion effect, corresponding to the assumption that at any 
t the 


taneous circular frequency 


time wave emitted by the nucleus has an instan- 


(1 


where v(¢) is the instantaneous velocity of the nucleus 


It is then convenient to separate the small frequency- 
modulating term into a constant part, and a variable 
part whose time average is zero. The integrated phase 
of the emitted wave is then of the form 


tq 


where represents time average and @(/) is a 


rapidly variable term which remains finite as /— +« 
or at least increases more slowly than ¢. If we neglect 
$(¢), we get of course a sharp line, which exhibits a small 
Doppl r shift relative to w, corresponding to the expec- 


tation value of v*. The existence of ¢(¢) leads in principle 


1 
} 


to a broadening of the line; the structure and width of 


the ensuing spectrum could be treated by the familiar 


hich have been applied to other 


stochastic methods, w 
* Work performed under the aus) of the U. S. At 
Energy Commission 
'R. V. Pound and G 
1960 
2B. D. Josephson, Phy Rey tters 4, 341 
\t this point we may point out asa 
Doppler etlect could be in 
term 


Rebka, Phys. Rev. Letters 4, 274 

1960 

uriosity that also the linear 

1 similar way by means ol a 

nent parallel to the 
such a treatment 

fashion the most out 


locity comm 


+} 


t)/c, where 
of emission of the y ray, and that 


in fact, reproduce in a remarkable 


ng features of the 1 mechanical treatment 


linewidth problems‘; qua 
in this way that the broad 
ingly small. 

The only objection we have 
it makes use of classical approxin 
assumptions, which are wholly un 
present case (in the more complicatec 
magnetic and nuclear resonance, on 
they may well be unavoidabl 

We prefer therefore to follow forward quan 
tum-mechanical treatment, along lines somewhat 
lar to Josephson’s. By definitior 
is a transition in which none of the 


simi 
recoli-Iree y emission 
quantum numbers 


Ni, Mo, Nz, - Ns, of the various oscillating modes 


of the crystal changes; the energy ittice 
I 


will change slightly, hov because of the slight in 
crease dw, in the frequenci 
in mass 6M of the emitt 
after the emission of the y ray, 


conservation, as a decrea 


produ 


ed by the dex reast 


An increase ol kK, 


These frequency chang 
purity and isotope effects, 
various authors.’ 
of the order 1/N, 
crystal. The exceptions 


In general, 
if \ 
tioned later; at any rat 
interest. Furthermore, 
6M/M is extremely sma 
Let us write therefore 


bw, 


where the quantities /, rer 
Equation (3’) determir 
numbers 7, Mo, are 
course, the state 
macroscopically, i.e., 


determined 
or the tem- 


*See for exampl , erson al / Weiss, Revs 
Modern Phys. 25, 269 (195 , n. |. Phys. Sox 
Japan 9, 316 (1954 nd a N. Bloemberger Purcell. and 
R. V. Pound, Ph 

* See for exampl 
1956); E. W 
(1955); 102, 72 
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BROADENING Ol 
perature 7 is given. Hence each term in (3’ 
tuate widely. Nevertheless 6/,, being the 
number (3.V) of 


may fluc- 
sum of a 
large statistical variables (each term 
in the sum being small of order 1/.V), will fluctuate only 
in a negligible way. Thus we see that the Méssbauer 
line, as defined above, will remain completely sharp for 
all practical purposes. 
Specifically, writing e(w)=exp(lw/kT), €,= €(w,), we 
have for the expectation value and fluctuation of n,, 
respectively, 
Nn [e—1}° (4) 
n,2)—(n,?=e[e—1] 
If g(w) is the 


write >>, <-> 


frequency spectrum of the lattice we can 


>N Sf g(w)dw --+, fs > f(w,), and finally 


é6/ 6M f de g(w)h f(w)[ ew) — 1 


1 
6M 
\ 


X fdas g(u)h((w)e(w)Le()—1 . & 


The rms deviation of 6 from the expectation value (5 
is therefore of the order .V~, i.e., negligible for a macro- 
Sé opi ( rystal. 

The connection between (3’) and the specific heat can 
be obtained as follows. Let us assume that the .V nuclei 
in the lattice are identical and occupy equivalent posi- 
tions. The change dw, will be independent of the par- 
ticular nucleus to which the mass change 6M is applied 
(we must, of course, neglect surface effects). If we were 
to apply the mass change 6M to all nuclei simultane- 
ously, the frequency change (to first order in 6M) would 
then be .V times as large. Inspection of the secular equa- 
tion which determines w, shows that we must have 


Mw, (M—ébM (Wet Vow, )* 


6w,=+(1/2N)w6M/M or f,= 


see that in this case the 


bE, 


energy shift of the y ray 


~5E,= —}(6M/M)N“E, (8 


depends only on the total energy F of the crystal, or 
more precisely on the energy per atom E/V. E is of 
course given by / 
energy.’ 

It should be emphasized that the simple formula (8 


+ [C.daT, where Fe is the zero-point 


only holds under the special assumption made above. 
If, for example, the lattice contains two different species 
of atoms, the derivative of w, with respect to the mass 
of one species cannot be computed so simply. A simple 
result may be still shown to obtain at high temperatures, 
when ail degrees of freedom contribute fully to the 
specific heat, but this will not be demonstrated here as 


it is not of greal interest. 
*In the case when E 8) h the fluctuation is obviously 


zero, if E is fixes 


MOSSBAUER LINI 


ADDITIONAL REMARKS 


We now turn our attention to some examples in which 
the fluctuation of the shift, i.e., the line broadening, 
does not vanish. These examples are probably not of 
great practical interest; they are mainly mentioned to 
show that the question is not entirely trivial and that 
some proof such as the one given above is necessary. 
Let us first notice that the conclusion that (6) is O(.V~"') 
is essentially dependent on the assumption that the 
contribution of every oscillation ‘“‘mode”’ to the total 
of the is distributed over the whole 
crystal. If there are ‘localized modes” the energy of 


energy lattice 
which is shared amongst a few atoms only (amongst 
which is the emitting atom) the sum (3’) will contain, 
in general, a dominant term, not of order 1/N, whose 
fluctuation will not be negligible. 

An extreme example of such a situation is the Einstein 
model, where each atom in the crystal is such a localized 


mode. In this case (3’) consists of a single term, 


6E=}(6M/M )hw,(n+3), 
where w, is the frequency of the Einstein oscillator and 
n=n,+n,+n, is the total oscillation quantum number 


of the three-dimensional oscillator. Application of (4) 
gives for the deviation of 6F 


4v3(6M M )hwye* (w)[e(wi) — 1 ] 2 


which at high temperatures is comparable to (6£) itself. 

There is, of course, no crystal for which the Einstein 
model is a good approximation. A slightly more realistic 
example is that in which the radioactive atoms are em- 
bedded as impurities in a lattice of radically different 
atoms. If there are localized modes associated with 
these impurities, then these modes will contribute a 
fluctuating term of 6/ and something similar to the 
result for an Einstein oscillator will obtain. 

incidentally, the possibility of localized modes raises 
a question that we must dispose of. Since it is known 
that changing the mass of an atom in the lattice may 
give rise to a localized mode, one can ask whether the 
very change of mass due to the 7 transition may not 
produce this effect. In this case Eq. (7) would not be 
valid. It is easy to see, however, that such a breakdown 
of perturbation theory can only occur in a one-dimen- 
sional lattice. In three dimensions an appreciable change 
in mass is necessary to produce a localized mode,’ and 
it is clear that 6M = E,,/¢c* is much too small in practice 
to produce such an effect. 

Finally, one should mention a possible smal! broaden- 
ing of the Méssbauer line, which will occur when the 
mass of the atoms surrounding the emitting atom is 
subject to fluctuations, as in the case of an isotope 
mixture. Roughly speaking this will have the same effect 
as a random variation in the Debye temperature, of the 
order 46/6=4M/2M if AM is the variation in mass of 
the neighbors. This is a very small effect, but in view 
of the recent detection of the very sharp Mdéssbauer 
line of Zn® it is possible that even broadenings of this 
order may have to be taken into account. 
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energy electrons, the transmission experiments show a lower 
This is accounted for by taking into account 
the relaxation produced by the oxide coating on the surface of the 
metal. In this way 


the experimental data is completely accounted 
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I. INTRODUCTION 


ITCHIE'’ has noted for a semi-infinite plasma that 
there exists not only the bulk plasma oscillations 
the the 
plasma, but also surface plasma oscillations, the quanta 
will call the inter- 
face between the plasma and vacuum of a frequency 


of the classical frequency w, in interior of 


of which we urface plasmons, at 
w,/V2. He has further estimated the excitation proba- 
bility of these modes of oscillation and has found that 
they should be quite observable in the usual character 
istic ene rgy loss ¢ xperiments of fast electrons impinging 
upon metal samples, if the metal does not deviate sig 
nific antly from the ideal behavior of a free electron gas. 
Various metals seem to satisfy this condition, in par 
ticular aluminum, in which it is well established that 
the bulk plasma frequency is approximately equal to 
that given by the classical formula, with very little ab 
sorption, as indicated by the very small linewidth. A 
further reason for believing that the surface waves 
should be detectable in an ideal metal such as aluminum 
is given by the fact that Fano, following the sugges 
tion of Rayleigh? has been able to account for the 
anomalous diffraction patterns of gratings by essen- 
tially these same modes of vibration of the electrons in 
the aluminum composing the gratings. A further reason 
lor believing that the surface plasma oscillations should 
exist is that Gould and Trivelpiece* have been able to 


establish their existence in gaseous plasmas by means 
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tative theory of the effect of the oxide coating, and in 
particular to study in detail the dependence of the 
characteristic energy loss on the thickness of the oxide 
coating. The main result of the work is to establish the 
somewhat surprising conclusion that a very thin coating 
of only a few angstroms, say 20 for 10 kev and even 
thinner coatings for lower energy electrons, is already 
very effective in causing the ideal characteristic energy 
loss for a pure surface to disappear, and in causing to 
appear instead the relaxed characteristic energy loss 
with an appreciable intensity at a significantly lower 
energy. 

The present investigation makes it abundantly clear 
that it would be highly desirable to have more advanced 
transmission®experiments made in which the angular 
dependence of the low-lying characteristic energy loss 
were studied. The measurement of the dependence of the 
loss energy upon angle of scattering of the incident 
electron would yield a determination of the thickness 
of the oxide coating. The measurement of the variation 
of the intensity as a function of angle would, in addition, 
give a check on the theory of the surface oscillations. 
Such angular measurements, although difficult, do not 
seem to be impossible with present techniques. Further 
experiments to test the basic feature of the surface oscil- 
lations can take advantage of the dependence of the 
frequency of oscillation on the media surrounding the 
metal films. For example, a double film composed of a 
layer of aluminum and a layer of magnesium would give 
a surface plasma oscillation with a new quantum energy 
of about 13 electron volts. 

Section II consists in a treatment of the surface oscil- 
lations possible for a semi-infinite degenerate electron 
gas bounded by a different semi-infinite dielectric 
medium. In this section, we derive by a different method 
from that used by Ritchie the formula for the differ- 
ential cross section for the excitation of a surface oscil- 
lation in the transmission experiment and thereby 
generalize Ritchie’s formula for the case of a dielectric 
medium instead of a vacuum and also for the case of 
non-normal incidence. It is found in the latter case that 


there should exist a characteristic flaring of the intensity 
pattern away from the plane of incidence. Section III 
tudies the more complicated case of a dielectric medium 


of finite thickness bounding the plasma and beyond 
which there exists vacuum. Special attention is given 
to the dependence of the characteristic energy loss on 
the thickness of the dielectric layer. Section IV con- 


’ 


stitutes a brief conc lusion. 


Il. SURFACE WAVES 


In this section we study the case of a semi-infinite 
degenerate electron gas bounded by a semi-infinite 
ideally nonabsorptive dielectric medium. We assume 
that the electron gas can be described by the ideal 
plasma dieiectric constant, which as a function of fre- 
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quency has the form 
(1) 


where w is the angular frequency, and w, is the classical 
plasma frequency, given by the standard formula 


w p= (4arne’?/m)'. (2) 


m, e, and m are the electron mass, charge, and number 
density, respectively. We attempt to find nontrivial 
solutions when no external charges are present. The 
electric scalar potential distribution set up by a classical 
charge wave bound to the surface, and traveling parallel 
to it, must decrease to zero at infinite distance from the 
interface, and must satisfy Laplace’s equation within 
the metal and the dielectric medium. It therefore must 
have the form 


¢(x,2,l) = 29 cos(kx— wl )e*'", (3) 


where 2¢o is the amplitude of the running wave, & is 
its wave number, and we are using Cartesian coordi- 
nates x and y parallel to the surface and z normal to it. 
It is then easy to see that the charge density at the in- 
terface given by — V’¢/4m is 

p(x,z,l) = (keyo/mr) cos(kx—wl)b(z), (4) 
where 6(z) is the Dirac delta function. This charge con- 
sists of the polarization charge of the dielectric plus the 
electric charge from the plasma electrons. From the 
condition that the normal component of the electric 
displacement vector should be continuous in passing 
across the interface from the electron gas into the di- 
electric medium, we have the equation 


€p(w — €, (3) 


where ¢ is the dielectric constant of the bounding 
medium. If we assume that ¢ is frequency independent, 
which will be a satisfactory enough assumption for di- 
electric layers on metal surfaces, we find upon substitut- 
ing from Eq. (1) the resonant frequency for the surface 
wave of 


(6a) 


For a plasma bounded by vacuum we must set e= 1 and 
we obtain just Ritchie’s' result. But if ¢ is significantly 
greater than 1 for an actual dielectric medium, then we 
find .a significant relaxation in the resonant frequency 
given by Eq. (6a). It is just this effect which accounts 
for the difference between the experiments of Powell 
and Swan on perfectly clean metallic surfaces, and the 
usual results of the transmission experiments on metal 
films which have been permitted to oxidize.’ It should 
be noted at this point that there will not necessarily be 
a sharp resonant frequency at the value given by Eq. 
(6a), since it may very well happen in actual cases that 
the dielectric medium is strongly absorptive at this 
frequency. If that is the case then it has in addition to 
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a real part ol the dielectric constant ¢, an imaginary 


part €,, and the resonant frequency is no longer real but 


complex, though still given by Eq. (6a). For small 


values of €; we can extract the imaginary part of the 
resonant frequency, which gives in turn the lifetime 7 


or the breadth of the 


’ 


resonance 7T according to the 


following equation 
Ob 


Although this equation is valid only for small values of 
¢, it nevertheless indicates that when ¢; approaches and 
exceeds unity the breadth of the line becomes of the 
same order of magnitude as the resonant frequency and 
that one can no longer speak of a collective oscillation. 
In this case one would not observe a distinct character- 
istic energy loss but instead a smeared-out continuum 
distribution which would, no doubt, evade detection. 
lor this reason it is clear that the surface plasma oscil- 
lations in the presence of a bounding dielectric medium 
such as a metallic oxide are not necessarily observable 
properties of 
the bounding medium. In some cases, the resonant fre- 


but depend upon the actual dielectri 


quency will fall in the nonabsorbing region of the 
medium, and it is to these cases that we address our- 
selves in this paper. 

Before proceeding further it is worthwhile first to 
point out an interesting possibility which arises because 
of Eq. (5) for the case of two plasmas of two different 
electron densities bounding one another. In that case 
we can let € be of the same form as e, but with a different 
plasma frequency, say w,’. In this case, ¢ is no longer 
frequency independent and the solution given by 
Eq. (6a) no longer holds. Instead we find for the reso- 
nant frequency of the plasma wave along the metal- 
metal interface the value 

2 


\s a particular example we may imagine a double film 
made up of a layer of aluminum followed by a layer of 
magnesium. In this case, if we take as values for hw, 
ind fw,’ the values 15.3 ev and 10.6 ev found by Powell 
and Swan‘ for aluminum and magnesium, we find for 
hw the value 13.1 ev. The detection of a characteristic 
energy loss at this energy for such a double aluminum 
magnesium film would be further strong evidence of the 
validity of the surface wave interpretation of the low- 
ly ing characteristic energy losses 

Let us now return to the cases of pure aluminum and 
pure magnesium bounded by their own oxides. In these 
cases, Powell and Swan* find that the surface plasmon 


relaxes from 10.3 ev to 7.1 ev for aluminum and from 


7.1 ev to 4.9 ev for magnesium. In each case, in order to 


interpret this result we must according to Eq. (6a 


ascribe to the dielectric constant the value e= 3.65. (The 


same value for both cases.) This corresponds to an index 
1.91, which 


of refraction for these oxides of .\ V« 


AN D 


1.76 


are no pub 


can be compared with the andl ’ Vi ol 
and 1.74, for sodium light 
lished 
fraction for these 


ultra-violet measuremer index of re 


oxides, the dispersion in the visible 
reasonablk 
such a rise of about ten percent in the index of refrac- 
tion. It is further evident that the relaxed 


for the surface waves falls below 


range indicates that it is not u to expect 
frequency 
threshold for ab 
sorption by the oxides. As ¢ Xpla above, this would 
not a priori necessarily be the c: general it can 
happen that the oxide will causé e disappearance of 
the original plasma vacuum line, without causing the 
reappearance of a relaxed line to take its place 

In order to describe in more detail the excitation of 
the surface waves it is ne essary to compute the proba- 
bility of scattering an incident electron by an angle 8, 
corresponding to a momentum recoil along the surface 
of Ak. The scattering coefficient wi 


cording to a semiclassical method already 


be computed ac- 
published,! 
which will therefore be described here only very briefly. 
We consider the perturbation of the classical wave of 
Eq. (3) on an incident electron quantized in the volume 
V which encloses the metal film which can be considered 
to have the area 


electron is time dependent and we are 


A. The perturbation on the incident 
interested here 
only in the coefficient of the function exp tw), which 
causes the incident electron to lose energy. The coefti- 
cient of this function is 


i’ 


whose matrix element is to be taken between initial and 


final plane waves of the i lent electron. This can be 
calculated straightforwardly or by the following trick. 
Since H’ can be 


the electron the matrix eleme 


considered as a potential acting upon 


nt can be considered as the 


energy of interaction of H’ with the transition charge 


density of the electron. But by the reciprocity of 


Coulomb interaction we can ¢ ynsider that the 


electron in making its transition sets up the 


electric scalar pote ntia 


where Ag is the moment 
Consequently the matrix 
tegral of this Gere with the corresponding 
to H’. This charge density is 


the right-hand 


coethcient ot 
member of le Tunct 
exp(itwt). Consequently, we find tor the matrix elemet 


in question the expressio! 


H a 10 
Ak 


s, edited by C. D Hodgmar 
eveland, Ohio, 1958 


9 Handbook of Chemistry and Physic 
Chemical Rubber Publishing Company, ( 
59), 40th ed., pp. 526 and 602 

R.A. Ferrell, Phys. Rev. 111 
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This is a matrix element for the scattering by the classi- 
cal surface wave, although it is the same as by the 
plasma in a high quantum state. We can determine the 
degree of excitation by evaluating the energy per unit 
area of interface L’, which is given by twice the electro- 
static energy per unit area of interface. (This is most 
easily seen by considering the running wave to be a 
superposition of two standing waves.) Thus we have to 
compute the self energy of interaction of the portion of 
the charge density produced by the bunching of the 
plasma electrons at the surface, p,, with the potential 
which it sets up. Since p, differs from p of Eq. (4) by the 


factor (1+ )/2, we find 
l 
2A [ o»audyu: 
2 ‘ 
[ 1 r'¢ tor lIReoy ° 11 


The number of quanta of surface wave oscillation con 
tained in the system is therefore 


n=AU /ho,. 12 


Since the surface waves are quantized according to the 
harmonic oscillator, we find for the basic matrix element 
of excitation from the ground state to the first excited 
state of the oscillator the expression 

H' hw k 


SrAe 
H', 13 
n V 


1+e) [k°+(Ak 


the excitation matrix ele 


ment we can find the scattering coefficient for scattering 


Having now determined 
of the incident electron by polar angle @ and azimuthal 
angle W into differential solid angle d2 by computing 


the 


rate at which such scatterings take place. This rate 
is given on the one hand by multiplying the flux density 
times the cross sectional area times the chance of scatter 
in traversing the interface, to, on the other hand, the 
standard expression from time dependent perturbation 


theory: 


A(v/V pO )dQ 2x/h)dp(E)| H’ (14 
The differential] density of states is given by 
Vp 
dp(k dQ, 15 
23 )*h* 


v, and E are the electron momentum, velocity, 
Substitution from Eqs. (11, 
14) yields for the scattering 


where p, 
and energy respectively. 
12, 13 and 15) into Eq 
coefficient 
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and we have used the abbreviation 


4 


(18) 


hAk/ p=hus,/ (21 


b 


We have included in Eq. (16) a correction factor for the 


case of non-normally incident electrons, which by 

straightforward procedures can be shown to be given 

by the expression 
1+ (62/6 

6)" 


(OW) tana cos¥ +6, (19) 


Cos*a 


where a is the angle of incidence and WV is measured 
relative to the plane of incidence. It will be noted that 
for non-normally incident electrons the zero in the 
scattering pattern no longer coincides with the direction 
of incidence but is instead shifted to the nonzero scat- 
tering angle 

6g 


Vv 


Og tana, 
(20) 
0. 


Since 6% is generally a very small angle (less than a 
milliradian) this shifting of the zero will not generally 
be observable. Another effect which however should be 
susceptible to observation is seen by considering Eq. 


(19) for @ much greater than 6¢: 


fOWV-a (1+ tan’e sin*W)!. (21) 


he ré 


that t 
of the intensity pattern away from the plane of inci- 


dence, the more so the greater the angle of incidence 


hus we see should be a considerable flaring 


becomes. Observation of this feature of the intensity 


pattern would be further conclusive evidence of the 


surface wave excitation interpretation of the low-lying 
characteristic ene rgy losses 


\ further quantity of interest is the differential 
probability for scatterir vy into the conical solid angle 
dQ= 2r6dé « 

te 6 AP db 
dP =p2r6d6 . (22) 
ho(1+e) (02°+6 


where for simplicity we will from now on restrict our- 
selves to the case of normal incidence. Integrating this 
expression over all scattering angle gives for the total 
probability of excitation of a surface wave upon passing 
through an interface the expression 

(23 


P=ré/hv(1+e 





Upon replacing « by unity (vacuum) this reduces to 
Ritchie’s result, t iking into account the factor of two 
arising from the two surfaces of a metal film in his case 
compared to the one surface in our case. It should be 
noted that in interpreting F 3) as expressing the 
probability for surface wave excitation relative to the 
probability of finding any given electron emerging with 
out any energy loss, the atte 


the 


on in passing through 
taken into con- 


jual 


metal film and dielectric medium is 
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sideration. As a specific example, gives for 


10 kilovolt 
excitation probability for each oxidized surface 


aluminum with incident electrons about 


) 507 
LI 7 


aC 


or altogether about 5% intensity of the low-lying char 


acteristic energy loss, in good order of magnitude agree- 
ment with the experimental observations 

the authors are aware, no attempts have 
the angular dependence of the in- 


16). 


\side from the azimuthal dependence for non-normally 


So far as 
been made to study 
tensity of the low-lying loss expressed by Eq 
incident electrons discussed above, it would be highly 
desirable to test quantitatively the predicted falloff with 
expressed by Eq. (16 \ 


angular dependence is that it 


scattering angle which i 
special feature of this 
drops much more rapidly than the intensity of the bulk 
excitation coefficient as the scattering angle increases 
There lore, if one desire to make experiments whi h are 
effect it is 
arrange the experimental measurements so that sca 


free from surface clear that one need only 
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Before passing on In the next section to consider the 
effect of finite oxide thickness we want now to establish 
on two effects 
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III. DIELECTRIC LAYER 
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finite Thus, 
in the Cartesian coordinate system we take the dielectric 


thickness 7, beyond which there is vacuum 
vacuum interface at <= 7. Equation (3) still holds inside 
the plasma but in the oxide layer and in the vacuum it 
must be replaced by the more complicated expressior 


fcos( ka wil [ (ite, a 
saa ; ke 
2,6 2oX< + F (I~ ty - J, ] 
|| (1+ €p/e)e*"+ (1—e€,/e) | 
Xcos(kx—wl)e**, 2>7 


O<s< T 


In order to satisfy the condition of continuity of 
normal component of the electric displacement vector 


the oxide vacuum interface we must have 


Substituting from Eq. (1) into Eq. (28), we find 


dispersion relation 


e+tanhkr 


v wp 


2e+(1+€) tanhkr 


lt will be noted that either in the limits e— 1 or r —> = 
Eq. (30) reduces to Eq. (6a) of the previous section. A 
we allow 7 to increase from 0 to infinity we obtain a 
monotonic relaxation of the frequency of the surface 
wave. The principal point which we have to settle in 
this section is, ‘‘How thick does the oxide coating have 
to be in order to have it give the effects of the limiting 
ase of infinite thickness?” This question can be con 
veniently investigated for thicknesses relatively large 
compared to the wavelength by making an expansion 
of Eq. (30 


Here dw is the amount by which the frequency is raised 
because of the finite thickness above the completely re 
laxed value w, [Eq. (6a) |. As a specific example, con 
sider aluminum at the intensity maximum k= Ak and 
for a thickness r= Ak! = 38 angstroms. Equation (31 
then gives a 6% increase or less than } an electron 
volt in the low-lying characteristic energy loss. Thus it 
is clear that for oxide coatings of this thickness one ca! 
consider them to be essentially of infinite thickness 
But for thinner coatings it is necessary to study the dis 
tribution of intensity versus characteristic energy loss 
n more detail. 

It is a straightforward but tedious problem to show 
of Eq. (16) must be 


the right-hand member cor 
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rected by the factor 


1+ 


1+/Y¥e 


for the case of a finite dielectric layer. This factor ap 
proaches unity asymptotically as + approaches infinity, 
but in the limit r —> 0, F becomes (1+- «)/2, which serves 
effectively to replace ¢ in Eq. (16) by unity, correspond 
ng to the disappearance of the dielectric in this limit 
Chis smooth behavior of F makes it clear, and one can 
easily verify, that the finiteness of the dielectric layer 
does not alter in any drastic way the intensity distribu- 
tion calculated for the ideal case of a semi-infinite di 
electric medium. For this reason, and from the fact that 
we will be interested in the short wavelength limit any 
way, in which case F can be replaced by unity, we will 
not make any further use of Eq. (32) in this paper, 
and will assume Eqs. (16) and (22) valid for dielectric 
layers of finite thickness. Figure 2 shows by the top solid 
curve the dispersion of the surface oscillation frequency 
versus wave number as given by Eq. (30). The intensity 
distribution along the scattering angle axis indicates 
that of Eq. (22) and is to be projected upward to the 
dispersion curve and then to the left to the characteristic 
energy loss axis, where it will be seen to yield for the 
intensity vs energy loss curve a broad, smeared-out loss 
it an intermediate energy and a sharp line at the com 
pletely relaxed energy. From now on we will ignore the 
broad intermediate energy line because of the damping 
which can be expected from the absorptive properties 
of the oxide coating. Thus this line will become com 
pletely smeared out and unobservable. However, the 
line at the completely relaxed frequency, which accu 
ulates due to the lack of dependence of the surface 
vave frequency on & in the high & limit, will be a line 
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already gives 


Thu 
actually become 
But thi 


the intensity distribution per unit energy loss 


infinite at the 


characteristic ene rgy 
hw, 


los infinity will be smeared out and made 


finite by the instrumental resolution. Therefore, as a 


measure of the pe ik intensity which would be actua ly 


observed in the experiment we take the total intensity 


contained between w ind (1+ 8)w,, where 8 >unity 


is a me ure of the resolution of the ipparatu Thus 
ettin 
\ Su 35 
ve find from I | +] i cattering contribute to 
the pe ik tensit ‘ have vave umber greater 
thar 
l e(e—1 
; é 1 , 
Ak 
46 
where the characteristic thickness is defined by 
Ark ele 1 
37 
) [ i 1 ) 
lor the case of aluminur 10°, resolutio 3=0.1, or 


0.7 ev width) and 10-kev electrons, 7 $1 angstroms 


Note 


that relaxatic east \ ibout 50! 








Integrating Eq. (22) over a ive imbers greater 
than the critical wave number give relative to the 
maximum intensity for infinitel k dielectri ver 
the expression 
T $7” (k/Ak)*d(k/Ak 
I 
T nr, k/Ak)?+1 FP 
) - _ - 
tan t 3a 
al . 1] 


Phis function is plotted in Fig. 3 where it will be seer 


that the completely r ed ready obtains about 
0 pr reent of its maximun trength for a thickne ol 
about $79 or about 20 angstroms for the case of alu 
minum oxide on alur im. Figure 3 istrate } 
somewhat surprising result that eve lor very U 
oxide coating the moplete re d € appear but 
with a low intensity As the er thickne ! reased 
the intensity grows rapidly. Thus the general result of 
oxidizing a metallic surface is to cause the metal vacuur 
oscillation to disappe r QuICKIY and their piace at 
significantly lower frequer to appear the completely 
relaxed line with rapidly growing inte Ity This ex 
plains why one does not see yntinuous shift from the 
original line down to the re e, but instead the 
original line disappears and ne € appeal 
separate frequency 
IV. CONCLUSION 

The goal of the abov vork | been to establish th 
Ritchie’s explanation of thi v-lying characteristi 
energy losses is basically adequate to account for all of 
the observed data, and only needs the iral extensio! 
to be taken to int for the le yatings on the 
metallic surface I rf ES give ir 
explanation of the low-lying es without v need of 
postulating ad | leviatior yf dielectric bull 
properties of the me tH I y id behavior 
One confirmation of the surface wave theory would be 
the detection of surface \ ting at the interlace 
of two different plasmas. For example, louble metal 
tilm composed ol timate 
contact with a layer of magnesium should exhibit a new 
characteristic energy los 13 ele sit 


Experimental measurements on the gular depend 


ence of the low ving losse A lid De extremely valuable 
\ measurement of the disper f the energy loss as 
a function of a scattering ang letermine the 
oxide thickness, while tensit rements as 

function of angle would give a g theory 
In particular, it would be very inter g to lo kBfor 
the characteristic flaring of the ttern awa\ 
from the plane of ler for t \ cident 


electrons 








Cross Relaxation in Dilute Paramagnetic Systems 
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Ihe theory of cross relaxation developed by Bloem 
the case of highly diluted paramagnetic salts. We fine 
two diluted paramagnetic species may be far greate: 


lines which would be obtained from ordinary line widt 
of cross relaxation in cases where the separation betw 


the sum of the diluted linewidths 


I. INTRODUCTION 
| N two recent papers, 


paramagnetic salts was developed. These papers 
how that dipolar coupling between paramagnetic ions 
1¢ same or different types tend to equalize the spin 
temperature of pairs of energy levels. An impressive 
number of experiments*~® have verified this theory, at 
least qualitatively, in the case of coupling between 
different resonance lines of the same paramagnetic ion 
In addition Pershan? obtained good quantitative agree 
ment of theory and experiment for the case of cross 


the theory of cross relaxation 


of th 


relaxation between the nuclear spins of Li and F in 
pure LiF crystals. This experiment was similar to those 
peformed by Abragam and Proctor® and explained 
most of the results obtained by the latter authors 

lhe theoretical papers above! treated in detail only 
e case of concentrated crystals. The practical com 
yutations 1 2 and in Shapiro and 
sloembergen’ were based on replac ement of the second 
nt lor reli the the 
noments of the individual ordinary resonance’ lines 


in reference and 


} 


nome Cross ixation with sum of 


[his approximation is useful for concentrated crystals 
is shown in Sec. III.* However, we prove below (Se 
[V) that tk 

of diluted salts 


a 1S approximation will not suffice for the case 

In this paper we shall investigate the cross relaxatior 
between paramagnetic ions of different species. The 
theory follows closely that given by BSPA. We will] 


oncentrate however on the case of highly diluted 


ystems although the formulation of the problem and 

* This research was supported by the U. S. Air Force through 
he Wright Air Development Division of the Air Research and 
Development Command 

N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artmar 
Phys. Rev. 114, 445 (1959). This paper will be referred to as 
BSPA 

? P.S. Pershan, Phys. Rev. 117, 109 (1960) 

J. A. Giordmaine, L. E. Alsop, F. R. Nash, and C. H. Townes 
Phys. Rev. 109, 302 (1958). 

*K. D. Bowers and W. B. Mims, Phys. Rev. 115, 285 (1959 


°C. H. Townes, Quantum Electronics (Columbia Universit 
Press, New York, 1960), several papers from pp. 293-369 


* A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958 
S. Shapiro and N. Bloembergen, Phys. Rev. 116, 1453 (1959 
* This result was proved independently by Pershan. However 


the details of our second moment result seems to differ somewhat 
Our value for the second niwment of the cross-relaxatior 
iescribed below is about twice the sum of the second moments 
f the individual resonance lines in the absence of exchar 


process 


ge 


The Johns Hopkins University 


Baltimore. Marvland 


ay 16, 1960 
Pershan, and 


moment for cross relaxation between 


bergen, Shapiro \rtman is applied to 


that the secon 


than the sum of the second moments of individual 
h measurements. We can thus explain the dominance 
een the teracting resonances up to twenty times 


some of the results are quite general in this respect 
For simplicity, we assume that there are no zero field 
splittings in either paramagnetic species and for detailed 
results, take S=4. We also consider a situation where 
the higher order terms in the spin-spin interaction (i. 
terms which do not conserve angular momentum even 
approximately of These last two 
restrictions limit the applicability of the theory some 


are no consequence, 


what, but it will be shown that a number of important 


cases In paramagnetic resonance can be treated by 
these methods. In a later paper we hope to remove 
some of the restrictions discussed above 

Section IT below contains a brief outline of Bloem 
bergen’ theory of cross relaxation. Section IIT is de 


In 


voted to the computation of the second moment 


Sec. IV we prove that a Gaussian distribution is alway 
t good approximation for the effective ‘‘line-shape”’ for 
cross relaxation and estimate the actual cross-relaxation 
time in a simple case 
Il. CROSS-RELAXATION INTERACTIONS 
Consider a crystal in which two paramagnetic speci 
a and y have been substituted for the diamagnetic host 


We assume that tl 


are nearly equal. For 


of a and ¥ 
implicity we assume that in para 


e resonance frequencies 


magnetic resonance only allowed transitions (AS= +1) 
occur and that the ene rgy level of both species 
ire equa paced no zero field plittings The reso 
nant frequencies in a magnetic field H/y are given by 


va LaidH and w,=g,8Ho where the g are the spectro 
scopic splitting factors of the a and y species and 
8=eh/2mc. As stated above | g.—¢ (a1. In addition 
we require the linewidth to be much less than the 
Zeeman frequency and ga8H «<k7 
The Hamiltonian for this system can be written a 
R=KotKHi2, 1 
K gabHo d) Sept XL ApS; Sat LD BoeSapS x1 
} d Pq 
+¢,.8H» >. I, T oo a¢,|,-1,+4 ,s biel eel an 
é >s g>9 
ae 
LTC Sake 
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13% ‘. ME 
b pe = J yg" — Ba BT; ) COST pq), the total number of ions of type y. The treatm yi 
_ . . > lattice sums for dilute salts case tollows trom the 
ta J ty" g Se, 4(] 3 coSs*6..). aap ; 2 
work of Kittel and Abrahams.’ 
Bog= 38aP8 ng *(1—3 COS" pe 3 In Eq. (5), the higher order lat rearrangeme! 
ire included in the effective line shape factor g,.(w 
by 44 do ha a : 1 $cos’# " . , 
7 —? ’ : ’ The shape function @, y be easy nown to be 
ae ] 4 Pal Or 1 $cos’é identical for the two different relaxatio process¢ 
considered above { relaxation Ol a@ or ¥ I quation 
It may be useful to note that Latin sub Cripts indicate 5). as it stands. is of limited value unless some detailed 
ummation over the a system of paramagnetic ions and information concerning ipe functior available 
Greek subscript for summation indices over the 4 For high concentrat fa and prove t 
ystem. J* and J” are the isotropic exchange term be close to 
between like ions; j is the anisotropic exchange a and : 
y ions. S and I are the nondimensional spin operators o> oa ; 6 
of the @ and y systems, respectively. The quantity 
COSD » is the direction cosine for the radius ve« LOr, Fp, 
between lattice points p and & and the magnetic field — 4s postulated in reference 1. The g*(w) and g?(w) are 
vector Hy. Since we are dealing with the case of para the line shapes of a and y, respectively. However, at 
magnetic resonance at microwave frequencies and have yg ry low concentrations there will be large deviations 
issumed the local tield to be mut h smaller than the trom this form We shall e the method ot moments 
Zeeman field Ho, we have omitted the terms which do deriving expressions for gy2(« ee Sec. IIT and IV 
not conserve angular momentum in Eq. (2) and i 
Eq. (4) below. (That terms like SipSyy, Leelee III. COMPUTATION OF SECOND MOMENTS 
Sisal et lhe terms given in Eqs. (2) and (4) are eS 
Che only practical method of computing line shape 
the one vhich come closest to conserving energy and <r , . 
’ : . is the application of the method of moments. This 
should dominate the higher order terms. The cross re 
method is discussed at greal deta the papers ol 
ixat interaction 3Cy. Is given by % y ’ 
| Waller, Pryce and Steven ind especially Var 
Vleck.” The tractability ( met re ce end ot 
Ky 24 \( (5 a +S or ai ‘ : | 
the use of invariant sums. Since the trace of an operator 
1s independent ol the represt LLIOI one may choose 
* aC tS s , . . 
i a z * wel wt i representation whi eur par ely quan 
tized (although thes« yt prope es of K 
Jue h nplexity r der ns, W 
| ummation ire taken over all lattice point l ue to the Cor - 5 m bias 
} : af te the ri d ion e tnl n 
nch are occupied by a ion or y ion Hence a will evaluate only ; : - 
product like S,,/_¢ gives a nonzero contribution to the ©@usslan approximatio ; In Sec. IV we w 
um only if site p is occupied by an ion of type a with prove that a Gaus Ln EXCEL ipproximation t¢ 
M ,< S and site £ is occupied by an ion of type y with — the shape of g 
VW, /. The similar requirements for the other The second moment of given by 
product are obviou 
Follow reference 1 hybrid’’ method may be Trace | Ho,K 
used to compute the cross-relaxation rate. The cross W")ar 22] E é 
nh? Trace K 
relaxation rate for the a system may be shown to be 
W 1" dr h*)(n,/ N)je(S—M,)(S+M,+1 Che computation of e commutators in Eq. (/ 
tedious but straightforward. We obtained the following 
. . . 1 
. ie - equations The summations below are understood to 
I+M,)(I-—M 1) gi12(Wwa—wy) 2. ¢ 5 ; a. 
F extend over all the ibsecr \ inless other 
wise indicated.) On 1 es g i contnibutior 
The summation now extends over ali the magnet 
( ittel and \ hams, PI Rev. 90, 238 (1953 
sites which can be occupied by y ions except the pt! i ao 2 . 79 370) 16 
aiucr, & nYVSIK / i 2 
site when a and y occupy equivalent sites. The use of M. H. Pryce and K. W. Stevens, Proc. Phys. Soc. (Londor 
: x si . . 463 36 (1950 
th it of summation will always indicat i a ? 
the upper limit o ALLO ay dicate 2 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948 
immation over a point it follows. #1, 1s ]. H. Van Vleck, S Nuov me 6, 993 (1952 








CROSS RELAXATION IN DILI 
to the sum. 
. Trac e CH, Hy. P 
, Trace (Sys? Sag?! 2 > Dig (By, 


t 2A pq°+ A Bp, Cpe 


T 4 T race Sd tT ae \ igg b:,” 
+ 2a:,” +a; twee at 


T 4 Prace PSs = >” Cote 
+4 Trace (. Sul af Ce 
Be 


Be 

+5,,5 teal lala) =. Cot 

+4 Trace (S,,77 .¢] 2? 

+SrpSspSypl stl yet ee) 3’ Cog. (8) 


+ } Trace 


In Eq. (8) above we have omitted terms which con- 
tain summations like }>” B,,C,:Cy¢. Simplifying the 
lattice sums in a manner analogous to reference 9 and 
substituting the values for the traces which occur we 


obtain for the special case S= I=}. 
hy? Aa* av 
lng N ln, N 
2 Bye t+ yi ( pe 
4N ; 4\ 
_| 1m. N 
d,’ (2A ptA peBoe) 
lan 
In, N | 
i =9 9 ad . » 
,. : be, + z ( pe 
4N ¢ iN & 
ln, % 
' | ' (2d gy? + aeqde,) 
4N ¢ 
If na ny N 
a: D’ B, 7 pj t DL’ 55% it” 
4.N , V ¢ 
at, N / 
+ 2 C45 f FC 
— 3 — € 
V E / t 
N N 
LY’ Cal/D! Cyl. (9) 
g E 
The first two terms in square brackets are the 


ordinary second moments of the a and y ions, respec 
tively. These brackets each 
term and the nonresonant interactions of one type of 
ion on the other. These terms have been discussed by 
Van Vleck" and Kittel and Abrahams’? in the theory of 
linewidth in paramagnetic resonance. 

The terms in curly brackets are new and arise from 
the fact that }> A,,S,-S, does not commute with Ky 
contrary to the considered by Van Vleck.” The 
curly brackets can lead to a substantial increase in the 
cross-relaxation second moment in concentrated salts 


consist of a “‘resonant’’ 


Case 


E PARAMAGNETIC SYSTEMS 139 


particularly when the exchange interaction is very 
large. The appearance of terms are a mani- 
festation of the fact that line shape of paramagnetic 
resonance lines deviates from a Gaussian and that even 


can lead to 


these 


a slight deviation in the wings of the line 
important cross-relaxation effects 

The negative term is a correlation term which tends 
to reduce the second moment." 

Che last term in Eq. (9) to the ‘ 
interaction between two paramagnetic species. 
This term is independent of the concentration. At low 
concentrations we shall be especially interested in this 
since it will clearly be dominant. In fact, for concentra- 
tions of the two ions of less than 10%, only the concen- 


is duc ‘quasi-reso- 


nant” 


tration independent terms need be considered. 

The concentration independent part may be evalu- 
ated fairly easily for special direction of a simple cubic 
lattice. If we neglect exchange terms (which are usually 
negligible at low concentrations) we tind for the 100 
directions of a simple cubic lattice 

2.6g'3* 
Aw*)ey , (10) 
hed 


In Eq. (10) d is the lattice distance between nearest 
magnetic sites. g is the appropriate average of g, and gy. 


IV. MAGNITUDE OF CROSS-RELAXATION TERMS 


It has been pointed out by Van Vleck and others, 
that the second moment is not sufficient to determine 
the line shape accurately. Since the fourth moment 
will have a different concentration dependence from 
the second the line shape may differ at different con- 
that at low 


centration. In our case, it can be seen 
concentrations the dominant terms in the fourth 
moment contain only two indices, i.e 
hi (us! Trace [3o,[%o,K is |P/Trace 
[3Co,[ Ho,5C 12 |} 
pie a ae ’ - P 
= ya CD, LSepSepl yeSapl at i OU (11) 
pet 


It may be shown that for spin } 


A ‘4 
w")s ; 
~3.0+ (terms dependent on concentration). 
Aw av 
For a perfect Gaussian, the ratio of the fourth 


moment to the square of the second moment is exactly 


Hence at low concentrations, the Gaussian dis- 


tribution should be an excellent approximation. It 


“If a and y do not oce ipy 
magnetic complexes of Cr** in K 


the correlation | 


t sites [e.g., LiF, the two 
the second and third 


occur 


equivaler 


Cr(CNn ), | 


yracket do not 


tern 
terms i 
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interesting to note that this result holds even though 


the individual line shapes are far from Gaussian (which 
is usual at low concentration 


It should be 


approximation is not as good. However, since there are 


spin #3, the Gaussian 


noted that for 


no terms which depend on the reciprocal concentration 
(in contradistinction of reference 9) it is still useful in 
diluted salts. I studied the f 
concentration but it seems likely that a Gaussian holds 


have not case of high 
in this case as well. 
In view of the above we can write the effective ‘shape 
function” for cross relaxation a 
f 
exp} \Wa 
£12(Wa 
(2x Aw* av) 


and (10). 
write the 


where (Aw*)ay is given by Eqs. (9 


From Eqs. (5) and (12) we can cross 
| 


relaxation rate of the a system as 


W 127= 510-4 (n,/N a 
xX exp| rP wy)*?/1.3 10 
5x10 V) gaRyA4a hd 


Xexpl — (wa—w)?/1.33 XK 10 


LalyA'o 


4o4'g,*had * | 


40.2 yAod 


where 


1 AN 
> r5¢78(1 
é 


d' 


N 


0 r 


> 
— . 
gE 
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Equation (13) holds even when the resonant frequencies 


of the different species are identical. For the 100 direc- 


tion of simple cubic crystal 


ny 


W 327 1x 10°" Lal 


For d= 10-7 cm, ga 


W 12" 1.6 10 


lf n,/V=0.005, 


Thus 200 


gauss), the 


even tor lines 6X 10° cps 


cross-relaxa he order of 10 


sec which may dominat I yin-lattice relaxation 


time at low temperat liluted crystals 
the 
times the linewidth of a ine. Indications of 


been observed in KoCr(CN 


10 ve § that the 


above separation oO! is t at least 15 20 
such effects have 
From Eqs. (12 


linewidth for cross relaxation is proportional to d 


and effective 


Since our estimate of 10-7 cm for d rather larger than 
cross-relaxation linewidth 


{ above 


what is normally found, the 
will usually be 2 to 10 
(Aw*),,y. In addition it is 
maximum cross-relaxation 
d~ and will thus be 
in most crystals 

It is seen from Eq. (13 
rate WV 


estimate of 
that the 


T y ~ ~ 
rate Wy got a 


times 


SeeT 
increas 
cross-relaxation 


Since the 
larger than that us¢ 


moment much 


in Ek 


the cross-relaxation rate 


second 
maximum value of 
1 reduced from 
that computed in Eq hen 12(0) is much 
greater than the spi i-latth relaxation rate, the in- 
ith’’ f relaxation 
make u crease in W,,(0) for 
ne rapid decrease 


crease in the effective 


will more than 

separated resonances 

of the expone ntial for (wa 
One must be careful in ipply the above 

theory to commonly used For 


usually S>4 and zero field splittings generally occur 


crystals. 
For example, this theory order of magni- 
tude validity for computing the cro xation between 
two nearly degenerate resonan req ies or an 
S=1, 3 


mately double or triple the averag the 


crystal if no other resonance line is approxi- 
two resonance 
frequen ies. It should also coupling between 


ions of two magneti omplexes as well as coupling 


between nearly e lines of different para- 


magnetic species under 1 um¢ nditions as above 


of course, an etiect 
which depends on 1 
consideration 
In cases where 
resonance fre quency 
coupling terms art 
In a later paper 
plic ated cases in a 
67. G. Castle 
119, 953 (1960 
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Collection of Ions Produced by Alpha Particles in Air 


Z. Bay anp H. H. SELIGER 
The National Bureau of Standards, Washington, D. ( 
Received May 16, 190) 


In the measurement of the ionization caused by alpha particles in air, recombination effects between 
slowly moving positive and negative ions 
considered 


the latter formed by electron attachment to oxygen) have to be 
rhe usual procedure in such measurements is to determine the saturation current (by extra 
polation of reciprocal current versus reciprocal voltage curves to infinite field strength) according to the 
Jaffé theory. A paper by Wingate, Gross, and Failla has cast doubt on the validity of this extrapolation 
technique, in that the authors propose a field-independent part of the recombination amounting to 3.3% 
at atmospheric pressure in air. This proposal implied that all previous measurements of W, for air were in 
error by this amount and that this error is a possible cause for the reported difference (3-4%) between W 
values for alpha and beta particles in air. In view of our own W measurements we felt compelled to re 


examine this supposedly field-independent part of the recombination 
conditions of Wingate, Gross, and Failla we have not been able to reproduce their effect and 


Approximating the experimental 
1 our experiments 


demonstrate the validity of the usual extrapolation techniques 


INTRODUCTION 


N investigation of the effects of pressure and col- 

lection potential on the collection of ions pro- 
duced by alpha particles in air was published by Win- 
gate, Gross, and Failla.' Their experiments, conducted 
at pressures between 4 cm of m-rcury and one atmos- 
phere, showed that at every pressure a plateau in the 
current-voltage curve could be obtained and that the 
value of the plateau current increased as the pressure 
decreased until at 10 cm of mercury a maximum ioniza- 
tion current was observed which was independent of 
further reduction in pressure. The ionization current 
at atmospheric pressure, though independent of the 
collecting potential over a large range of voltages, was 
3.39% lower than the value at 10 cm. 

It has previously been generally accepted that if a 
significant amount of recombination occurred, there 
would be no plateau in the current vs voltage curve 
and the saturation current might be determined by an 
extrapolation method based on the theory of Jaffé.** 
Therefore, Wingate, Gross, and Failla conclude that for 
the ionization by alphas in air the usual extrapolation 
procedures are inadequate and a field independent (but 
pressure dependent) part of the recombination has also 
to be taken into account. This would cast serious doubt 
on all previous determinations of W (the average 
energy expended in producing an ion pair) for alpha 
particles in air. Therefore, Wingate, Gross, and Failla 
suggest that this previously undetected part of the 
recombination is a possible cause for the “apparent”’ 
increase of W, in air as the alpha energy decreases as 
well as for the reported difference (3-4%) between W 
values for alpha and beta particles in air. 

Recently we conducted experiments aiming at a re- 
determination of the important value of W, in air (the 

C. Wingate, W 

1957 
2G. Jaffé, Ann. Phys. 42, 303 
H. Zanstra, Physica 2, 817 


Gross, and G. Failla, Phys. Rev. 105, 929 
1913 
1935 


results of this work will be published elsewhere) ,*‘ and 
since this field-independent part of the recombination 
would seriously affect the final interpretation of our 
measurements, we felt compelled to re-examine this 
effect. The method used was the same as applied by 
Wingate, Gross, and Failla; extrapolated saturation 
currents were compared at different pressures. 


EXPERIMENTAL 


rhe equipment used, which was also used for the 
absolute measurement of W,, consisted of two identical 
cylindrical (diameter 45 cm, height 60 cm) chambers 
which could be evacuated or pressurized. The Po*” 
alpha source was either deposited on a flat electrode 
(to obtain nearly uniform field as in our absolute W 
measurements) or (for the repetition of the geometry 
used by Wingate, Gross, and Failla) as a spot on a rod 
of &8-mm diameter. With each type of electrode both 
the full Po®” alpha energy (5.3 Mev, reduced only 
slightly by source self-absorption) was used (as a check- 
ing experiment for the absolute W, measurements) and a 
reduced alpha energy by putting an absorber on the 
source such that the residual energy was 0-2 Mev (for 
dense ionization and larger probability of field independ- 
ent recombination) as in the Wingate, Gross, and Failla 
experiments. For the measurement of ion currents, 
vibrating reed electrometers were used. When measuring 
smal! currents, one of the twin chambers is used for the 
simultaneous measurement of the background. The 
highest collecting potential used was 40 kv, giving field 
strengths of the order of 2 kv/cm and higher. 

First, the situation most nearly approximating the 
W., measurements was tried. In this case, the Po*” was 
deposited on the flat electrode, no absorber was used 
and the intensity of the source was ~ 10° disintegrations 
per second, giving on the average one alpha track present 
in a time interval for complete ion collection (approxi 
4. Newman, and H. H. Seliger, Radiation Research 
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hic. 1 


experime ntal error 


Chamber satur curves at different pressures. Within 


nts extrapolated to infinite field 


the 


strength are independent of pressure 


Phe 


Fig. 1 where a family of extrapolation curves, taken in 


mately a millisecond results are summarized in 


range from 0.25 to 2.0 atm of air, is shown 


the pressure 
The 


voltage, since it j 


used reciprocal current vs 


known that the Jaffé theory, 


frame reciprocal 


even if applied to widely varying conditions, leads to 
straight lines in this frame of reference when saturation 
is nearly attained.’ The curves of Fig. 1 are nearly 
straight lines and give within the uncertainty of the 
measurements of about 0.30 the same current when 
extrapolated to infinite field strength 

This lack of a pressure ae pe ndence of the ¢ xtrapolated 
current in our experime¢e nt 
urements of Biber, Huber, and Mueller® who obtained 
in air between 4 ar 
of Fig. 1 
Kimura e/ al 
} 


is corroborated by the meas 


d 6 atm curves very similar to those 
of 
of Alder, Huber, and Metzger,’ 
rile they do not challenge the validity of the 


Our results in no way contradict those 


or tl OSE 
who, w 


usual extrapolation methods, state that very large col 


{ 


lecting fields are necessary to prevent significant re 


combination of ions in air 


From this, we can conclude that for our own absolute 


W. measurements where we have a fairly uniform high 


collecting field at atmospheric pressure and a low- 


intensity source, the usual extrapolation procedures can 


be accepted with confidence 
However, for the purposes ol further intended ioni 


zation measurements, dealing with higher intensity 


sources or lower energy alphas, we felt it was necessary 
to try to reproduce the measurements of Wingate, Gross, 


and Failla in our own system. This was accomplished 


Ds 


in the following ste] 
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Wingate, Gross, and Failla suggest that this energy 
dependence may be only an apparent one in air due 
to difficulties of ion collection. However, the electro- 
negative behavior of a gas (responsible for large re 
combination losses) and the dependence of W,, on energy 
were found to be uncorrelated effects. A good example 


is nitrogen, the major component of air, for which an 
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energy dependence was found by Jesse and Sadauskis." 
On the other hand, nitrogen is nonelectronegative and 
permits an easy determination of saturation currents 
at relatively low-field strengths. Therefore, the observed 
energy dependence has to be considered real in nitrogen 
and can be a cepted for air 


W. P. Jesse and J. Sadauskis. Phys. Rev. 97, 1668 (1955) 
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Dispersior 
culations. The sign of the scattering length is shown to gi 
total cross section for scattering of electrons of incoming momentum hk 


ing length are used to determine this limit 
the recent calculations of the scattering length 


i a recent paper’ dispersion relations were applied 
to low-energy electron scattering by hydrogen 
atoms. The results of that work indicate a connection 
between angular distributions at a particular energy 
and total cross sections at all energies. In the present 
work knowledge of the scattering lengths is combined 
with the dispersion relations for rearrangement colli 
sions to give a bound on the total cross section inte 
grated over all energies. The arguments will be made for 
electron-hydrogen scattering; their extension to other 
systems will be obvious. 

The appropriate dispersion relations for electron 


] 


hydrogen Scattering at zero incoming electron ene rgy 
are 


1 s 
Re( f— 3g f—42)Bornt [ a, (k)dk—3R, 1 


2r’. 
where f and g are the zero-energy scattering amplitudes 
for direct and exchange electron scattering at angle 
6=0, a, is the total cross section for scattering of elec- 
trons of incoming momentum hk, R is a positive number! 
which depends on the bound-state wave functions of the 
e-H system, and ( f—4$g) porn is the first Born approxima 
tion to the forward amplitudes f and g. 
At zero incoming electron energy we can express the 
singlet (f+g) and triplet (f—g) s-wave phase shifts 6 


in terms of a parameter a,, the scattering length, by** 


k coté, 1 dy + 
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relations for electron-hydrogen scattering are combined with existing scattering length cal 


fa(k)dk where o(k) is the 
Recent calculations of the scatter 


ve an upper bound on 


satisfies this bound, agreeing with 


Comparison of (2) with the partial wave expansion of 
the amplitudest (f+g) yields the elementary result 


-a, and Re(f—4g) 3a 4a,. (3) 


case of scattering 


where do is the 


electron-hydrogen 
he Born at zero energy equals - 2ao, 
Bohr radius.* Thus, 


1 R+-2a9) 


i= 
| aplk. (4 


ar’. 


Now the scattering length is a zero-energy property 
of the system and has been calculated by a variety of 
researchers for e-H scattering.* ®7:* While the numerical 
values of their results are not in complete agreement, 
they all predict that the singlet and triplet scattering 
lengths are both positive. It is well known that the 
scattering length is negative for a system with no bound 
states, and becomes positive for a system with a bound 
calculations 
£5 Some 


state near zero energy. The most recent 
~ 1.94 


of these results® are based on elegant variational calcu- 


indicate a (triplet) ,° a,~ 6.2ao(singlet) 


lations, and are expected to be quite reliable. The 


singlet length might be expected to be positive because 
binding energy calculations and observations indicate 
the existance of one bound state near zero energy. A 
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the sign of the cattering length The triplet State Is which measure O1, am I iri DAD ] Lnes¢ 


rather unusual. A state of negative energy does exist, measurements to inute the i gral it These 


but the exclusion principle rules out this state physi- results were 
cally. In such a case the cattering theory accepts this 
state as legitimately bound, predicting a phase 6 a 
as k— 0 and predicting a_>0 


Experiment 


If both a, and a_ are positive, we have an upper 
bound on the integrated total cross section, namely 
Experiment 


It is apparent 
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LOWER BOUNDS 
solve an algebraic equation instead of a transcendental 
equation which involves infinite sums. 

No attempt is made to compare our method with 
other procedures, which may be more efficient in 
certain problems. 


II. THE BASE PROBLEM 


Let us denote the inner product by (¥,¢)= fye¢r*dr. 
We are given the Schrédinger equation in the form 


Hy= Ey, (2.1) 


where we assume that the lowest part of the spectrum 
of the Hermitian operator H consists of bound states 
only. An eigenfunction y,; corresponding to an energy 
£; must satisfy 


AYi=EN,, (Wis) =55;, 


ij Is the Kronecker delta. We consider the 
energy levels to be ordered in a nondecreasing sequence 
Fis k.<E; where each degenerate energy level 
is repeated the number of times equal to its multiplicity. 
We allow the possibility of continuous energy states 
and bound states with energies larger than each energy 
/:; in the above sequence. 

Rough lower bounds to the energy levels F, can be 
obtained as follows. Assume that the Hamiltonian H 
can be written as the sum of two parts, where one of 
these parts H° is of a sufficiently simple structure that 
its Schrédinger equation has an exact solution. Further 
assume that the other part H’ is a positive operator. It 
is not necessary that H’ be small as the method of 
intermediate problems is not related to stationary 
pertubation theory. 


We 


(2.2) 


where 6 


have 
H=H°+H', (2.3) 


where 


Hy 2 


ESv2 and (Hyp) farnvo, anyy 2.4) 


Here the £,’ are the ordered energy levels of the lowest 
part of the spectrum of the operator H®, £,°< £°< 
Each energy level £,° is repeated in the sequence the 
number of times equal to its multiplicity. The eigen- 
functions y,° corresponding to the £,° are considered to 
be orthonormalized so that 


Vi Hs) = 555. 


eigenvalue problem for H® the 


) 5) 


We call the 
problem. 

The known energy levels /,° of H® give rough lower 
bounds to the unknown energies /,; of H according to 
the basic inequalities 


E?<E,, sm 1,2,3 -->. 2.6 


ba c 


The proof that E?< F£, follows immediately from the 
minimum characterization of the first eigenvalue and 


OR EIGENVALUES 
the inequality 


HWW) < (+H Wy), 


for arbitrary y. In fact 


E,°= min(HY,y) < min (Ay) = FE. 
=I 


Ww) =1 vw 


(2.8) 


The proof of the inequalities (2.6) for all values of 4 
follows from the maximum-minimum characterization 
of the eigenvalues and goes back to Weyl.’ 


Ill. INTERMEDIATE PROBLEMS 


We now introduce a sequence of intermediate Hamil- 
tonian operators H', H?, H® ---. Each operator H* will 
approximate H in the following precise sense. It will 
have energy levels intermediate between those of any 
operator which appears earlier in the sequence and those 
of H. This in itself would not be very helpful if we did 
not have the following fundamental properties of H*. 
The energy levels and eigenfunctions of #* are, as we 
shall see, obtained by a &-dimensional matrix problem 
which is explicitly solvable in terms of the known 
energy levels and eigenfunctions of H”°. 

To define H* with these properties we temporarily 
introduce a second scalar product ((¢,W)) defined by 


(ow [ a’ eyrar (H' op). (3.1) 


Here we restrict ¢ and W so that H’¢*0 and H'y#0 
for yg, x0. Let pi, p2, Ps --* be an arbitrarily chosen 
sequence of linearly independent, not necessarily 
orthogonal, elements in the vector space with scalar 
product ((¢,~)). Using this new scalar product ((¢,)) 
we compute the projection P*¢g of an element ¢ on the 
finite space spanned by the first k vectors pi, «++, px 
so that 
oy 


L cipi. 


t~1 


Pe (3.2) 


Since pi, «++, px are not necessarily orthogonal we 
compute the elements c; from the system of equations 
P* 9p; ee » Ci (Pig Ps 1<jsk. (3.3) 
If H'¢=0 we define P* g=0. 
We define the intermediate Hamiltonian H* by the 
equation 
H' (3.4) 


H°+H'P*, 1<k, 


and prove its fundamental properties 
As the projection increases in magnitude with k, we 
As the project tud th k 
have the inequalities 
Pry Py < petty pety i vw ) 
k, t=1, 2, 


Math. S 


0< 
(3.5) 
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or equivalently 
(Ap Ws (Ay) < (Ay 

k 
¢} ] 


we denote e ordered energy 


where b l 
As in Eq. (2.6), the proof of (3.7) follows from the (¥.’,p,), H’p 
maximum-minimum characterization of the eigenvalue It is now pos 
The inequalities (3.7) justify the name of intermediate — fact, let ,’ be 
problems in forming any 

Hy $= Hy, 
IV. SOLUTION OF THE INTERMEDIATE PROBLEMS hence, the « 

of H*. Ina 

In order to determine the energy levels of H/* starting tinuous spectrt 

from the energy levels of H° we first find an explicit We now pro 
expression for H*. Equations (3.2) an 3.3) show that energy level 
for arbitrary y yee 


H'Py=>. cH’ pi, 


os 


where the 


S 


To avoid essenti iff ties in the discussion of the whered,;1 
equator H*y ‘ npilv ti operator ih by a and energy 
pecial choice of the ments } <i<k, which up to 
now were selected in an arbitrary manner 
We require that each element y,° belong to the range 
‘, and we define from now on The eigenvalue 


are given by the 1 
$4 a) k of th 


his special choice of the elements p;, is usually possible 
and distinguishes our procedure from that of Aronszajn.‘ 
If H’ is positive definite then the Hamiltonian (/’ 


satisfying the relat | , " other 
the identity operator) exist ve quivalently 
centi ; Y states E? of H® wh 


write } +} 
have not been u 


c) H* } 
that of H 


°> For a detai 
paper by the autl t , \ ¥ procedure for facts see the pay 


* +} 


arbitrary choice of the s ha \ 1961, issue ¢ 
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Since the £’s determined from (4.10) are not neces 
sarily the & lowest E’s of H*, one must reshuffle the 
E’s in (a) and (b) into 
EFS ES E;' ’ . We 


inequalities. 


a nondecreasing sequence 


then have the fundamental! 


4.11 


Remark 


Our method requires that H’ be positive and that our 
choice of the elements p,; is possible. If H’ is bounded 


can always choose our base problem in the 


below we 
following manner so that these conditions are satisfied 

Defined the Hamiltonian H by HH &= 
Hamiltonian H,’ by H.=H'+cl 


identity operator and c is any real number satisfying 

HY dh +coow2dyy 
for some positive number d. Then H has the decom 
position H=H.°+H.’ where H..’ is positive definite and 
it is known that (H,’)~'y exists for every vector y. The 
base problem with Hamiltonian H.” has the same eigen 
functions y,° as does H®. Its lowest energies / are 
related to the E; by } 
kth intermediate problem is again reduced to the evalua 


tion of the integrals ((H.’)"W,W,°) for 7, 7=1, Rk 


cI and the 
I 


the 
l ( 


where 


$.12 


EY —c. The solution of the 


V. GENERALIZATION 


We are able to extend our method to the more genera 
equation 


HwWi.=EHAA,, 


where H, and H, are linear operators We; 
is possible to effect the decomposition 


H, H, +f] 4 H, HS—H?, 
where H,’, H.’, H:' 


are positive and where 


AYP =ESHLY: 


has known orthonormalized eigenfunctions y, 
energy levels F,°; hence E< F;, i=1, 2, 

As in the previous section, we introduce operator 
H,* and H,’ which, respectively, approximate 7, and 


H» so as to give intermediate lower bounds. We take 


j=k for simplicity. The energy levels of H,*y 
are given here by the following rule 


EF *H"Y 


k of the bound states are the roots of 


HejtEf; . 5.4 


0 Ef-— b)é 


where ¢,; is the 
AS? .p;), Hi p;=HN,, and f; 
to that with elements (H,°y,’,¢;), H2'q;=HW 


1 


other bound states are those states with 


)) 


All 
energy £,’ whose eigenfunctions y, 
( T he 


problem is identical with 


do not appear in (a 


continuous spectrum of the intermediate 


of the base problem 


OR | 


matrix inverse to that with elements 
is the matrix inverse 
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lhe ordered energies give lower bounds according to 


1<i, k, t. (5.5) 


VI. APPLICATION TO THE HELIUM ATOM 


The method of intermediate problems can be used 
to approximate the bound states of ordinary differential 


equations such as the 


radial Schrédinger equation. 
However, in this paper we will apply the method to 
the partial differential equation satisfied by the helium 
atom. We will motion, relativistic 
effects, and the influence of spin. We use atomic units 
throughout. 
Let r; and r 
electron with the nucleus as 


neglect nuclear 


denote the position vectors of each 
The helium atom 


sufficiently regular func- 


origin 
Hamiltonian operating on 
tions y is 
2p dy 

(6.1) 
r; 2 Tie 


in atomic units. Here A, is the Laplacian operator in the 
coordinates r;, i= 1, 2. Als 2=/r1—re| and r,=!/8;1, 
r fo. 

In order to take advantage of 
tie of the operator (6.1 


the symmetry proper- 
, we restrict ourselves to S states 
of parahelium. For these states the eigenfunctions of H 
depend only upon r;, r2, and r;. and are symmetric in 


Ac ( ord 


ingly, we restrict the operator H to the subspace of the 


the spatial coordinates of the two electrons 


square-integrable functions which are dependent only 


on the variables r;, r2, 7:2 and which are symmetric in 
r, andr 
If we 


6.1), the resulting Hami 


neglect the electron interaction term 1/r;. in 


Hy 


LAw—hiw ' (6.2) 


vr; 
vell-known spectrum whose initial part is discrete 
Further, H’=1/rj. is a positive 


operator so that the eigenvalue problem for 


and bounded below 
definite 


H° | 


rhe eigenfunctions 


ultable as a base problem 


of H 


VU Rnyil(rs)R) + Rrytlre) Rnoil(r;) 
xP (cOs8;>), 


are given by 


(6.3) 
the elements R,, are the normalized hydrogen 


| wave functions, P; he /th normalized Legendre 
imial, and 4,2 is the angle between r; and rz. Here 


chosen so that the eigenvectors are normalized. 


corresponding energy levels are 


2(1/n?+1/n? 


(6.4) 


each with multiplicity max(m;,n2). There is a spectrum 
6.4), from —2 to 


of H® is 


of continuous energies, overlapping 


of the spectrum 


(6 5) 
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and the corre ponding eiveniun tions are 


Wio= (1/4) Rio(r1) Rio(r 
Wi= (1/V24e)[ Rio(ri)R +R 
$. (6.6) 


Kato® has 
of H consists of a sequence of discrete energy levels 
E(1'S)< £(2'S)< E(3 'S) before the presence of 
continuous spectrum 

Since H® is the base problem operator we have, by 


(2.6) and (6.5), 


shown that the lowest part of the spectrum 


1i< F(1'S), oo z2 *S), 
20/9< F(3 4S) 


(6.7) 


We now solve the first intermediate problem and choose 
Pi= (ri2/4r) Rio(r1)Rio(r2). By the summary at the end 
of Sec. IV iat the first intermediate problem 
has the lower part of its 


H®, except that the eigenvalue 
$+-1 H’ 
The term ((H’)-Wi yy 


as 1.093 750. The first intermediate problem has the 


we see tl 
spectrum identical to that of 


4 is replac ed by 
vi Wi’). 


is calculated in Appendix A 


(6.38) 


ordered spectrum 


3.0857, ads 20/9, 6.9) 


Accordingly, we have shown that 


ZORS7< F(L'NS 6.10) 


olve a third intermediate problem with a 


pi=r y,°,7=1, 2, 3. We calcu 
My yi¥ 
are given in Appen- 


(b, 


We now 
projec tion on the tern 
late the nine matr element for 
i, 7=1, 2, 3. The numerical result 


dix A. We then find the 


eoxXs e& 


nverse matrix ) and solve 


juation 


O=det[ (/ 6.11 
where / i, 


roots ol 6.11) are 


2.165 2.039 6.12) 


3.063 


Phe lower part of the spectrum of this third intermediate 
problem ! the eigenvalues 

1 1 . oe Ge #8, 6.13 

5 

ke 


of the t 


2.039 
2.125 as | 


hird intermed 


ince ow away and use 
The 


te problem are 


first three ordered eigenvalues 


Ee 3.063;, 1 2.1655, / 2.125 6.14 


We have thus shown 


3.0637;< F(1L'S 2.1655;< E(2 'S). 
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VIl. APPLICATIONS OF INTERMEDIATE PROBLEMS 
TO TEMPLE’S FORMULA 
6.15 ind (6.16 ild be 
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The inequalities 1 regarded 
veloped here always 


ver bounds for the 


as final results, as the procedure « 
leads in similar circumstances to 
first and higher energy levels without recourse to any 
other theory. Sometime ir procedure can help to 


rigorously establish lower bounds by other methods 


For instance, ¢ msider Temp formula. 


HY, 


This formula gives a lower 
level E(1'S) provided 
Hy,Hy) have 


normalized test 


> first energy 
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il bound | ag 


been 
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VIII. APPENDIX: CALCULATION 
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OF 
H)-hh.°, W,°), (i,j 


IHE MATRIX 
1,2,3 


Our basic integrals involve t} 
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‘terms Ryo, are given by 


. } [ f | rio Sind, | 


X sinb.dé dod eye ; ( 4.2) 
R; 4v2 Riv3)e 
HH’) 'W,°,°) is thus given by 


1° (27 — 36r+-8r’). (A.10) 


°— Drie COSA; > matrix element 


lf « r . 
x b ( ) P(cos6 2 | A 3) 
rsLlt-o \ry 


respectively denote the larger and 


viv 


3? 2 * ~@ 
r‘rie 'te *\d7, 
where rs and re, 2 Bs 


smaller of the magnitudes of r; and re. Since 
) ‘ . | : | 
CosOyoP, COS6 19) +-2( 32 ‘| f rare *"*e eh (A.11) 


dr 


‘+1 l 


P41(COSA12) + - : , 
Explicit evaluation of the integrals shows that 


2t+1 
H') Viv 1.693 7500 


For the third intermediate problem the elements p, 
are given by 
pi T\2 4) { Rio(r)R; T 4 
V24ar){ Rio(r:) Roo(r2) + Rio(r2)Reo(ni)}, 


P41 (COS4 1» po= (ri 
V249r){ Ri r)R o\%e) FT Ri0(r2)Rao(r1)}. 


pa= (rie 


order to aid in of the matrix 


) \ 
-P¢_4(cos6;»). In the evaluation 


elements 


pi?) = ((H' 


1 table of integra 


(A.13) 


] am, a 818) 


r 


1 ° »-* . 
J | P,(cos@i2) sin; 

« e Je , 

( [ roe FI" | J r,%¢ B "idr, ars, (A.14) 


\ dar 
x sin6.d6 \dOed ¢ id ¢2 


We combine (A.5) and (A.7) to find 
r2tre Qnywor. was evaluated from a closed-form expression on the 
5) IBM 704. The final results for (A.13) are 


r ur 2 
HH’) wx") = 1.093 750, 


H') pi 0.318 511, 
0.134 091. 


We can therefore write 


x 


[ Rnw ri Rnwol(re)Raolr R; 0(fo 
. ’ 3.085 264, 


XI (r\,72)r7eredridr 
0.909 351. 
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Approximate solutions to the integral Schré 
tion scheme of Svartholm is used to obtain the 


func f the type 


Vave 


re) aw ( Lexp aif 
is employed to 


tart the iteration procedure 
three 


nonlinear parameters is 


I 
' 


conventional variational calculation using the 


units 


I. INTRODUCTION 
HE Schrédinger equation in configuration space 
for the system of two electrons about a nucleus 

of charge P is 


iv? 


lv 2 


Fe(r,f2), (1.1) 


where r, is the position vector of the ith electron and 
riz is defined by rm—r 


The eigenfunction in momentum space is defined by 


dn fa If, W(81,f2) eR Ft tPF, 


where p, is the momentum of the ith el 


iectron, 


?\ pip 


Let 
1.3 
(1.4) 
The equation in momentum space 


corre sponding to 
Eq. (1.1) may be written 


(pot prt po )b(Pi,P 
LZ 
where 


dp p *d(Pi—P, P 


feor (Pi, P2—P), 


I 


¢ | cp Pp °*o(Pi-P, Pet P 


« 


We may obtain a series of converging approximations 
* A portion of a thesis su 
The University of Texas 

1 We work throughout ir 

is the Bohr radius ao; the 
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M.G.H 


the authors 
to 


the unit of length 


Lor 


don) 


first iteratec 


same 


linger equation in momer 


wave tunt 


pb) +exp 


‘ 
| t 


The best energy value compute 
2.8915 atomic units. This energy is to | 


re ¢ 


wave function in coor 


for the ground state solution 5) by 


‘ based on th iuss-Hilbert varia 
Kel 

tions. In the Svartholm metho 
value parameter. We select a 
form the following integral 


a method 


due to Svartholm, 


tional pring iple and the od of iterated func- 
gard X as the eigen- 


ion, @°, and 


ar 


a) 


If we 


and 


then Ao, Ay, Ad, 


’ hy decre asing 
seque nce whi h converge 

of Eq. (1.5). In addition, tl 
verges to 9, the eigenfunctior 
responds to A. In general, 
iterations as we would lil 


IKe au o the dimcuit 


ating the integrals of Eq. (1.6 must st 


eigenvalue 
con 
which cor 
is many 


A y 


of evalu 
yp the itera 
lantity A, is a func 


starting funct 


tion at some @’, and some A 
tion of p and the paramete 
¢%°. We may first minimize 


Then, because of Fx La 


ion, 
of dQ’. 
such that 


meters 


It is easily seen thé 
po is an upper bound to th 


Il. CHOICE OF STARTING FUNCTION 


In the case 
atom, the most obvious 
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He WAVE FUNCTION 


space equivalent of the Kellner wave function, 
¢= (p:*+ a") (p+ a’) 2 


This function was used by McWeeny and Coulson.’ 
They were unable to evaluate either ¢' or Ay. The work 
of Krauss,’ Boys,® Preuss’ and others employing 
Gaussian approximations for wave functions in configu- 
ration space is encouraging, and suggests that a coordi- 
nate-space Gaussian wave function might be a good 
starting point. The transformation of such a coordinate- 
space wave function results in a wave function which 
is again Gaussian in form. Thus, we are led to consider 
starting functions of the general type 


¢’= Dn Coes, 
where 

e,.= Git Pity 
and 


03; exp(—a;p:’—ajp2). (2.3) 


The subscript uw indicates the pair (i,j). For a function 
of this type we are able to evaluate ¢' in closed form 
and can express A, in terms of one-dimensional integrals. 


Ill. THE CALCULATION OF ¢' 

We need consider only a single term. When ¢,; is 
inserted into Eq. (1.7), the integrals which arise are all 
of the type 
Slap: a,b) 


fev ? exp[—a(a—p)’—8(b+p)*]. (3.1) 


This integral may be shown to be related to the 
function.* We have the results: 


error 


T,( Piz) _ 2ria, iF (4, 3 aps’) ¢ij, 


T2( gis) 2ria; “4F (2, $, a;P2") gi, 


; Seren) 
‘ ; Lis, 


3 
212) 
(a;+a;) 


Ti2(¢ 


ij) = 2r(a + a;) r( 


where 


[(b) » T(at+yp) 
F (a,b,z) = — Z 


(a) =o ['(b4+-y)y! 
is the confluent hypergeometric function. The 
contribution to ¢' from the term ¢, is 

¢.'= (pet prt p?)"[Zhh(¢,) 

+Z1]2( 9) —L12( Fu) 1 


and the total iterated wave function is then 


¢' =. Cre,’ 
*>M. Krauss (private communication) 
*S. F. Boys, Proc. Roy. Soc. (London) 200, 542 (1950 
7H. Preuss, Boulder Conference, June, 1959 (unpublished 
* The derivation is somewhat lengthy. A limited number of 
copies are available upon request 
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IN MOME 


NTUM SPACE 


IV. THE CALCULATION OF 2, 


rrom Eqs. (1.8) and (1.9) we have 


 f ane: ¢,! \ p ; 1 pr + 2?) 9, 


a 


wry 


WC rT pr, (4.2) 
where yw denotes the pair (i,j) and v denotes the pair 
(k,l). A comparison of Eqs. (1.11), (4.1), and (4.2) 
shows that the minimization of \, with respect to the 
linear parameters, C,, leads to an ordinary secular 
equation 

W pe—Ag7 ,»| =O. (4.3) 


ur 


We define 


J m(i,j; RD) = f cove. Gizl m( eu), (4.4) 


K mn (i,j; Rd) fcoana(ne + p+ pi?) 


K Im Gis) Tn (ent). (4.5) 


The subscripts m and n may be 1, 2, or 12. In terms of 
these definitions, the matrix elements defined by 
Eq. (4.1) and Eq. (4.2) may be written 
W 2Z & Ii(i,9; kD — WS 12 i,j; kD) 
—2J 2(i,j; LR), 
2¥0 (27Ki1(6,7; RD+Z*K; 2(4,7; kD) 
—ZK, 12(1,7; k,l)—ZK, i2(k,l; i,j) J 
+ 2K 12 12(1,7 kl) + 2K 12 12(1,7; Lk). 


uP 


(4.6) 
ia 


(4.7) 
The summation is over the four possible permutations, 
(ij; kd), Gi; kD, (9; 1k), and (j,i; 1,2). These inte- 
grals have been either evaluated or reduced to one- 
dimensional integrals.* If we let 


A ape’, 


then it is possible to define the following pair of func- 
tions, each of which is independent of fo; 


(4.8) 


W = ha? (xx) W,,, 
ie 


(4.9) 
po tae *T (4.10) 
If we let \ denote the smallest root of the equation 
W,.—dT,,| =0, (4.11) 
then 
y= (4a*xe**)~t poh. (4.12) 
The entire dependence of Ay on fo is then displayed 
explicitly by Eq. (4.12). Once > has been found, the 
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Best con | 


.12) is given directly by 


l r (4.13) 


We must now make a contour map in the appro- 
priate number of dimensions in order to optimize E 
with respect to the nonlinear parameters. It is con- 
venient to replace the parameters a, by the reduced 
parameters 
(4.14) 


Tn=An/ Qj. 


The large number of one-dimensional integrals _re- 
quired were evaluated by the use of a seven-point 
Newton-Cotes integration formula. The entire range of 
integration was spanned by 97 points. The calculations 
were performed on the Remington Rand 1103 located 
at Southern Methodist University in Dallas 


V. RESULTS AND DISCUSSION 


We present here the results of the application of the 
analysis to three different ¢° of the type of Eq. (2.1 
They are, in order of increasing complexity and accu- 


racy, the simple ‘‘closed-shell’”’ type, 


p Fil, (5.1 


the simple ‘‘open-shell”’ type, 


? Fiz $21; (5.2) 


and the general type using three nonlinear parameters, 


P= DL L Cues. 

l 1 

Because of the symmetry restriction, Eq. (2.2), this 
latter ¢” is a six-term wave function. 

The ordinary configuration-space energy, /o, com- 
puted from these wave functions is listed in the second 
column of Table I. The energy £y, computed from A, 
and Eqs. (4.12) and (4.13), is listed in the third column 
of Table I. For the energies computed from ¢° of equa- 
tions (5.1) and (5.2), we have listed the optimized ener- 


gies and, in Table II, the corresponding parameters. For 
near parameters 
0.2991 


0.6621 
0.1729 


0.1356 


0.7781 0.0259 


yuted «€ 


AND ( 


ergies, if 


Ss 


0.6027 
0.3471 
0.0526 


bays Lexy 
0.3237 
0.2051 
0.0648 


the energy computed from the ¢° of Eq. (5.3), we have 
listed in the table our best directly computed point. The 
corresponding parameters are shown in Tables II and 
III. Three-point Lagrangian interpolation into a three- 
dimensional grid of 27 points indic 
energy of — 2.8965 a.u. 


ated a minim 


im 


corresponding to 
0.216, 
0.500, 


a 0.0335 


The fourth and fifth columns of Table I compare the 
absolute errors in the computed energies, and the last 
which should be a 
measure of the error in the appropriate wave function. 
Strictly, Fy is not the energy corresponding to ¢' (that 
would be £,, the energy computed from \,), but is an 
upper limit to £;. That is, ¢ 

indicated by £), and, in fact, nece 


two columns tabulate a 


quantity 


] 
at least as good as 1s 


better 


SSariuy 


Ii. The 


TABL} 


4 


0.01132 
0.06031 
0) OOOO 


It is interesting to notice that the improvement in 


the energy is the greater the better the 
function is. Thus, the absolute error due to 
¢° of Eq. (5.1) is reduced by a fa: 
of Eq. (5.2), by about two-thirds: and of Eq. (5.3 


about three-quarters. Since it seems 


Initial wave 


the use of 
tor of about one half; 
ear from a con- 
sideration of Eq. (3.4) that most of the improvement is 
due to the explic it introduction of electron correlation, 
then the trend may not be applicable for wave functions 


which already contain r; 
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Atomic g, Values for Neon and Argon in Their Metastable ‘P, States; 
Evidence for Zero Spin of ,,Ne*’t 


A. Lurio 
}ale University, New Haven, Connecticut and International Business Machines Watson Laboratory, New York, New York 


G. Werxreicu* 
Columbia University, New York, New York 


AND 


C. W. Drake, V. W. HuGues, ann J. A. Wuarre} 
Yale University, New Haven, Connecticut 


Received May 24, 1960 


The gyromagnetic ratios of neon and argon in their metastable *P; states have been measured by the 
atomic beam magnetic resonance method. The results are g,(Ne,*?,) = 1.500888+0.000005 and g7(A,*P3) 
= 1.500964+ 0.000008, in agreement with the less precise optical spectroscopic measurements. Theoretical 
values, including radiative and relativistic effects, are gy (Ne,?P2) = 1.50088 and g7(A,*P2) = 1.50095, in good 
agreement with the experimental values. In addition, the Zeeman transition frequency for neon has been 
measured as a function of magnetic field to cbtain evidence that the magnetic moment of Ne* is less than 


4X 10~* nuclear magneton and hence that the spin of Ne” is probably zero 


INTRODUCTION 


T is now well known that metastable states of rare gas 
atoms can be produced in a discharge or by crossed- 
beam electron bombardment and can be detected by 
Auger electron ejection from a metal so as to make pos- 
sible studies of these atomic states by the atomic beam 
magnetic resonance method. One purpose of this paper 
is to report precision measurements of the Zeeman effect 
of neon and argon in their metastable *P, atomic states 
and their comparison with theoretical calculations. 

A second purpose is to contribute evidence that the 
spin of Ne” is zero as is expected for a nucleus with even 
A and even Z. It should be noted that direct experi- 
mental information on the nuclear spins of the noble 
gas atoms is rather incomplete because the ground state 
of these atoms is a ‘Sp state for which there is no hyper- 
fine structure, and because the noble gases do not 
readily form stable molecules which would allow the 
determination of their nuclear spins by optical band 
spectroscopy. From studies of the Zeeman effect in the 
*P, metastable state, an upper limit can be deduced for 
the hyperfine structure interaction constant which in 
turn implies an upper limit for the nuclear magnetic 
moment. This latter value will be so small as to make 
the existence of a spin value other than zero most un 
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likely. Short preliminary reports on the experimental 
results have already been made.” 


THEORY OF THE EXPERIMENT 


Neon and argon have metastable states with electron 
configurations (2p)* 3s and (3p)° 4s, respectively, and 
with total electronic angular momentum quantum num- 
ber J/=2. From the theory of configurations of almost- 
closed sheils, it follows that the Zeeman effect of these 
states is equivalent to that of the corresponding con- 
figuration which consists of a single p hole and an s 
electron. Since a state with J/=2 can be formed from 
this equivalent configuration by only one coupling 
scheme, the state can be regarded as a *P, state in 
Russell-Saunders terminology, and the Landé formula 
gives gy=1.5. Corrections to this gy value due to 
impurity of the atomic state and due to relativistic and 
radiative effects will be discussed later. 

In order to obtain evidence as to the nuclear spin 
of Ne” from studies of the Zeeman effect of the *P, state, 
the following considerations are useful. If Ne® had a 
nonzero spin, there would be a magnetic hyperfine 
structure interaction of the form al-J which would 
result in a splitting of the J = 2 level into hyperfine levels 
designated by the total atomic angular momentum 
quantum number F, where F=1I+-J. At weak magnetic 
fields where gyyoH<a, the atomic g value would be 
given by 

F(F+1 


cr és 


F(F+1)+/([+1)-J(J +1) 


Thi 
2F (F+1) 
Tucker, and V. W. Hughes, Phys. Rev. 87, 
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154 RIO WEINREICH, 
Transitions could be induced satisfying the selection rule 
Amp=+1, in which my is the magnetic quantum 
number associated with F, and would have the fre- 
quency gruoll/h. This frequency would in general be 
markedly different from the frequency gyyoH/h in the 
case where no nuclear spin exists. 

At strong magnetic fields where gsyoH>>a, the energy 
levels would be given by 


W = (gymy+e;m,)poll+ammy,, 


in which my and m, are the magnetic quantum numbers 
associated with J and J. The observable transitions 
satisfy the selection rules Amy=+1, Am,;=0, and the 
transition frequencies are 


i 


v= gypoll/ht+-am,/h. 


rhere would thus be a cluster of 2/+1 equally intense 
lines about the frequency gyyol/h with spacing a/h. 

At intermediate magnetic fields where a/gyyofl <1, 
the transition freque ney can be developed in powers of 
the parameter @/g sp H 


£ she H a a 
1 tT My 
h g yuoll g yuoll 


where K is given by 


41 ([+1)(my 


tT mm y\mMs— mM, 


K (msm, <> m,y'my' m_,' 


J(J+1)(m;—m,' 


my'm,'(m '— mz‘), 


and is of the order of unity. Hence, another method of 
effect of a nuclear is by 
observing the departure of the v vs H relationship from 
linearity, as expressed by the last term in (1). If no such 


discovering the moment 


departure from linearity is observed at a field H with 
resolution Av, then 


gue HH a 
Ay, 
hh gyuoll 


and, since in this cas gyuoll h, it follows that 


a/h<(vAv)! 


APPARATUS, OBSERVATIONS, AND RESULTS 


The principal apparatus used for the present measure- 
ments was the Yale atomic beam magnetic resonance 
apparatus previously used for the measurement of the 
gy value of helium in the 4S, state.* The early phase of 
the work 


mercial neon and argon were used in the discharge tube 


was done at Columbia University. Com 
at a pressure of a few tenths of a mm of Hg; the tube 
voltage and current 1000 v and 150 ma, 


respectively, supplied by a 400-cps generator. The only 


were about 
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expected component in the beam with a magneti 


moment is the metastable *P, state since the ground and 

the *P>) metastable states have moment. 

Detection of the metastable *P2 atoms is achieved by 

the Auger ejection of an electron from a wolfram wire 

upon which the metastable atom is 
The size of the detected be 

was observed to decrease rapidly wit! 


incident 
noble 


increasing atomk 


gas atoms 


s of the 
number. For helium a galvanometer deflection of 25 cm. 
for argon 3.5 cm, and for krypton 0.5 cm was observed 

In addition, the aluminum ele 
tube sputtered more rapidly wit! 


trodes in the discharge 


increasing atom 


For krypton he above two 


number of the noble gas 
} 


considerations made the observation of resonances 
impossible. 

The radio-frequency power for the higher frequency 
measurements was obtained from a T85/AP7 
transmitter 


for the lower fre quency measu 


5 radar 


(coaxial line light} ul oscillator) and 
nents from a General 
Radio type 805-C signal generat The static magnetic 
field in the transition region neasured by passing a 
through d measuring the 
transition frequency i he 4S The 
refocussed beam of 


a Zé eman 


helium beam 
Zeeman 
simplest method of ident 


State 
metastable *P. atoms wa observation of 
transition. 

With the Columbia apparatus‘ the fre of the 
neon Zeeman transition was n it fields of about 
0.5 and 1.2 gauss whicl 


juency 


5s aS could be 
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magnetic field (1.2 
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used without losing space quantization. A typical neon 
line is shown in Fig. 1(a) for the 1.2-gauss field together 
with the *S, helium line taken in the same field [Fig 
1(b) ]. The linewidths of about 750 kc/sec and 1 Mc/se« 
for the neon and helium lines, respectively, were caused 
by inhomogeneity of the magnetic C field due mostly to 
fringing of the A and B fields into the C region. The 
center of the resonance for neon is chosen to within 
about 125 kc/sec which corresponds to Av/v~5%. A 
similar resolution was obtained at the 0.5-gauss field. 
Within this experimental accuracy, the observed g value 
is 1.5 which is the theoretical value expected if the 
nuclear spin is zero. Hence, from Eq. (2) it is found that 
a/h<250 ke 

With the Yale apparatus the frequencies of the neon 
and argon resonances were measured at a field of about 


sec. 


550 gauss using the method of separated oscillating 
fields. The separation between the rf loops was 2.2 cm 
and each loop was constructed from 3-mm wide copper 
ribbon placed inside a 5-mm wide shield. Typical 
The 
procedure used in observing the resonances was the 
same as that previously described* with alternate ob 


resonance curves are shown in Figs. 2 and 3. 


servations being made on helium and on neon or argon 
In the analysis of the data it is necessary to censider 
the quadratic Zeeman effect for Ne and A due to the 
admixture of the nearby /=1 states with the same 
electron configuration caused by the interaction with 
the external magnetic field. Since both Ne and A are 
characterized by an intermediate rather than a pure 
Russell-Saunders coupling scheme, significant admix 
ture of both the *P, and 'P, levels occurs. The energy 
dependence of the magnetic substates of the */2 level, 
including the quadratic Zeeman effect, is given by 


W @P2,ms)=WotgsucHmy, 


(4—m,") cos*6é 
+ (ofl)? — — 
12 Wo@P2)—WoCP, 


sin’6 


+ 


W (P2) 5 WCP,) 


quantity @ is a measure of the deviation from 


to the Zeeman transitions of 


trequency units fora 


1BLE I. Q iadratic corrections 
P. states of neon and argon ir magnet 


of 550 gauss 


correction to 
ransition trequency betweer 
Zeeman levels for 
/ = 550 gauss 


Quadrat ( 


, kc/sec 


KC 


OAvettike 





157.100 





157,000 
Mc /sec 


1¢) 
156.900 
Frequency in 


Fic. 2. A complete argon resonance curve taken with separated 
oscillating fields having a spacing of 2.2 cm between the rf loops. 


Russell-Saunders coupling.* The quadratic frequency 
corrections to the various Zeeman transition frequencies 
for H=550 gauss are tabulated in Table I. 

The observed resonance line actually arises as a super- 
position of transitions from all magnetic substates of 
the *P, level by the method of separated oscillating 
fields. For a radio-frequency field of large amplitude, 
the transition probability is high and transitions to all 
four other magnetic sublevels must be considered for 
each magnetic sublevel. Due to the quadratic Zeeman 
effect, adjacent levels are not equally spaced. The com- 
plete theory of the line shape has not been worked out, 
but its qualitative features, including symmetry about 
the central peak, the existence of several interference 
peaks and their widths appear reasonable. It should be 
noted in particular (see Table I) that since the frequency 
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Detiection 
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156.900 





| ] 
156.700 1156.800 
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Fic. 3. A complete neon resonance curve taken with separated 
oscillating fields having a spacing of 2.2 cm between the rf loops 


See, for example, H. Kopfermann, Nuclear Moments (Academic 
Inc., New York, 1958), p. 151 
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Taste Il 


neon 


Relativistic correctior 


‘ 


and argon. 5 N ¢ 


Pype ol correction 


Breit-Margenau 

Lamb 

Orbit-orbit 
Total 


hifts due to the quadrati« Zeeman effect are of opposite 
ign for magnetic substates of opposite sign, the over-all 
line center is unaffected by the quadratic Zeeman effect. 

The f 
together 
at the ame 


gs (Ne, P2 


the previously determined value’ of 


transitions 
taken 
magnet field can be used to determine 


gu He, Sy and gy \ Pp gu He?S, [ sing 


neon and 
that of the 


Irequencies of the argon 


with helium transition 


g,(He,*S 2(1.001119), 


it is found 
gy (APP 


Further qualitative 


that gy Ne?P 
1.500964 + 0 000008 


1. 500888+ 0.000005 and 


weight is lent to the conclusion 


that there is no hfs i 
of the 


neon by the fact that the inte nsity 
resonance line at H1=550 
approximately equal to the decrease in beam intensity 


observed gauss 1s 


observed when one of the focusing magnets is turned off, 
i.e., equal to the total refocussed beam. Had there been 
a resolved hfs, only a fraction of the beam (namely the 


appropriate hypertine component) could undergo a 


transition at a particular frequency. 


CONCLUSIONS; COMPARISON WITH THEORY 


rheoretical gy values for Ne and A in their *P» states 


have been computed for comparison with the experi- 


mental values. The spin g value of the free electron,’ 
including radiative 
g,= 2(1.0011596). 
tions are calculated from the formulas developed for 
many-electron atoms.* Following the approach and 
Abragam and Van Vleck,’ we tabulate in 
Table Il the different corrections to gy and give the 
details of the calculation in the Appendix. The break- 


down of LS coupling does not affect the gy 


corrections to order a, is taken as 


Relativistic and diamagnetic corre: 


notation ol 


value to 
within our experimental accuracy. Upon combining 
radiative, relativistic, 
byt 


ol 


and diamagnetic corrections we 


ain the theoretical values 


Ne,°P 
he 


1.50088. 
1.50095, 


which are in excellent agreement th the experimental 


values. 
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Since the hyperfine structure in tion tant of 


neon in the *P. state has been found to be less than 250 


ra 


cons 


ke/sec and since the hyperfine structure interaction 
constant of Ne*#! in this *P, state as well as the nuclear 
magnetic moment of Ne” is known,’ an upper limit to 
the magnetic Ne* nucleus can be ob- 
tained. If a nuclear spin of /=1 is assumed for Ne™, we 
find that u(Ne®)<4.110~ nuclear magneton, 
neglect of any possible electri 


moment of the 


upon 
quadrupole moment 
effect. Since no nucleus with n pin is known with 


a nuclear magnetic moment I 210% nm,” this 


e that the spin of Ne” 
is zero. An upper limit of 5X 10~? nm for Ne 
previously determined by an atomi 


limit constitutes strong evidenc 
had been 
beam deflection 
measurement 
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APPENDIX 
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ues for Ne and 
A in their *P, states. The relativistic correction to gy for 
the p® configuration, 


The notation and 
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and diamagnetic corrections to the g, va 


approach of Abragam 


followed in evaluating the 


which is proportional to the kinetic 
energy 7’, is much larger t} the diamagnetic corre¢ 
) different wave 


functions. For one of the p° electr with the use of 


tions and it has been eval 


Slater’s rough analytic wv functio vhose form is 


given below, we f 


With Hartree 


Knox,” we obtain 


Fock nputed by 


and 
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but for argon 


tion 1s almost 
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wave function. A possible ( xplanation of these results is 
the following. In neon the 2f electron wave function 1s 
always positive and has one maximum, so that the 
Slater wave function, which also is always positive and 
has one maximum, may be a reasonable approximation. 
For argon, however, the 3p electron wave function has 
one maximum and one minimum and hence y*y has 
two maxima and a node. It is not surprising, therefore, 


that the Slater wave function is a poor approximation 


for argon, and for this reason we believe that 7° evalu 
ated using the Hartree-Fock wave function is more a 
curate. We thus use it for evaluating the p* contribu- 
tion to the relativistic corrections. 

The diamagnetic corrections and the s electron rela- 
tivistic correction have been evaluated using normalized 
Slater wave functions for each electron of the form 


y =[(2b)****/P'(2a+-3) }ivte-"" V ,"(0,6), 


where a=n*—1, b=(Z—S)/n*ao, and n* and S are 
defined by Slater. The relativistic correction for a ps 


configuration is 
‘iy 7 
Ag 


5X moc? 


and for a Slater wave 
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Ill 


notation 1s that seal by raga 


for neon and argon 


rhe and Van Vleck." 


rx 10° 
2p hole 3s 


0.00 
0.00 


0.35 
1.64 
0.00 
1.99 


0.00 
0.105 


0.00 0.11 


Argon 


Wx 108 rx 10° 
2p hole 4s 2p hole 


0.017 
0.832 
0.967 
0.00 

1.816 


i! tributions to 
V or Ww trom 4s 

0.00 
0.00 
0.087 


0.00 
0.11 
1.83 
1.46 
340 


0.00 
0.00 
0.00 
0.00 


0.00 0.087 


The Lamb and orbit-orbit corrections, which are 
given in terms of W and V, have been evaluated with 
an IBM 650 computer using Slater wave functions and 
are given in Table III. The forms of these corrections for 
a p’s configuration are 


a 


W W s electron, 
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BECcayY O61 
ing to a 0.850-Mev gamma ray was observed in the 
unpurified sources. The decay of this gamma ray was 
followed for 15 days, and its half-life was found to be 
the same as that of the 0.285-Mev gamma ray. After 
appropriate corrections were made to the data, a value 
of 0.07 was found for the ratio of the intensity of the 
0.850-Mev gamma ray t 
ray. Other investigators®:'’ reported a gamma ray with 
an energy greater than 1 Mev, but none attributable 
to this activity was found with an intensity greater 
than 0.1% of the intensity of the 0.285-Mev gamma 
ray. 

Radiation from the decay of 11.2-day Nd'*? was 
emitted by the sources. This made analysis of the 
scintillation data difficult in the energy region between 
285 and 850 kev. 
irradiation of Nd"™® present in the source material be- 
cause of incomplete isotopic separation.) For this reason 
the Pm'” and Nd"? were separated by ion-exchange 
methods" using Dowex-50 resin (see Appendix) 


» that of 0.285-Mev gamma 


(The Nd’ resulted from neutron 


The scintillation spectrum from the promethium 
fraction (which contains some 27-hr Pm'®'), is shown 


?. In addition to the photopeak for the 0.285- 


in Fig. 2 
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Fic. 1 the beta-ray spectrum of Pm'” 

V. K. Fischer, Phys. Rev. 96, 1549 (1954) 

The procedure for this particular separation was furnished 
through courtesy of K. F. Flynn and J. G. Cuninghame of the 
Chemistry Division of Argonne National Laboratory 
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2. Scintillatior 


the Pm fraction 


of the radiation from 
of the separated samples 


spec trum 


Mev gamma ray, the one for the 0.850-Mev gamma ray 
is also seen. A calculation of its intensity relative to 
that of the 0.285-Mev gamma ray yields the same 
value (0.07) as for the unseparated source. This in 
formation corroborates the assignment of the 0.850 
Mev gamma ray to the Pm" activity. 
A peak which corresponds to a 0.582-Mev gamma 


ray is also observed. (In the pulse-height distribution 
for the unseparated sources, this peak was masked by 
pulses corresponding to 0.532-Mev radiation from the 
Nd'*7.) The decay of the 0.582-Mev radiation, which 
was followed for four days, exhibited a half-life of 
50+4) hr. This re to be compared with the 
assumed half-life of 53 hr for the 0.285-Mev gamma 
ray 


ult is 


(The decay was not followed for more than four 
days since, at the end of this period, the source was 
too weak to allow additional data to be significant.) 
Therefore the 0.582-Mev gamma ray has the same half- 
life the 0.285 0.850-Mev radiation 
probably also emitted in the decay of Pm'® 


as and and is 

A value of ax for the 0.285-Mev transition was ob- 
tained from a scintillation spectrum. This spectrum 
was from a source which had “aged”’ for two weeks so 
that the Pm’ contamination had decayed relative to 
Pm'®, The spectrum comprises four peaks: the 
photopeaks of three of the Pm'” gamma rays and the 
40-kev K x rays emitted following the 
internal-conversion process. (Because of the difference 
between the half-life of Pm'" and that of Pm™, no 
the characteristic radiation of 

this scintillation spectrum.) 
0.16+0.05 was obtained by calculating 
the ratio of the intensity of the K x rays to the in- 
tensity of the 0.285-Mev gamma ray; appropriate 


the 
samarium 
peaks corresponding to 


Pm'" were observed 
The value ax 


in 


corrections for fluorescence yield and counter efficiency 
were made. This calculation assumes that the x rays 
result almost entirely from conversion of the 0.285-Mev 
gamma ray. This assumption is justifiable since the 
intensities of the high-energy gamma rays are much 
ess than that of the 0.285-Mev gamma ray. In addi- 
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of the Pm!” 
rays in aluminum 
a) Those in coinci 
dence with the 0.285 
Mev gamma ray, 
b) those in coinci 
dence with the 0.582 
Mev gamma ray 
and (c) those in co 
incidence with the 
0.850-Mev gamma 
ray. Ty is the “half 
value 


Absorption 
beta 


the conversion 
would be less than that of the 
0.285-Mev gamma ray. The experimental results for 
the 0.285-Mev transition are tabulated in Table I. 
Theoretical values” for ag and the K/L ratio for several! 
different multipolarities are also listed for comparison. 


tion, because of their higher energies, 
of the former transition 


On the basis of its internal-conversion coefficient, the 
0.285-Mev 
dipole radiation; the A/L ratio is not inconsistent with 
this interpretation. 


transition is considered to be magneti 
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DECAY OF} 

and it was believed to proceed to the 285-kev level 
rather than to the ground state of Sm™*. If the ground 
state of Pm is assumed to be a dy level as expected 
from the systematics of shell theory, then the selection 
rules for the beta transitions (Table II) require that 
the levels in Sm'” have negative parities and spins of 
3, 3, or }-—except for the 580-kev level which must 
have a spin of 4 or 9/2. The spin of the ground state of 
Sm'®” has been measured" as §. This state is probably 
fz). as predicted by the single-particle shell model. Of 
the three spins which are consistent with the beta 
decay to the 285-kev level, only a value of § or § for 
this level is compatible with the M1 character of the 
(0).285-Mev transition and the } character of the Sm'” 
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4. Decay scheme for Pm’. Energies are in kev 
ground state. The level at 580 kev must have a spin 
of 9/2 since, if it were to have the alternative spin 3, 
then the 582-kev transition would be M3 and thus its 
lifetime should be longer than the observed upper limit 

‘5X 10-* sec). Any one of the three spins (},$,3), 
which are assigned to the 850-kev level on the basis of 
the beta decay, is consistent with the spins already 
assigned to the lower levels. However, if it has spin § 
then the 285-kev level could not have spin § since for 
that case a transition from the 850-kev level to the 
285-kev level would be more probable than one to the 
ground state. Instead, the ground-state transition is 
found to be more probable 
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APPENDIX 


The resin was prepared in a column 0.6 cm in di- 
ameter and 20 cm high. The source material was dis- 
solved in 0.1.V HCI] and then deposited on top of the 
resin. After the source material had been adsorbed by 
the resin, the latter was washed with 1M lactic acid 
which had been adjusted with ammonium hydroxide to 
a pH of 3.25. The lactic acid flowed through the resin 
at the rate of 0.15 ml/min and was collected in test 
tubes. The tubes were changed every 12 min, so that 
each contained about 2 ml of solution. The radiation 
emitted from each solution was counted by use of a 


Nal(Tl) crystal and a single-channel analyzer. The 


pr 49. 5 


COUNTS (ARBITRARY UNITS) 


@ 20 
TIME (HOURS) 


6 22 24 26 


Fic. 5. Temporal relation between the activities separated by 
the ion exchange column. Time zero is when the lactic acid was 
| to the column. 


added 


counting rates obtained in this manner were then 
plotted as a function of the time that the solution had 
been collected in the tube. This plot is shown in Fig. 5. 
Three peaks, which represent activities that were eluted 
from the column at different are seen in the 
figure. The puise-height distribution of the radiation 
which corresponded to the maximum counting rate for 
each peak was analyzed with the 256-channel scintilla- 
tion spectrometer. In each of the three cases, the pulse- 
height spectrum of the emitted radiation was different 
from those associated 


times, 


the other two fractions. 
The spectra were identified as being those character- 
istic of Na™, Nd"*?7, and Pm'’+ Pm 


with 





Lifetimes of the First Excited States of F'’ and O''* 
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Using the gamma-gamma coincidence method and an electronic time-to-amplitude converter, the lifetime 
of the first excited states in the mirror pair O'7(0.87 Mev) and F'7(0.50 Mev) have been measured. The 
reactions initiating the gamma cascades were O'*(d,p)O'”* and direct proton capture ir ’. The time 
resolution of the coincidence circuit was good enough to allow the lifetime measuremer 
direct observation of the exponential decay, rather than by measurement of the centroid sl] 
mean life of O'* is (2.55+0.13)«10~™ sec; the measured mean life of F'"* is (4.454 
of these results are in reasonable agreement with earlier, less accurate values 
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° ° e ‘as . it was 
provide a comparison of the role of an odd neutron CESESeCEnCs 


; ws irect observation of the ex 
and an odd proton in electric quadrupole transitions. llow direct observatio ss, 
It was first shown by Thirion and Telegdi' that the 
transition rate in O'? was much faster than that ex- 


pected for an £2 single-neutron transition, and was 


lifetime was, instead, obtained by 

troid position of a time spectrum fron F'? gamma 

rays with those from a prompt , ure The uncer- 
. . tainty tI 1€asi ment { mal due to pos 

actually very nearly the rate expected for a single- ainty In both measureme I ‘ ) po 
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a collective excitation of the O'* core by means of its CO™MPeting reactior 
; Recent improvements in photomultipliers and coin 
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interaction with the odd neutron : a 
cidence circuitry have made it possi to observe the 


exponential decay for lifetim of the order 210 
sec.® Lifetimes measured in tl way ar atively in 


Considerable theoretical effort has been expe nded to 
explain this transition in O'’. The measurement of the 
O' ground-state quadrupole moment® and the F"’ ¥ 2. ‘ 
transition rate®* have provided additional experimental sensitive to the systemat _CFFOrs associat with cen 
troid shift measurements. We have t! ore remeasured 


data to be incorporated into theoretical treatments® of cepa sige 
the O'* and F'™ lifetimes t in curacy ol 5% by 


collective effects in these nuclei, which consist of an 


observing the exponential de 1) I paper is a de 


O'* core plus one odd nucleon. The previous measure 
ments of the O'’* and F'* lifetimes and of the O" 


quadrupole moment had rather large experimental un 


certainties (~ 30%) so that almost all the theories could 
be made to be consistent with the data Thus, a more i. EXPERIMENTAL PROCEDURE 


tailed report of our result 
reported in abstract form 


precise measurement of these quantities seemed to be Our measurement of the lifetimes were performed 


in order. using a y-y coincidence method. For the measurement 


The O'* lifetime was originally measured' [rm of the O'”* lifetime. O" ce 
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in de Graaff 


. accelerator. This state ay imarily to the first 
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LIFETIMES OF FIRST 

had exponential slopes which decreased by a factor of 
2 in 6X10~-" sec. Other details of the circuit and its 
operation are discussed in the Appendix. 

Care was taken to ensure that the y-y delayed coinci- 
dence lifetime measurements were not affected by the 
presence of other y-y cascades. This was done by in- 
specting the radiations emitted from the target with a 
Nal(Tl) y-y coincidence spectrometer. The results of 
these investigations enabled us by proper < hoice of tar 
get materials and particle bombarding energies to reduce 
the number of unwanted cascade transitions, and to 
identify the remaining ones as known transitions cor- 
responding to prompt cascades. Their intensities were 
sufficiently small in comparison with the cascade of 
interest so that their contribution to the exponential 
decay region of the delayed coincidence curve could be 


ne glec te d 
Ill. TARGETS 
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Oxygen targets were used for both the O 
measurements. 

A differentially pumped gas target at ~ 1/50 atm pres- 
sure was used for the O'’ measurements. The deuteron 
beam was introduced into the target (without foils 
through three collimators successively 2 mm, 2 mm, 
and 1 mm diameter. The spaces between the collimators 
were evacuated by 200-liter/sec Heraeus pumps.’ The 
gas was 99.6% oxygen, passed through a liquid nitrogen 
trap to remove any residual CO, impurity. The target 
pipe was 10 in. long with a tantalum beam stopper 
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Fic. 1. Block diagram of fast -coincidence system 

* We are indebted to Mr. Charles Gould and the Brookhaven 
Accelerator Design and Development Department for the use of 
their Heraeus pumps 
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fic. 2. Energy level scheme for nuclei 
bombardment of O'* 


are in Mev 


Data are taken fror 


were well 


The counters shielded from the collimators 
and the beam stopper 

For the F'? measurements, a 0.5-mm thick X1.5-cm 
diameter tungsten plate was baked in a hydrogen atmos- 
phere and then heated to redness in a 99.9% oxygen 
atmosphere. The oxidized plate was enclosed in a water- 
cooled copper target holder. No target deterioration was 
found during 24 hours of bombardment at 1.5 Mev 


with 50 pa of protons 


IV. O" MEASUREMENTS 


Ihe gamma-ray cascade for the O'’ measurement was 
)btained from the O'*(d,p2.)O" reaction. 

Phe deuteron bombardment of oxygen yields the fol- 
lowing radiations (see Fig. 2): O'*(d,no,)F"’ produces 
0.51-Mev annihilation radiation from the 8+ decay of 
66-sec F'’, as well as a 0.50-Mev gamma ray from the 
first excited state to the ground state; O'*(d,a,)N" re- 
sults in 1.6 Mev-2.3 Mev y~y coincidences ; O'*(d.p,)O" 
gives the 0.87-Mev gamma ray to the ground state; 
O'*(d,p2)O"7 gives the 2.2 Mev —0.87 Mev coincidences 
with which we are concerned. No other gamma rays 
were noted. 

Phe O'*(d,a2.)N“ radiation was particularly trouble- 
some when using plastic scintillators since the pulse- 
height selectors set for the Compton electrons of the 
2.2—0.87 Mev cascade in O" also admit with high 
efficiency the y rays of the N™ cascade. An excitation 
function for the ratio of these two cascades was there- 
fore measured using 3-in.X3-in. Nal(Tl) detectors. 
Happily we found that the ratio of the O'*(d,p2) to 
O'*(d,a2) yields showed a sharp maximum, equal to 10, 
near 3 Mev. At 50 kev on either side of this energy 
the ratio dropped to 5, and it dropped to 1 at 2.8 Mev. 
The Nal(Tl) coincidence spectrum taken at 3-Mev 
bombarding energy is shown in Fig. 3 
spectra (channeled from 
1.5—2.0 Mev) using the plastic scintillators are shown 
in Fig. 4. The rise in singles counts at low pulse height 


Singles and coincidence 





V. F’” MEASUREMENTS 
The reaction ©" Ps I 


gamma cascade for the , letime neasurement 
Gamma rays from this reaction have been studied by 
Warren e/ al.,"' using a thin target y found gamma 
rays corresponding to dire n ate transitions 
and to the cascade throug! irs xCl state, with 


the cascade transition 


Cc 


CHANNEL 


4 


MBER 


CHANNEL 


kis. 3. Nal coincidence gamma-ra spectrum trom the ©" 
reaction The second Nal detector is channeled hetweer 1.3 
Mev. The deuteron bor irding energ was 3.0 Mev 


COUNTS 


is due to the O'®(d,m) reactions and accounts for almost 
half of the single Ss counting rate rhe pulse heights for 
the neutrons and for the 0.5-Mev radiation from these 
reactions are, however, below the pulse-height selector 
windows used for both y rays in the O'* lifetime meas 
urement. The 0.87-Mev radiation is the next largest 
component of the single S spectrum, however, most of 
it is produced in the ¢ )'6(d, pi) reaction and so is not in 
coincidence with any other gamma ray. In fact, only 
10% of the 0.87-Mev radiation is preceded by the 2.2 


Mev gamma ray. The high-energy gamma rays (~2.3 


a its 


46 
CHANNEL NUMBER 


Mev) seen in the coincidence spectrum are due to the 
O'*(d,as)N™ reaction. Since the lifetime of N'* is 
<2X10-" sec,” this radiation has no effect on the 
delayed part of the time spectrum, but does cause a 10 ; 
contribution to the prompt part. 

The O'7 lifetime measurement was made with a 


HANNEL 


1.6—2.0 Mev y-ray energy window on the counter for 


L 


the high-energy gamma ray and a window for the other 
counter in the region of the 0.87 Mev gamma. The 


lower edge of the 0.87-Mev window was set to exclude 10°} 


COUNTS / 


0.5-Mev gamma rays. Both windows were approxi 


, 
- 
, 
} 


mately 30° wide. The beam current (~0.4 ua) was 
adjusted to give a total singles rate without pulse-height | 


ae 
b 


selection in each counter of ~20000 counts/sec. A 
coincidence rate of ~ 0.2 count /sec was observed. Figure 1 a 
: oO. 0 10 20 
5 shows the time spectrum obtained after 20 hours of CHANNEL NUMBER 
counting. The prompt curve was obtained with a Na™ en & Gaseme favs 
source of the proper strength to approximately repro- scintillators. In (A 
duce the total singles rate due to the beam. This was = = ——, : = 
. ; : : een normalized t I 

done periodically to monitor circuit drifts. A second the 0.87-Mev gamm: 
time spectrum with a singles rate approximately double with a channel 

- - rhe ~d ir 
the first (40000 counts/sec) was also taken and was ‘hannels used 
a, . a arrows. In all the | 
similar to that obtained at the lower rate refer to the Cor 


FF. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 J. B. Warret 
1959 Rev. 101, 242 (195¢ 





LIFETIMES OF FIRST EX( 
the direct ground-state transition. The cross section 
was relatively constant above 1.3 Mev (~6ub). The 
radiation to the first excited state had a sin? 6 angular 
distribution. Since the O value for the reaction leading 
to the 0.50-Mev state is 0.10 Mev, the capture gamma 
ray feeding this state has an energy approximately 
equal to the proton energy. 

The gamma-ray spectra from our target were ex- 
amined at several bombarding energies using two 
3-in.<3-in. Nai(Tl) detectors, the detector for the 
high-energy radiation being positioned at 90° with re- 
spect to the beam. The two counters were shielded from 
each other by 1 in. of lead. A considerable amount of 
6-Mev radiation is present due to the F"(p,a)O"* re- 
action, the F being present as an impurity in the 
target. This 6-Mev radiation is not associated with any 
coincidences, except those due to the escape of an an- 
nihilation quantum from one crystal followed by its 
absorption in the other. The ratio of the O'*(p,y) to 
the F'(p,y) yields decreased for E,>1.5 Mev; hence 
1.5 Mev was the bombarding energy chosen for the 
lifetime measurement. It is to be noted that at 1.5-Mev 
bombarding energy the target was considerably thicker 
than the energy resolution of the Nal crystal, resulting 


1e 
c 


in a rather smeared photopeak. Figure 6 shows the 
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Fic. 5. Time distril f coincidences in the 2.2 Mev 


Mev cascade in O 


region between the two arrows. A 
Na™ is included for comparison 


prompt 


yutlor 0.87 
The lifetime of the 0.87-Mev state in O” 
s given by the slope of the least-squares fit to the data in the 


time spectrum from 


AND O!? 


60 70 80 90 100 
CHANNEL NUMBER 
Fic. 6. Gamma rays from the O"*+ p reaction, using a Nal (T1) 
detector. The singles spectrum (dashed curve) also shows the 
6-Mev photopeak and two escape peaks from F"(p,a)O", and a 
small peak at 0.87 Mev from O''(p,p’)O". The solid curve is the 
spectrum in coincidence with a channel on the 0.5-Mev gamma 
Since the proton bombarding energy was 1.5 Mev, the capture 
gamma rays to the ground and first excited states were 2.0 and 
1.5 Mev, respectively 


singles spectrum and the spectrum in coincidence with 
the window on the 0.5-Mev photopeak in the other 
counter. 

Figure 7 shows the singles and coincidence spectra 
from the plastic scintillators. Since one counter must 


biG 7. Gamma 
rays from the O'*+ p 
reaction, using plas 
tic scintillators. In 
1) the dashed curve 
is the singles spec 
trum and the solid 
curve is the spectrum 
in coincidence with a 
channel set for the 
1.5-Mev gamma. In 
B), the dashed 
curve is the singles 
spectrum on an 
other energy scale), 
and the solid curve 
is the spectrum in 
coincidence with a 
channel set for the 
0.50-Mev gamma 
The channels used 
are indicated by the 


arrows 
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incidences in the 1.5 Mev 0.50 
0.50-Mev state in F' 
ast-squares fit to the data in the 

Prompt time spectra from Co™ 
tl two prompt spectra 


Fic. 8. Tir 
Mev 


is given by the 


cascade it i me of the 
region betweer 
and La™ are inclu 
proved to be ident 


parisor nese 


be channeled to include e 0.50-Mev ground-state tran 
sition, a number of precautions were taken to decreas« 


to 0.51-Mev 


tion quanta being detected in that counter The s« intil 


the number of coincidences due annihila- 
lators were located below the target so that no straight- 
line path through the target joined the two scintillators 
In addition a tapered Hevimet (W-Cu 
thick shielded one ter from the other. While a few 
percent of the 0.5-Mev 
nevertheless due to secondary processes from the high 
transition in O'*, it can be 


absorber } inch 
coun 
counts in the window were 
seen from Figs. 6 
number that 
ime measurement should be very 


energy 


and 7 that they ar sufficienth few in 
their effect on the lifet 
small 

rate with 50 wa of 1.5-Mev 
O00 « 


The total ungated 


ing 
singies 


protons was approximately ounts/sec. The coin- 


cidence rate was about 0.1 count/sec. Figure & shows 


the time spectrum obtained after 16 hours of running. 


VI. CALIBRATION 


Periodically during e: 7 or | a time scale 


myusec, channe 


run 
calibration was obtained by measuring 
the centroid position of a prompt time spectrum from 
a Na™ or La 1.6 Mev y cascade 
spectively, for two different 


dielectric 


O.815 source, re 
he variable, air 


125-ohm delay course of 


\ so-called 


the courtesy of 


“trombone he « ined through 
N. Winningst ) } niversit California 
Radiation Laboratory 


| CHANNEL 


6.69 x10" SEC 
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Fic. 9 

a change in 


Calibrati 


slope | 


the « xperiment, the 
1% (rms deviation 
€ 


libration 
of the Vari 
A non 


was 


curve was taken for many differet 


able delay line. The result is shown in Fig. 9. 


linearity, amounting to a 10% slope, 
noted. The calibration is linear range 
of delays involved in the decaying part of the lifetime 
curves. 

For the F"’ run ‘ 
in addition to the La 
to which the calibratior 
verter depen led upor 
(keeping the 
measurable difference i 


Same windo 


the two sources, and the 
8 was identical for bot! 

An auxiliary experiment 
the velo ity of propagatior 


Phe 


counters were spaced ~ 1 m apart, and t} u™ source 


using a Cu® annihilatior 
was moved 
along this axis, and the rombone”’ shifted by 
amount to keep the ntroid of the time 


plac ed on the axis betwee! 
whatever 
was necessary 


spectrum stationary. An additional, auxiliary source 


was used to keep the singles count rate in the two 
counters equal and constant, lt yu the measurement 
turned out to be rate sensitiv lt 


of calibrating the “trombone” has t! lval 


not count 1S method 


tage, com- 
pared with methods involving measure- 
same kind 


‘ Her 


line is automatica!ly included 


ments, of using the 
in the actua! experimer: 
calibration showed that the ve 
pulses in the line was (0.99+0. 
of light. In our calculation 


was assumed to bk 


ANALYSIS AND RESULTS 
The results of the O 
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LIFETIMES OF FIRST EXCI 
rectly by the slope of the dec ay; the values quoted 
are obtained from a least-squares fit to the data in the 
region between the two arrows on the figures. Consider- 
ations of the time resolution of the instrument as de- 
scribed by Newton" indicates that the delay curve 
should be almost exponential in this region. Other least- 
squares fits were made using slightly different portions 
of the and, 
slope did not depend upon the exact region of the fit 
rhe principal source of error is the counting statistics 
of the delay curve; this amounts to a standard deviation 
of 34% in lifetime. Another 2% is taken for calibration 
uncertainties, primarily to allow for the possibliity of 
small, undetected, nonlinearities in the time-to-ampli 
tude converter (other than the 10% discussed in Se 
VI , as well as for the possibility of the velocity of 
propagation of the pulses in the variable delay line 
being different than c. An additional 3%, is allowed for 
possible systematic errors resulting from coincidences 


curve within statistics, the value of the 


of unknown origin. These errors are all assumed to be 
indepe ndent. 

The values for the 
states of O" and I 


mean lives of the first excited 


‘ are, then, 


0.13) 10 
+().23)« 10 


It should be noted in Figs. 5 and 8 that the maximum 
f the delay curve occurs at its intersection with the 
prompt curve, and further, that the centroids of the 
prompt curve and delayed curve are shifted by just 
one mean life, in the F'’ case, and also in the O"" decay 
when the 10% prompt component from the N™ 
cascade is removed. The proper centroid shifts are 
be interpreted as a further check on the lifetimes derived 


from the 


(am 


to 


exponential decays 

It was also noted that there was no difference between 
the O" lifetimes measured at the two different counting 
IV, indicating that the data 
are relatively free of any difficulties that may be caused 
by 


rates mentioned in Se 
high counting rates. The results quoted and the data 
shown in Fig. 5, however, were taken only from the 
runs at the lower counting rate. 

Finally, from the least-squares fit, both the “internal” 


counting statistics) and ‘“‘external’’ (deviation of the 
errors were 


compt ted. The two errors were approximately equal, 


data points from the least-squares line 


implying that within the statistical accuracy, the single 
able 


fit to 


exponential line represents the most reason 


the data points 
DISCUSSION 


It is usually assumed that neutrons do not contribut« 
Thus the 


directly to electronic multipole transitions 
"7 and F"? may be obtained 


prope rties of transitions in 


from a description of the proton wave functions in 


these nuclei. In the parti ular case of O'’ the transition 


r. D. Newton, Phys. Rev. 78, 490 (1950 
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rate is obtainable from the wave functions of the protons 
in the core, the odd neutron contributing nothing. For 
the transition in F'’, however, the odd particle is a 
proton; the transition matrix element is the sum of the 
matrix elements of the core protons and the matrix 
element of the extra proton. Theoretical treatments of 
this problem have been presented by several authors. 
\ review of the theoretical situation is presented by 
Raz in the introduction to the following paper.“ 

All analyses of these transitions have this feature in 
common ; an explicit separation of the transition proba- 
bility into the extra nucleon and core nucleon contri- 
bution is introduced as a simplifying concept. 

The measured values of the lifetimes of the first 
excited states of O"’ and F"’ allow an exact experimental 
determination of the odd-nucleon and core-nucleon con- 
tributions, provided it is assumed that the wave func 
tions of all particles are the same in these two nuclei. 
rhis represents an additional simplifying approximation 
and it is shown by Raz" that these simplifying assump- 
tions permit a consistent description of some of the 
properties of these and of neighboring nuclei. If it is 
assumed that the wave functions of O'’ and F" differ 
in some way (other than the difference in the type of 
the last particle), the odd-nucleon and core contribu- 
tions may be evaluated using theoretically determined 
parameters. ‘J his proce dure introduces more than two 
matrix 
matrix elements cannot be uniquely determined from 
the measurement of two transition probabilities. A 
more complete test 


nuclear transition elements and hence these 


of the theories awaits a compre- 
hensive survey of the electric properties of nuclei in 
this mass region 
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APPENDIX. THE FAST COINCIDENCE CIRCUIT 


\s mentioned in Sec. II, the time-to-amplitude con 
verter was essentially a standard one and has been 


described before.* We wish to report here a few modi- 


fications in this system, chiefly in the direction of getting 
} 


high counting rates and high counting efficiency without 
loss in time resolution 

Three pairs of phototubes were tested: two Amperex 
type 56AVP’s, two RCA type 7264’s and two RCA 
6810A’s. The 6810A’s gave considerably poorer 
time resolution than either of the other two types and 
hence were not tested in detail Using 7264's or 5S6AVP’s 
with Co™ gamma rays, an over-all high voltage of 1700 
to 1900 volts, plastic scintillators 14-in. diam 1}-in. 
Pilot B), and pulse-height selection windows 10% 


type 


ong 


‘B. J. Raz, following paper [Phys. Rev. 120, 169 (1960) )} 
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wide at the upper end of the Compton distribution, the 
time spectrum had a width at half maximum of about 
1x 10 


slope ~ 


sec, and the sides of the curves had exponential 
which decreased by a factor of two in 6K10~-"! 
sec. Increasing the window widths to 30% caused the 
width of the time curve to increase to 5*10~-™ sec, but 
did not affect the slopes. Higher energy sources (Na**) 
did not appreciably improve either the width or the 
slope, but lower energy windows did give both poorer 
widths and poorer slopes. There was essentially no dif 
ference in performance between the 56AVP and the 
7624, and, in fact, during the actual experiment we 
used one of each of these tube types. Increasing the 
operating voltage beyond 1900 volts actually worsened 
the time resolution; we have no convincing explanation 
for this rather unexpected behavior. The time resolution 
did not improve significantly when smaller scintillators 
were used. 

The anode signals from each phototube were fed to 
a Western Electric type 404A pentode limiter. The 
pulses were clipped at the input to the 6BN6 using 
~1-m shorted RG631 
to grids 


stubs. The pulses were applied 
1 and 3 of a type OBN6O gated beam tube, 
operated with a plate voltage of 30 volts, accelerator 


voltage of 20 volts, limiter grid bias of —0.9 volt, and 


tz. aANRD 3S 


HWARZS( 
quadrature grid bias of volts. All voltage supplies 
were well regulated 

This circuit arrangement essentially identical to 
ind Bell except that the super- 
visory coincidence circuit described by them was not 
employed. 

In addition to the fast anode signal 
from each phototube was used to pulse-height 
selection. The amplified dynode signals and 6BN6 sig- 
nals were fed into a standard triple fast-slow coincidence 
circuit!® (7r;=10-7 sec, + ; 


that described by Green 


a dynode signal 


vive 
| 


3 10-* sec) where pulse- 
slow circuit. The fast- 


i “block” 


height selection was made in the 
slow circuit also incorporated 
working on the fast circuit, assured that a second pulse 
from either phototube which came 


circuit, which, 


within 4 usec of a 
preceding pulse would not be analyzed. This assures 
that all de voltages, especially in the limiter and coin- 
cidence tube, had returned to their normal equilibrium 
level before the arrival of the next pulse to be analyzed. 
This enabled us to work at rates of 50 000 counts/se« 


Without the block 


20% worse at 


time 


time resolutior 


loss of 


circ uit, the 


with no resolutior 


these high rates. 


This unit (FH1-950-1 


strumentation Division, Brookt 
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The recent measurements of the lifetimes 


of the first excit 


Raz 
ork, Oyster Bay, Nex 
1960 
have 


ed states of the mirror nuclei O" and F' 


raised new interest in the various theoretical interpretations of these lifetimes. In this work the weak-coupling 


collective model of Bohr and Mottelson is applied to these /-2 transitions and to the similar /:2 transitions 


that have been measured in N'*, F*, and Ne” 


If harmonix 


oscillator radial wave functions are used in 


evaluating the radial integrals in the theory, the predictions match the experimentai results for the /:2 


transition probabilities in N'*, O", F'’, 


and F*” and the 


drupole moment of O'. The theoretical pre 


diction is an order of magnitude smaller than the experimental result for transition probability of the first 


excited state of Ne” 


I. INTRODUCTION 


HE recent measurements! of the lifetimes of the 

first excited states of the mirror nuclei O"’ and 
F'? have raised new interest in the various theoretical 
interpretations of these lifetimes. The earliest measure- 
ment? of the lifetime in O' clearly indicated that a 
single-particle picture was inadequate and collective 
effects were necessary for a sufficient explanation. Since 
that measurement, much theoretical interest has been 
centered on the particular mechanism that accounts for 
these collective effects. Three different approaches have 
been used in this field. 

1. The inclusion of first-order corrections to the shell- 
model picture by Blin-Stoyle,? Amado,‘ de-Shalit,® and 
others, and most recently by Barton®’ has been a very 
interesting approach that has been able to explain the 
qualitative features of this collective enhancement 
within the framework of the shell model. 

2. Fallieros and Farrell* have recently presented an 
alternative approach in terms of core polarization due to 
virtual creation and annihilation of nucleon-hole pairs 
in the nucleus. This approach also reproduces the 
qualitative features of the collective enhancement in a 
more elegant formalism. 

3. The third approach has been based on the weak- 
coupling collective model of Bohr and Mottelson.’ This 
approach has also been explored by a large number of 
authors® and seems also to be able to give qualitative 
explanation of the phenonema. In this paper a detailed 
review of the formalism of this third approach is pre- 
sented and compared with the most recent experimental 
data on N'8, Ol’, F'’, F'® and Ne’. This comparison 

J. V. Kane, R. E. Pixley, R. B. Schwartz, and A. Schwarz 
schild, preceding paper [Phys. Rev. 120, 162 (1960)} 

2? J. Thurion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953 

R. J. Blin-Stoyle, Proc. Phys. Soc. (London) A66, 1158 (1953 

*R. D. Amado and R. J. Blin-Stoyle, Proc. Phys. Soc. (London) 
470, 532 (1957); and R. D. Amado, Phys. Rev. 108, 1462 (1957) 

* A. de-Shalit, Phys. Rev. 113, 547 (1959). This paper also has a 
list of references to much of this work 

*G. Barton, Nuclear Phys. 11, 466 (1959) 

7G. Barton, D. N. Brink, and L. M. Delves, Nuclear Phys. 14 
256 (1959 

*S. Fallieros and R. A. Ferrell, Phys. Rev. 116, 660 

*A Bohr and B. R. Mottelson, Kgl. Danske 
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shows quantitative agreement with the data. The rela- 
tive values of the parameters needed for this agreement 
are also the values obtained when harmonic oscillator 
radial wave functions are evaluate these 
parameters. The approach is somewhat analogous to the 
approach of, for instance, de-Shalit® using a shell-model 
description. The main differences are that the collective 
formalism gives an additional effective charge to each 
nucleon rather than to each neutron and this effective 
charge is proportional to Z. This dependence on Z ap- 
pears necessary to give a quantitative fit to the data and 
comes naturally from the weak-coupling collective 
model. This type of dependence is not usually present in 
the shell-model framework but the work of Elliott” and 
of Kurath" clearly suggests that the present approach 
must certainly be equivalent to some shell-model pic- 
ture. With this in mind, this paper presents a detailed 
derivation of the weak-coupling approach so that all the 
assumptions will clearly stand out, in the hope that this 
will aid in the development of the equivalence between 
more fundamental! shell-model 


used to 


this approach and a 
approac h. 


II. EVALUATION OF THE QUADRUPOLE OPERATOR 


The basic operator that is involved in both electric 
quadrupole y-ray emission and electric quadrupole mo- 
ments is the electric quadrupole operator M (2y) defined 
as 

A 
M (2u)= 3 ev?¥2*(6;,¢,), (1) 
where e,; is the charge on the #th nucleon; Y2* is the 
normalized spherical harmonic ; 7 #;g, are the spherical 
coordinates that refer to the ith nucleon. The transition 
probability 7 (£2) for £2 y-ray emission is defined? as 


4n /E,\° 
( ) B(E2), (2) 
75h \ he 


” J. P. Elliott, Proc. Roy. Soc. (London) A245, 128, 562 (1958) 
D. Kurath and L. Picman, Nuclear Phys. 10, 313 (1959); and 
Kurath, Nuclear Phys. (to be published 
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where FE, is the energy of the emitted y ray, c is the 
velocity of light, and 


B(E2) 


T,,;M(20)|T, 


C(I ,;21,;;M A 
where /,; is the spin of the initial state. J, 
the final state, and (/,;M(2)\ J, 
matrix element due to Racah.” 
state due to £2 ¥ 


is the spin of 
indicates a reduced 
The mean life of the 
, 1s 1/T (£2). 

The quadrupole moment ( may be defined also in 
terms of M (2p) as 


ray emission 


y 


follows 


0 5)4 | M (20) {7 


16x 


These definitions may be applied to collective be 
havior of the nucleus as In this situation M (20) 
becomes an integration over the nuclear volume rather 


aw hole 


than a sum over individual nucleons and this modified 
M (20) will be indicated by M'(20) 


M'(20 fe rir } ? Geo )r drdQ., 


( harge d 


For 
a uniform spherical charge distribution, p(r) is equal to 


where p(r) is the ensity inside the nucleus 
3Ze/4rR,'. This should bea suitable first approximation 
to p(r). With this as 


now be performed 


sumption, the radial integral may 


R® 
ea 


rhe nuclear surface is described by the vector R and, 
following Bohr and Mot 
from spheric al shape, 


Ride 


3Ze 
Vf 


20 Oy)dQ. 


br Ry’ 


telson,’ for small departures 


R [ 1+ » a,¥ 9”( 


Ay) 
Now to lowest order, 


Mf'( 20 3Ze/ 4a) Rerao. 


ha 


In the weak-coupling formalism of Bohr and Mottel 
son the a,’s may be defined in terms of creation and 


destruction operators, .." and b,, for phonons, the 


quanta of surface oscillation 


he 


where fw is the energy associated with each phonon 


2G. Racah, Phys 62, 438 (1942 
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C is the surface-deformat surface 


potential energy. Thu 
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The interaction Hamiltoniar 
nuclear surface to the 
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Note thi 


charge distribution so that it will 1 mix 
different i 
Ferrell* 
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By using the techniques and general formulas de- 
scribed in reference 13, ('bo|) and (|Hiat]) may be 
easily evaluated. 
If £s;—Esy is set equal to AF, the final result is 


M'(20) |W; 


3Ze R,? (hw)? 


4r C (hw)*— (AE)? 


XJilde ¥°(n) J Fil Lin k(n) | Js). (15) 


This in turn shows that the operator M'(20) is equal to 


(Fu)? 
—YV2(On¢n), 


— —— (16A) 
(hw)*— (AE,)* 


— . 
4 n ( 
or in general 


3ZeRe - k(r,) 
M (2u) = :s —_ : 
4a n ( 


(heo)? 
aoe ears E —— F°( an). (16B) 
(hw)?— (AE,,)* 

This is only an illustration of the derivation of 
Formula VII 12 in Bohr and Mottelson® but it is useful 
to display the assumptions explicitly. 

The operator M(2yu) may now be considered as com- 
posed of two parts 

- 
M°(2u)= > ev 2V2"(0:¢,), (17A) 
i=] 
and 
3Ze N (hw)? 
Ro? & R(r,) — 
4rC i=1 


M(2y) ~Y,*(6:¢;), (17B) 


(hw)?— (AE;)? 


where the summation is only over nucleons outside the 
closed shell in both cases, and where M(2u)=M°(2y) 
+M'(2u). The first term represents the single-particle 
matrix elements and the second term represents the 
collective influence due to the interaction of the extra- 
core nucleons with the collective modes of the nucleus. 
Since the angular dependence of both M°® and M’ is the 
same their angular matrix elements will be identical and 
the only difference will come in the different dependence 
on radial integrals and on Z and Ro. 

The standard techniques for evaluating M°(2y) give 
answers immediately for M'(2y) also. The coefficient 


3ZeR,? (| k(r;) (hu)? 
= —— — ——_—_ 17C) 
4rC r? (hw)? — (AE;)? 

serves the role of an additional effective charge given to 
each extra core nucleon. 

The relative signs of (|&(r)|) and (|r*|) determine if 
M'(20) enhances a proton transition or decreases it. It 
will be shown that (|&(r)|) and (|r?!) must have the 
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same sign in order to agree with the lifetime of the y-ray 
transition in F'’. Since &(r) is usually considered to be 
nonzero only near the nuclear surface and since the 
effect of r? is also mainly near the nuclear surface, their 
signs are expected to be the same, in general, and are 
shown to be the same for harmonic oscillator radial wave 
functions. 


Ill. COMPARISON WITH EXPERIMENTAL RESULTS 


There are now several lifetime measurements of the 
£2 transitions'"*"® between the 2s; and the 1d, single- 
particle states in the region of A= 16. These transitions 
occur in N'®, O'?, and F'’. O" and F" are both nuclei 
with only one nucleon outside the closed 16 shell. In N** 
there are four low-lying levels that are almost pure py 
proton hole coupled to either a 1d, neutron or a 2s, 
neutron. Shell-model calculations of Elliott and Flowers'* 
on N"* indicate that the ground state may be described 
by 96% pure (py ",dy)2 and the first excited state by 
pure (py-',sy)o. Since M(2yu) is a one-particle tensor 
operator of rank two, the p;-to-p, proton transition does 
not contribute to M(2u). Therefore, aside from a factor 
due to the angular momentum coupling in N", the 
0 — 2- transition is equivalent to the 4+ — §* transi- 
tions in F"’ and O”, 

In N'* and O'’, M°(2u)=0 since these are neutron 
transitions while in F'’, both M°(2u) and M'(2y) con- 
tribute and their relative phases are important. 

In this region of the periodic table AE, is much 
smaller than fw so that the factor (hw)?/[ (hw)*— (AE,)?] 
in equation 16B is set equal to 1. For these calculations, 
we also assume (2s/k(r)|1d)/C are equal for the three 
transitions. With these assumptions, 


B(E2) B(E2) 
ei, ae 
@Z?Ro' I~ = La®Z*Rot dou 


and 
| B(E2) 
(3ZRa/4r)* Jo 


|» 0 
Fr’ 


| B(E2) 
LL (3ZReta/4x)+(2s|r2| 1d) 


2s | k(r) 
C{ (hw)*— (AE,)*) 


1d) (hw)? 


Now the life r is related to B(E2) by r 
1/E*B(E2), so that the above relationships coupled with 


the assumptions that Ro« At, ao"=ay"=ay*, and 


mean 


4“ W. Zimmermann, Phys. Rev. 114, 867 (1959) 

16 J. Freeman and R. C. Hanna, Nuclear Phys. 4, 599 (1957). 

ad P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). See also R. A. Ferrell, Proceedings of the Uni 
of Pittsburgh Conference on Nuclear Structure, June 6-8, 
1957, edited by S. Meshkov (University of Pittsburgh and Office of 
Ordnance Research, U. S. Army, 1957); and reference 8. 
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(Ak; lead to 
[E,*rZ2Ro! Jw 


Since £,(O") = 871 kev, / 
119 kev,"’ this becomes 


871\° 
(—) 


3X8Rv?a/4e 


tZR SS \o". (20) 
500 kev, and E,(N**) 


Similarly, 


2 7 871 
r*|1d ee 


6 <— 
(27/4)+ (9(2s\ r?| 1d)/ Ro?a) 500 


(3K 9R,Za bir +-(25 


2.55X 10-” 
7.65X107-° sec 
t5%,. This compares very favorably with Zimmer- 
recent 7.83X10-% sect+4%. 
(This experimental result is significantly lower than an 
earlier measurement of Freeman and Hanna'® of rx 
9.7 10~-* sec+7% 
In order to determine rx 
must be known. (Rea 
The evaluation of (2s'r 


Using the recent measurement! of ro: 
sect5%, in formula (22) gives rx 


mann’s result" of ryt 


r?|1d)/R¢a 
may be determined from ro". 
ld) may be performed by as- 
suming radial wave functions for the two wave functions 


, the ratio (2s 


involved. 

There exists no completely satisfactory radial de- 
pendence for nuclear wave functions. Therefore a differ- 
A value of 
which fits the experimental results and this number is 


ent approach is used (2s r\1d) is found 
then compared with the predictions for various radial 
wave functions. The ratio of ro" to rr’ gives the value 
of (2s r*\1d)/aR?. The value of (aR,?)? 
account for the value of ro" is then determined and this 
value used 2 


necessary to 
to determine 2s\r°\1d)!. The necessary 
values! are 

sec 5° 


2.55X 10 


6.45eX 10-8 cm'+5%, 
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2¢ 
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4.45 107 sex + 5¢ a 
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J. 


r*\ id 9.55 10-7 cm?+8%. 


Barton® has calculated this quantity for the F” 
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an oscillator well and for a square well with 


His most recent result’ from a de- 


a 
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IV. EXAMINATION OF F” AND Ne” 


The mirror nuclei F'* and Ne’® are bot! composed of 
one particle outside a core of 18 nucleons. The ground 
tate at 198 kev 

and 241 kev, respectively, The mean life 
of the §* level has been measured in both cases. In F'* 
the transition from the }* level to the 4 
state is very weak"? and may be ignored in computing 
the transition probability for the #* — 4* transition. 
The wave functions for both 
to be complex mixtures of many different shell-model 
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COLLECTIVE QUADRUPOLE 


measured value” of 12.5X10-§+2°;. This indicates 
that the above assumptions are valid for F'*. Therefore, 
the quadrupole moments of the two $* 
pected to be the same. A similar comparison may be 
made between O" and Ne’: 
( — ~(——") 
TNe!? - TO 
(2%4$+1) 1° \ Ro(Ne'*) 

Using’? E,(Ne')=241 kev, E,(O'7)=871 kev, 
=2.55K10-" sec+5%, and Ro~Ay gives rye” 
 10-* sec+5%. 

This does not agree with the experimentally measured 
value’ of 1.8 10~-* sec+10%. The above assumptions 
therefore work only for F'* and not for the mirror 


nucleus Ne’®. 


states are ex- 


E,(O") 
E,(Ne'’) 


TO 
26 


V. EVALUATION OF QUADRUPOLE MOMENTS 


The quadrupole moment of the ground state of O" 
has also been measured™ and the predictions of the 
present approach may be compared with this result. 

The formula for the quadrupole moment involves the 
diagonal matrix elements of M(20). Therefore the radial 
matrix elements (1d/r?/1d) and (1d/k(r)| 1d) will come 
into these evaluations. In O" only the operator M'(20 
contributes to the quadrupole moment. The theoretical! 
value for this quadrupole moment is 


Qov= (—24/7)a’Re, 
where 


(1d| k(r)| 1d 


(hw)? 


(hus)? (AF)? Cc 

Using the experimental value of Q=—2.65x10~-** 
cm’+11%, the value a’Ro is computed to be +2.43 
x 10-** cm?+ 11%. This value coupled with the value of 
a computed from the lifetime of the first excited state 


gives: 

ld| k(r)| 1d 2.43 
4+-149 

2.60 


- —().94+ 14%. 
2s' k(r)\ 1d 


At this point it is worth while to investigate the 
theoretical values of these various matrix elements. If 
harmonic oscillator are used, the matrix 
elements for r* are 


functions 


nl 7* nl)=([2( 


— (10)'a 7 


where a@ is the factor that appears in the exponential 


»P Lehmann, A. Lévéque, and R. Pick, Phys. Rev. 104, 411 
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™M. J. Stevenson and C. H 
1957); and R. A. Kamper, K. R 
Phys. Soc. (London) B70, 897 (1957 
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expl —4(ar)*] of the wave function (see Mayer and 
Jensen”). Note that a’ =» in Carlson and Talmi,™ and 
co’ =b-* in Barton 
Carlson and Talmi** have determined a value of 

0.354 10° cm~ for this region of the periodic 
table, 


bee ome 


6.7 


Ce 
and if this value is used, the matrix elements 

(Id\r? 1d 2s | ¥? +9.9K10°%° cm? and 
(2s\r?\ 1d 8.95 10°*%* cm*. This last value is in 
close agreement with the value —9.55X 10°°* cm’+8% 
determined from rr 


2s 


and ro". 

If the standard assumption is made*® that &(r) 
« 6(r— Ro), the relative values of the matrix elements of 
k(r be easily determined by using harmonic 
oscillator wave functions. This results in 


ld 2\! 
1d (_) [3 
If Ro is set equal to 1.304! 10~-" cm and eo is 0.354 
x i0?® cm, this ld|k(r) 1d)/(2s| k(r)| 1d 
1.02, for A= 17. This is in close agreement with the 


value —0.94+14°7 determined from the quadrupole 
moment and the lifetime of the first excited state of O'". 


may 


ld k(r) (aRy)* 


(2s'\ k(r) 


. (aRo)’ ] 


ratio is 


Harmonic oscillator wave functions, then, give reason- 
able values for the parameters involved. 

Within the framework of this approach, values may 
be predicted for the quadrupole moments of N"* and 
F'7, These values are most easily put in the form of 
ratios, and are 


4)+ (9(1d/r?| 1d R,?a’) 


joo", 


6 


4X7 RP (16 
We 


5&8 Ry?(17) 


Using the values a’Ro’= +2.43 10-** cm?+11% de- 
(1d r 1d)=+9.9X 10-** cm? from 
the theoretical calculations for harmonic oscillator wave 
functions, and the relationship Ro« A‘, these ratios 


become 


termined from Qo" 


Opi= 3.2509" 
Or = —8.6X10 
Oxn"=0.6700", 

QOnu= —1.8X 10-** cm?+11%. 


’ 


26 cm?+ 20%, 


VI. CONCLUSIONS 


The basic relationships from the weak-coupling col- 
lective model involve the two radial integrals (| k(r) |) 
and ('r?|). These quantities may be calculated from 
theory or may be determined from experimental results. 
In this work the radiaij integrals were determined from 
experimental results and then compared with the pre- 


2M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Vuclear Structure (John Wiley and Sons, Inc., New York, 1955) 
= B.C. Carlson and |. Talmi, Phys. Rev. 96, 436 (1954) 
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TABLE I. A comparison of the theoretical results for relevent 
radial integrals and the values for these integrals that have been 
deduced from experiment using the weak-coupling collective model 
for interpretation 


Theory Experiment 


8 95“ 10 % cm? * 
99X10" ** cm? ' 
10.0 10°** cm? 
17.28 10° ** cm? 
+9.9X 10° %* cm? 
+9 9X 10-7 cn 


9.55 10~** cm?+8°% 


Id\r?\1d no experiment 
2s\r?|2 no experiment 
(ld\kir)|\ 1d 

1.02° 0.944147 
2s\|k(r)| 1d 


* Harmonic oscillator wave f 
» Harmon oscillator wave 
Barton, reference 6 
© Modifed square well in reference 6 
! Detailed machine calculation in reference 
* Harmonic oscillator wave f tions a 
Ro = 1.3048 X 107% 


dictions from theory. The 
Table I. 

In a few instances the values of these integrals are 
unnecessary in comparing the ratio of two lifetime 
measurements. This is true for the ratios of tx * to ro 


results are summarized in 


ry’ to re”, and rx,'* to To". The results for these ratios 
are given in Table II. The only glaring discrepancy 
between theory and experiment is in the lifetime of 
Ne'®, The use of this simple theory for either F!® or 
Ne'® is not well justified in view of the complex con- 
figuration mixing that is most likely present in both 
these nuclei.'§ 

It is gratifying that the theory works for I 
rather surprising that it 


» but 
does not work equally well for 
both these mirror nuclei. 

These results may also be expressed in terms of the 
size of the effective charge e.r needed to match the 
17B and 17C 
N'8) to éo¢¢(O'”) equals 
0.864+5% indicating that here e.¢ is proportional to Z 
Che I’) to 1.024+3%, 
while the ratio of e.(Ne'®) to ee (O') is 4.7547% 
This that the Ne” do 


contribute transition probability 


experimental result ee Eqs. In this 
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ratio of e+ een + ert (F'") is 
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Energy levels at 10.15+0.06 Mev in magnesium 2nd 11.40+0.06 Mev in silicon have been studied using 
resonant scattering from a continuous spectrum of x rays by samples of these materials. Using tentative 


spin assignments and assuming no branching, level widths of 4.80 (+-1.6, 


—1.4) electron volts and 2.89 


(+1.0, —0.8) electron volts for magnesium and silicon, respectively, have been determined from absorption 


measurements 


I, INTRODUCTION 


T was suggested by Schiff' in 1946 that a continuous 

spectrum of x rays, such as the bremsstrahlung ob- 
tained from targets in electron accelerators, could be 
used to excite some nuclear levels. In 1956 Hayward 
and Fuller? observed such level excitation when 15.1- 
Mev x rays were selectively scattered by a carbon 
sample being irradiated with bremsstrahlung from a 
betatron. Since that time several investigators have ob- 
served this kind of scattering from other elements.* This 
paper describes studies of the 10.15-Mev level in mag- 
nesium and the 11.40-Mev level in silicon made by 
means of the resonant scattering of x rays. 


Il. EXPERIMENTAL ARRANGEMENT 


The system used for this experiment consisted of a 
bremsstrahlung source, scattering sample, a detector 
for the scattered. x rays and a pulse-height analyzer to 
sort and record the data. A sketch of the experimental 
geometry is shown in Fig. 1. Here, a bremsstrahlung 
spectrum is generated when electrons accelerated in a 
betatron strike a platinum target at (A). The resultant 
radiation is monitored by the ionization chamber at (B) 
and collimated by the lead block (C) before passing 
through the shielding wall (D) on its way toward the 
absorber (£) and scattering sample (F). The detector 
cubicle contains a 4-inch by 4-inch NaI(T1) crystal, 
multiplier phototube and pre-amplifier (G) shielded by 
lead (H) and borax (/). The plug (K) in the hole 
through the lead shielding is used to help discriminate 
in favor of radiation in the 10 to 12-Mev region. Brass, 
from which this filter is made, has the minimum in its 
attenuation versus energy curve at about 10 Mev. 

The radiation from the platinum target in the beta 
tron was collimated along its axis of symmetry so that 
at the positions of the scattering sample (F) and the 
absorber (£) the beam had diameters of 4 and 2.25 
inches, respectively. The axis of symmetry was deter- 
mined by irradiating copper samples at an energy above 
the threshold for the reaction Cu™(y,n)Cu® and then 
using the positron activity associated with the decay of 


.. |. Schiff, Phys. Rev. 70, 761 (1946) 
>. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957 
Cohen, R. A. Tobin, and J. McElhinney, Phys. Rev. 114, 
1959); L. Cohen and R. A. Tobin, Nuclear Phys. 14, 243 
1959); F. D. Seward ef al., Bull. Am. Phys. Soc. 5, 68 (1960) 


Cu® to make an auto-radiograph. The copper samples 
were cut from 7x-inch flat stock. Irradiations of 10 
minutes duration were made at two positions, one at a 
point 15 cm in front of (A) and the other at (B). After 
an irradiation, the sample was placed on top of a film 
holder containing a piece of “x-ray” type film and left 
for 10 minutes. After development the film was ex- 
amined to determine the position of maximum exposure 
which was assumed to coincide with the axis of sym- 
metry of the primary x-ray beam. 

The shielding shown in Fig. 1 was necessary in order 
to reduce the background to the extent where the radia- 
tion of interest could be resolved. The background 
comes from two principal processes, neutrons from 
(y,n) reactions and x rays (direct or scattered) from the 
platinum target of the betatron. The neutron com- 
ponent gives rise to capture gamma rays which are dis- 
tinguished from the other component here because of 
the difference in arrival time at the crystal. The direct 
or scattered radiation from the target is almost simul- 
taneous in time with the primary x-ray pulse and can 
be reduced only by bulk shielding. However, the 
neutron component has a measurable build-up and 
decay time that is usually characteristic of the modera- 
tor material and geometry in the vicinity of interest. 

















TO MULT! CHANNEL 
PULSE HEIGHT ANALYZER 


me 2 ft 


Fic. 1. Experimental arrangement. A—x-ray source; B—ion 
chamber; C—lead collimator; D—concrete shielding wall; E 
absorber; F—scatterer ; G—NalI(T1) crystal, multiplier phototube, 
and pre-amplifier; H—lead shielding; /—borax shielding; K 
brass filter 
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Much of this latter background can be eliminated by 
efficient gating of the detection system. 

The primary x-ray pulse used in this experiment was 
triangular in shape (when displayed as intensity versus 
time the slopes of the rise and decay were similar) with 
a half microsecond duration and was repeated with a 
regular period of 1/180 second. Efficient gating can be 
realized by using a gating pulse whose duration corre- 
sponds to that of the primary x-ray pulse and has the 
correct phase with respect to this primary pulse. If these 
conditions are satisfied then the background caused by 
gamma rays resulting from neutron capture will be at a 
minimum. 

The shape of the primary x-ray pulse was measured 
by observing with a multiplier phototube the Cerenkov 
radiation from the secondary electrons resulting from 
the passage of the x-ray pulse through a thin slab of 
Lucite. The gating pulse was then adjusted to be slightly 
longer in duration. The gating was accomplished by op- 
erating the pulse-height analyzer in the coincidence 
mode and supplying a gate pulse (or coincidence pulse) 
only for the duration of the x-ray pulse. The correct 
phase between the x-ray pulse and the gate was deter- 


hic. 2. Thresholds for 


used in calibr 


A 


rOBIN 


j j 


pulses due to annihila- 
ttered x rays from a 


ise between the x ray and 


mined by observing the recorde: 
tion radiation and Compton 
sample as a function of phi 
gating pulses 

Another source of backg 
This was associated principally 


is electrical pickup. 
with the modulator used 
to perturb the magnetic field in the betatron for the 


initiation of an x ray pulse. Because of the impedance 


(measurable though small) between the ground side of 
the modulator and earth ground, a portion of the modu- 
lator pulse appeared on the ground side of all circuits 
associated with the modulator. This included the pulse- 


height analyzer by way of the gate-generator trigger 


pulse which was obtained from the modulator system. 


ude 


of this pickup was above the 


was analyzed 


Whenever the amplit 
baseline setting of the analyzer it and 
counted. This source of background was minimized by 
reducing the modulator to earth impedance and de- 
coupling, as much as possible, the recording system from 
the modulator system. This procedure resulted in a 
pickup signal at the input to the analyzer of 0.009 volt 
which corresponds to an 18-kev gamma ray giving up 
its full energy to the crystal. The 


this level. 


baseline on the analy 


zer was then set just above 


Ill. EXPERIMENTAL PROCEDURE 


samples and 


The 
j 


powdered metal, were contained 


scattering absorbe rs, made of 
in Lucite boxes having 
entrance and exit windows for the primary x-ray beam 
made of #3-inch Lucite 
of 70-80 mesh met 


and absorber had areal 


Magnesium samples were made 
il powder and the scattering sample 
densities of 1.20 grams/cm? and 
1.29 grams;cm’, 
made of 100 mesh meta 
2.23 grams/cm? for the 
absorber. Samples of high purity 
aluminum having the same 


respectively. The silicon samples were 


| powder with areal densities of 
scattering sample and 1.79 
grams/cm? for the 
areal densities as the mag- 
and contained in 
for 


nesium and silicon scattering samples 
similar Lucite 
determinations. 

The energy scale of | 
the thresholds for excitation 
Mev levels in Li® and C 
resonance absorption of x r 
) 


boxe wert used 


background 


he betatron was calibrated using 
3.56 Mev and 15.1- 


respectively by means of 


of the 
ivs. The thresholds for these 
are shown in Fig. 
The levels in magnesiun 
paper were first observed d 


con discussed in this 
several! 
After this 
s were studied more intensively in an 


of their cl 


ot 


survey 

rays 
survey, these level 
iracteristics. Shown 
e Mg, Si, and 
Al samples were irradiated at < ak bremsstrahlung 
energy of 13.1 Mev. The sl 


background obtained with tl 


effort to measure 
in Fig. 3 are the spectra obtained when th 


some 


ra represent the 
catterer. This 
energy was chosen for the below 


*R. A. Tobin a 


ratory Progress, Ju 





RESONANT SCATTERING 
the thresholds for the 15.1-Mev level in C” (from the 
Lucite boxes) and the (y,) reaction in Al*’. From these 
spectra it was decided to use those counts above channel 
70 as a measure of the yield from the two levels of 
interest. 

The thresholds for these levels are shown in Fig. 4 
and were obtained by plotting those counts appearing 
above channel 70 versus the peak energy of the brems- 
strahlung spectrum. For magnesium there is an abrupt 
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SILICON SPECTRUM 
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CH ANNE 


OF 


X RAYS FROM Mg AND Si 

change in the slope of the yield curve at 10.10 Mev. The 
gradual increase of yield with energy below this point 
is associated with capture gamma rays resulting from 
the neutrons associated with the Mg*®(y,")Mg™ reaction 
which occurs above the threshold energy of 7.33 Mev. 
The change observed at 10.10 Mev is attributed to 
gamma rays scattered from a level in magnesium. The 
sharp change in the slope of the yield curve for silicon 


that occurs at 11.35 Mev is considered to be associated 


MAGNESIUM SPECTRUM 
WITHOUT MAGNESIUM 
ABSORBER 'N PRIMARY 
BE LM 





SILICON SPECTRUM 
wit T SILICON 
ABSORBER IN PRIMARY 
efAaM 





Fic. 3. Shown above are the spectra obtained from magnesium and silicon for irradiations made with and without an absorber of 
similar material in the primary x-ray beam. The shaded spectra were obtained using the equivalent number of grams/cm? of alu- 
minum as a scatterer for background determination. The energy scale for all these spectra is such that the peaks for the 0.51-Mev 
annihilation radiation and the 4.43-Mev gamma ray from the decay of C" (observed using a Po-Be neutron source) occur in 
channels 5 and 50, respectively. 








with gamma rays scattered by a level at this energy. 
The change that occurs at 10.52 Mev is associated with 
capture gamma rays resulting from neutrons associated 
with the Si®(y,n)Si® reaction which has a threshold at 
this energy. 

An indirect measure of the level widths was obtained 
by observing the attenuation produced when a sample 
of the material under investigation was placed in the 
primary beam. This was accomplished by using the 
scattering sample as an indicator and observing the 
yield from the level of interest when an absorber of 
similar material was alternately placed in and out of 
the primary beam. This procedure was repeated using 
aluminum as a scatterer. The differences between these 
two yields above channel 70 were used to determine the 
attenuation. Shown in Fig. 3 are the spectra resulting 
from these runs from which we get transmissions of 


Yield (absorber-in 
l'ransmission (7) = 
Yield (absorber out) 


1574—608 
= ———— = 0),75+0.05 
1868 — 589 


’ 


rOBIN 


for magnesium and 


1744 $36 


r 


0.80-+-0.04. 
2117 4186 


for silicon. 

If there were no nuclear absorption and only the elec- 
tronic effects, the would be 
(0.98) for magnesium and (0.96) for silicon. These were 
determined using //Jo=« 0.0296 
(0.0433) for magnesium and silicon, respectively 


calculated transmission 


with (ux and 


IV. COMPUTATIONS 


When a sample of material is irradiated with a spec- 
trum of x rays, 
between a particular level of nuclear excitation and the 


the number of interactions per cm* 


X rays is given very nearly by 


3 7/1 Tn 
=f Jaa i—< ( Jar, 1 
a | 2 2 Ne V Seto, 


where u= (20.N.7+¢,NT)/cosa, I is the full width of 
the level measured at half amplitude in units of electron 
volts, Jo is the number of photons per cm? contained in 
the incident bremsstrahlung spectrum having an energy 
corresponding to that of the level and is measured in 
units of photons per cm? per electron volt, o, is the cross 
section for electronic absorption or scattering in units 
of cm? and is considered constant over the level under 
investigation, a, is the cross section of the 


sorption of x rays in units of 


level for ab- 
and is a function of 
number of atoms 
per cm’ which participate in the electronic absorption, 
N is the number of nuclei per 
level being investigated, T is the thickness in cm of the 
scattering sample, and 


E—E, 
A , 
yy ) 
where E, is the energy of the level at resonance and £ 


is the energy of the incident photon. The normal to the 
plane of the scattering sample divides the angle between 


energy (or x) as noted below, 1, is the 


cm’ which contain the 


the axes of the x-ray beam and crystal into equal angles 
a. The limits of integration (2,2 that 
they bracket the level and are far enough removed from 


are chosen such 
E, so that the cross section is relatively small. If now 
we interpose between the x-ray source and the scattering 
sample an absorber of the same material as the scatter- 
ing sample then the number of interactions will be re- 
duced and is given by 


2oet+On 


where v= (¢,N’T’+<¢,.N,'T’) and the primed symbols 
refer to the absorber. With these expressions we can 
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express the transmission as 
T=Y"/Y'. (2) 


For the energy range covered between the limits (2,,x2), 
the only dependent variable in these expressions is o, 
and this can be described using the Breit-Wigner single 
level formula for values of E near £,, as follows,® 


| (= - ~)] 
on(E)=a9 1+ = . (4) 
[ap 


where a,(£) is used to indicate the functional depend- 
ence on energy and go is the value of the cross section 
at the resonance energy E,. This expression describes 
the shape of the cross section as a function of energy and 
width I’ and could be used for a, if it were not for the 
thermal! motion of the nuclei in the sample material that 
causes a “Doppler” broadening of the leve!. Expressed 
in terms of energy there is a change from an initial 
energy £ to an energy relative to the source E’ given by 


E’= E(Axv/c). 5) 


This then is the energy the photon has relative io the 
sample nuclei which have a velocity component » toward 
or away from the photon source and must be used 
instead of E in the Breit-Wigner formula above. If we 
assume that the distribution of velocities produced by 
the thermal agitation can be represented by a Max- 
wellian distribution function and express the motions 
in terms of kinetic energy,® then the probability for 
finding a nucleus with a velocity component that will 
produce a relative energy FE’ with respect to an incoming 
photon of energy E is given by 


ro exp — (E’— E,)?/A? dE’ 


W (E)dE’ , (0) 


A 


ts 2kT.\3 
(Nae: 

c M 

for photons and is called the “Doppler” width. In this 
expression c is the velocity of light, & is Boltzmann’s 
constant, M is the mass of the nucleus with which the 
level is associated and 7, is the “effective” temperature 
which will be identified later. 

The observed cross section then will be the product 
of the “Doppler” broadened Breit-Wigner cross section 
o,(E’) and the probability for finding nuclei with this 
relative energy w(/’). Reference (5) expresses the result 
of this combination as 


ry , (“) 
,x}= 
A ) 2rtX\A 


+ exp[ —}(I'/A)?(x—z)? ] 
<f = dz, 
(14-2?) 


. 


where 


H. A. Bethe, Revs. Modern Phys. 9, 140 (1937 


* This treatment is described by Bethe, reference 5. 
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Fic. 5. Plot of transmission 7 versus I'/A 


where 


This integral has been evaluated by Rose ef al. and is 
available in tabular form.’ The expected cross section 
at a given x is then found from 


r r 
a E) ool .*), (8) 
A fa 


and these values are used in (3). 

The value of the cross section at E= E, is given by 
the Breit-Wigner single level resonance relation and for 
the case under consideration here (I',/!=1) 


(27.41) 
49x? : (9) 
2(27,+1) 


where A=/2m is the rationalized wavelength of the 
radiation at E,, J, is the spin of the compound nucleus 
and J, is the nuclear spin of the ground state of the 
target nucleus. For isotopes studied here 7, was known 
and J, was based upon arguments presented in the 


discussion. 


™M.E 
Powers Division Report WAPD-SR-506, Vols. I and II, available 
from Office of Technical Services, Department of Commerce, 


Rose ef al., Westinghouse Electric Corporation Atomic 


Washington 25, D. C. (unpublished 





180 RALPH 


of the isotopes in the 


TABLE I. Pertinent characteristic 


magnesium line to Mg™ is somewhat weak 


Observed 

yn" threshold 

Percent Threshold for > ray 

Element Isotope abundance Mev Mev 


16.53 


Magnesium 4 10.15+0.06 
ys 33 


% 11.11 
Ss 17 17.17 
] 8.47 

10.0€0 


11.40+0.06 


29, 683 (195 
n Wile 


7 as 

The treatment used in obtaining (6) is valid only for 
a gas, but according to Lamb® we can consider the solid 
as a gas if we use an effective temperature 7, that is 
higher than the provided 
A+TD°>>2k0 which 
between 7 and 7, is given in reference (8). 

For analysis of the experimental data, Eq. (3 
several values of T/A. 
results of these integrations 


actual temperature 7 


is true in both cases. The relationship 


was 
integrated numerically for 
Plotted in Fig. 5 are the 
from which a value of T/A has been associated with an 
observed transmission. This and the calculated Doppler 
width A were I’. Shown in Table I 


are the timated characteristics 


used to determine 
known, calculated and ¢ 
of the isotopes in the scattering samples. 


V. DISCUSSION 


The Isotopic a ignment of the observed levels is 
based principally upon the assumptions that, if the 
energy ol the incoming photon is above t= threshold 
for particle emission, then particle emission 1s preferred 

on as a mode of decay and that 
abundant or levels as 
not have been detected. It should 
in cal ulating the value of the cross 


r (9 


over gamma-! ty ery 
the isotope must be re atively 
sociated with it would 
be pointed out that 
section at resonance usir it has been assumed that 


there 1 


no br il cl ng ind decay is 100% to the ground 


way ol g 


state by imma-ray emission. 

\s noted previously, levels in several other elements 
have been excited using the technique described here.** 
lor those instances whe the spins of both the ground 
and the ex were firmly established, all 
by magnets dipole M1 
favor of M1 interac 

$.43-Mev level 
j 


(which requires £2 radiation) in spite ol the the 


State 


were excited interactions 


Another piece of evider in tions 
is the unsuccessful attempt to excite the 
in C 
fact that it has a larger peak cross section (as given by 9 
than the 4.46-Mev level in B"™ which was observed. For 


®*W. E. Lamb, Phys. Rev. 55, 190 (1939 
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scattering samples. As menti 
If it is associated with Mg** instea 


lentative Ground 
spin 
assignment 


state 


spin 


New York, 1953 


these reasons tentative values of spin have been as- 

signed to the levels observed in magnesium and silicon 

assuming they were excited by M1 radiation. 

this experiment are 

Mev” and “11.2 
und silicon, re- 


The gamma rays observed in 
presumably the same as the ‘10.5 
Mev” gamma 

- 


spectively, and recently observed by Seward ef al.,? in 


rays from magnesium 
an experiment similar to that described here 
The 10.15-Mev gamma ray observed in this experi- 
the 10.08-Mev gamma ray 
ittribute to Mg*®. The 
Mg™ in the work 
relative 


ment may be the same as 
Compion and Bartholomew* 
decision to associate the 

reported here was determined | ly by the 


abundance of the two isotopes must remain until 


separated isotope s become available arger q lantities 


or the sensitivities of experimental techniques can be 
improved upon before we can positively identify the 
isotope re sponsible lor tne 1 Magnesium 
observed in this experiment 
The isotopic assignment 
fied by the facts that Si 
and is the only 


prepol der t y abundant 


silicon isotope reshold for 
particle emission that is | observed line 
For these reasons it is signment is a 
rather firm one 

Endt and Braams” list t| compilation, levels at 
10.3 Mev and 11.8 Mev in Si”*, both of which are far 
enough removed not to be confused with the 


served at 11.4 Mev in the w 


] , ] 
level ob- 
} 


rk reported here. 
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A detailed investigation is made of the way in which parity-nonconserving (PN(¢ 


internucleon potentials 


lead to parity impurities in nuclear states and hence to pseudoscalar asymmetries in the emission of gamma 
) I ) 


radiation 


Explicit expressions are obtained for the angular distribution of unpolarized radiation (a) in 
emission from nuclei polarized by non-nuclear methods, (b 


in 8-y angular correlations, (c) in polarized 


thermal neutron capture radiation and also for the magnitude of the circular polarization of radiation from 
an arbitrarily oriented nuclear system. The magnitudes of these effects are then estimated for the case of a 
transition between low-lying nuclear states and also for a ground-state transition following neutron capture 
Finally a critique of the y-ray transitions so far used in experimental investigations of PNC effects is given 
It is concluded that many transitions in particularly simple nuclei are insensitive to PNC effects and that at 


present all that can be stated with any confidence is that 5 <10™ 


I. INTRODUCTION 


N an earlier paper! a discussion is given of the form 
a parity-nonconserving (PNC) internucleon poten- 
tial might be expected to take because of invariance 
requirements. Further, the form of the specific PNC 
potentials arising in lowest order from the conserved 
self-interacting current description of weak interactions 
is deduced. A velocity-dependent and a static potential 
are obtained having the following forms: 
—GfTfi 2 1 
Ustatic= err: (oe Xe" 
2ahct rt ur’ pr? 


X [2-9 


— (G/4mc)(o'? — eo"): pyd(4r) 


X [2 - 4 — 77,02 


where y, r, p, @, and ¢ have their usual meanings and G 
and f are, respectively, the weak four-fermion and pion- 
nucleon pseudovector coupling constants. 

Wilkinson? has classified those experiments in low- 
energy nuclear physics suitable for the detection of 
parity-nonconserving effects resulting from potentials of 
this type, and it would seem from his analysis that the 
apparently most sensitive are those involving the meas- 
urement of asymmetries, circular polarizations, etc., in 
gamma transitions between nuclear states. Such experi- 
ments are the most promising because, in general, they 
are sensitive to the amplitudes of parity impurities in 
nuclear states. The object of the present paper is to 
investigate in more detail the way in which PNC po- 
tentials will lead to such parity impurities and how they 
will manifest themselves in electromagnetic transitions 


* This work is supported in part by funds provided by the U. S 
Atomic Energy Commission, the Office of Naval Research and the 
Air Force Office of Scientific Research 

+ On Sabbatical leave from the Clarendon Laboratory, 
England 

1 R. J. Blin-Stoyle, Phys. Rev. 118, 1605 (1960); referred to as I 

2D. H. Wilkinson, Phys. Rev. 109, 1603 (1958). 


Oxford, 


1078, 


In Secs. I[-IV the geometrical problem of angular dis- 
tributions, etc., is discussed, in Sec. V the magnitude of 
the parity nonconserving effects is investigated and in 
Sec. VI the suitability of the electromagnetic transitions 
so far used in experiments is commented on. 


Il. ASYMMETRY EFFECTS IN GAMMA- 
TRANSITIONS. GENERAL RESULTS 


Consider a gamma transition between the nuclear 
jm’) and | jm), both of which may contain 
components having opposite parity to the predominant 
parity of the state. The appropriate matrix element? for 
the transition can be written 


substates 


j’m'\3C(A)| jm 
T + (2L+1)'f(P)Dup L)(k) 
LMP 


X((j’m' | (A 1 (m) )| jm) 
+ (—P)(j'm'|3(A L™(e))| jm)], (3) 


where {(P)(P= +1 or —1 corresponding to left or right 
circular polarization) determines the polarization of the 
photon emitted in the direction k and (A ,™(m)) and 
K(A_,™“(e)) are the usual magnetic and electric multi- 
pole operators but with additional phase factors‘ i” and 
i“*+' respectively.* 

In such a transition interference effects will arise be- 
tween multipoles of opposite parity because of parity 
impurities in the states | jm) and | j’m’) and will mani- 
fest themselves as pseudoscalar quantities in the angular 
distribution of the emitted radiation. The angular 
distribution Imm of the radiation emitted in the 
transition | jm)—>| j’m—M) taking into account the 
contribution from all multipoles and for arbitrary 
polarization of the radiation is obtained by taking the 
square modulus of the matrix element (3). The calcula- 


*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
1953) 

* Such a choice of phase factors ensures that the nuclear reduced 
matr elements are relative real. See 


reference 3 
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tion is straightforward using the techniques of reference 
3 and the following expression is obtained 


M |\3(A)| jm 


C(2n+1 


| | j'm 


2° 
T — 
Lu’ 


(2L'+1) }iC(7’Lj7;m—MM) 


*xC(7'L'7;m—-MM)F r1y™(k), (4) 


where the C’s are Clebsch-Gordan coefficients, and 


(—)*H SY C(LL’v; 
« P,(cos8)[G x1 
tA yy’ (er*my+m_z*ez;) 
+C(LL’y; 11)C(LL’v; —MM) 
x (v 2)!/(v+2 !}P,% (cos) 
XTi’ (myp*m py 


Fis M (k) 


-11)C(LL'v; —MM 


*, 
.?< 


+e, 
J 


"(m,*my 


tJ" (er*mp—mz*er 
Here 
f(1) |?+ ( +b! f(—1))%, 
f(1) |2— (—) "| f(—1) |? 
1) f(1)+(-—) 4” fe TS -1), 


(—) P+’ f*(1) f(—1), 


Gr” 
Hyry’ 
Tou’'=f*( 
J iy"’= f*(—1) fl) 


(6 


and m, and e, are the reduced matrix elements 


mi=(j'\|\K(A L(m))\ 7); er =(7" || CA z(e))||)). 


To proceed further it is necessary to specify both the 
orientation of the initial nuclear system, that is, the 
distribution of the nuclear substates | 7m), and also the 
polarization of the emitted radiation. We consider two 
cases which are likely to be most useful from the point 
of view of detection of parity nonconservation. 


III. ANGULAR DISTRIBUTION OF UNPOLARIZED 
RADIATION FROM AN ORIENTED 
NUCLEAR SYSTEM 


that the initial nuclear state has been 
polarized by some mechanism and that the probability® 
of finding the nucleus in the substate | jm) is p(m). The 
resulting angular distribution of the emitted radiation is 


then given by 


Suppose 


W= > p(m)I mm—M- (8) 
mM 


Now’ for a plane wave with electric field polarized at an 
angle x to the direction defined by the intersection of the 
plane norma! to & and the plane of & and the axis of 
quantization : 
f(P) = (1/v2) exp(—iPx 

* The assumed noncoherence of the substates m is valid for all 
the cases considered in this paper. See reference 3 for a discussion 
of this point. 


*M. E. Rose, Multipole Fields 
York, 1955) 


John Wiley & Sons, Inc., New 
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Thus, 


cos2x6, 2 


cos2y6, 


However, if polarization insensitive detectors are used 
for the detection of the radiation, then an average has to 
be taken over x, giving 

(J ry," ’ a 0) 


average 


The resulting angular distribution can then be simplified 


to the following form: 


W (6) 


* { 
ew reTrer rr) ’,(cos@), 


where B,(7) is given by 


B,(7) >*..(2»-+-1 iC 


—~ 


(11 


>> mv p\m r 


and is a parameter introduced by various authors’'* to 
Its 
properties in some specific cases will be discussed a little 
later. The factor F,(LL’ 7’ j 


describe the nature of the orientation of a nucleus. 


is defined by 
F (LL 7’ 7) = | ’ [(27+1)(224+1)(2L’+1 


MCULL r: 1 1W(LL'77; » 


] 


It has been used lreque ntly in the discussion of angul: 


distributions and has been tabulated by Biedenharn and 
Rose®* and Alder et al 
Inspection of the expression (10 
indicating breakdown of 
those with v odd, can occur in 


shows that the terms 
parity conservation, namely 
First 


two ways y there 


can be interference between multipoles of like character 


(i.e., electric or magnetic) but whose orders differ by an 
odd number (e.g., £1-E2 interference 
can be interference between multipole 
ter but which have the j ; 
F1-M1) or multipolarity differing by an even number 
(e.g., E2-M4). In practice the most likely possibility is 
interference between electric and magnetic multipoles of 


Secondly there 
; of unlike charac- 


multipolarity (e.g. 


Same 


the same order ; however, it is possible that in some ex- 
ceptional cases, the other types of interference may be 
important. In any case, it is clear that a breakdown in 
parity conservation will manifest itself in a forward 


backward asymmetry of the emitt iation relative 


7S. R. DeGroot and H. A. 1 ‘ 
Spectroscopy, edited by K.. Siegbal nters I Put 
New York, 1955 

8T. P. Gray and G. R. Satchler, Prox ys. Soc 
A68, 349 (1955 

® Note that in the notation of reference 3 F,(Lj'j 
of the present paper and reference 19 

%K. Alder, B. Stech, and A. Wir 
(1957) 
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PARI! NONCONSERVING IN 
to the orientation axis of the initial nuclei. Such an 
asymmetry depends not only on a breakdown of parity 
conservation, but also on the nonvanishing of the B,(j) 
with »v odd, and for the effect to be large this requires 
that these terms be as large as possible. Three types of 
method for producing large B,(7) (v odd) are discussed 
in the following sections 


A. The Orientation Parameter B,(j 


Che following explicit forms for the B,(7) are to be 


noticed 
Bo(j)=1, 
ps m Mp(m) 
Cit} 
Lem Lm? —475(j+1) lp(m 


[ 7(7+1)(27 1)(27+3) 
Apart from a normalization factor, B,(j) represents the 
polarization and B,(j) represents the alinement of the 
initial nuclear system. At the present time it seems 
unlikely that higher values of B,(7) would be important 
and in all probability the main forward-backward 
asymmetry is expected to arise from the term B,(j). 

We now consider three ways of polarizing the initial 
nuclear state, all of which have been used experi 
me ntally. 


B. Polarization by Non-Nuclear Methods 


Iwo groups of methods for orienting nuclei have been 
proposed which depend essentially on the interaction of 
the nuclear electromagnetic moments with electromag- 
netic fields. On the one hand there are the methods 
which depend on the separation in energy of the nuclear 
magnetic substates then ensure that 
unequally populated by reducing the temperature of the 
system so far that the low-lying states become prefer- 
entially populated, i.e., the p(m) are not equal to one 
another. On the other hand, there are the optical and 
microwave methods which depend on the atomic ab- 
sorption and emission of radiation; in these preferential 
nuclear magnetic state populations may be obtained by 
emission of atomic radiation through different channels 
from those by which it was absorbed. These methods are 
reviewed and the orientation parameters quoted by 
Blin-Stoyle and Grace" and will not be further con 
sidered here. 


and these are 


C. $-y Angular Correlations 


It is now well established that in beta decay, parity is 
not conserved and it therefore follows that the final 
nuclear state following a beta transition will be highly 


“uR. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. XLII. 
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polarized in the direction of the emitted beta ray. Thus, 
if parity is not conserved in the succeeding y emission, a 
forward-backward asymmetry is to be expected in the 
8~y angular correlation.” 
We now restrict ourselves to the case of an allowed 
8 decay jg— > j, where jg is the spin of the §-emitting 
state and 7 that of the daughter (y emitting) nucleus. 
In such a decay, the angular momentum restrictions are 
such that only Bo(j) and B,(j) are nonvanishing. Now 
Bo(7)=1 and B,(j) can easily be deduced from the ex- 
pression for the angular distribution of 8 particles from 
a polarized nucleus by applying time reversal argu- 
ments. A discussion of the relation between the asym- 
metry factor in such a process and the polarization of the 
nucleus following the time reversed process is given for 
the general case by Satchler. Taking the expression for 
the asymmetry in 6 decay from a polarized nucleus from 
the work of Jackson ef al. and comparing with 
Satchler’s® results, it follows that in the allowed 8 decay 
> j with jg unpolarized, the polarization of 7 along 
the axis of emission of the 8 partic les is 


j+1 p. 
1 , 
37 I 


P (14) 


‘ 


where p, and £, are the momentum and energy of the 
emitted 8 particles and A is given by the two equations, 


1¢ Mor *r | t 2 Re(C,C,'* Ci? 


aZm 


p. 


] ; 
+5 yMyMor( ) [2% 
j+ 


aZm 


2 Im(¢ 
Ci o'*+-Ca'Ce* 


2 Im(C5C,"* 


for 
for 


for je 


(15) refer to the nature of the 


The remaining symbols in 


2 F. Boehm and U. Hauser (to be published 
G. R. Satchler, Nuclear Phys. 8, 65 (1958 

4 J. D. Jackson, S. B. Treiman, and H. W. Wyld, Jr., Nuclear 
Phys. 4, 206 (1957 
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B-decay interaction and 
the + 
emission. 
Now the polarization P is defined by 


} ‘ 
hive 


their usual significance 


and signs correspond to electron or positron 


l 
P ye mp(m), 


so that, comparing (13), (14), and (17) 
J+1\? p. 


si J E, 


18) 


There is considerable evidence at the present time 
that in 8 decay Cgs=Cr=Cs'=Cr'=0, Ca=Ca'=real, 
Cy=Cy'’=real. We therefore specialize the preceding 
results to this case and also approximate Z=0. Thus 


pe fil 
E.\ 3j 


* | ' r 
+- 25) ai J+ 
j+1 


where CyM #/CaMar. 

Now in the most likely case of practical interest the 
interference term indicative of parity nonconservation 
in the angular distribution of the following y radiation 
will be between electric and magnetic multipoles of the 
ame order / 0, 1 only, 
10) can be written 


(say). Thus, remembering » 


W (0)=27{( my 


*m 1.) cos@}, 


« (1+ a cos#), 


where, using (18 
given by 


2Pe| 


mI 


Here, the fact, referred to earlie r, has been used that my, 


and e, are relatively real. It is now a straightforward 
matter to use formula (22) for any particular f-y 


angular correlation.' 


D. Capture of Polarized Thermal Neutrons 


Haas e/ al.'* have suggested that parity-nonconserving 
effects might show up as a forward-backward asymmetry 


1’ A formula essentially ide 
tained by L. Kruger [Z. Ph 

‘R. Haas, L. B 
1221 (1959 


ntical with this has also been ob 
sik 157, 369 (1959) } 


Leipuner, a R. K. Adair, Phys. Rev 116, 


.IN 


STOYLE 


in the angular distribution of y rays emitted by a com 
pound nuclear state formed by the capture of polarized 


S-wave neutrons. Since 


neutrons have spin 4 it follows 
that in describing the orientation properties of the state 
resulting from the capture process, only Bo(j) and B,(/) 
are nonvanishing. 

Let the spin of the initial nu 
ture) be 7; 


lear state (before cap- 
spin ol the 
j. If €,(u¢= +4) is the probability of a 
neutron having az component y, the orientation weighing 
factor p(m) tor the compound ite 


and | he compound (7- 


emitting) state be 


given by 


Inserting this expression into Eq. (11), Bo(j 


| ind B,(7) 
can then be calculated. We obtain 


where Fs is the polarization of the 
given by 


ipture d ne utrons, 


P 
Substitution of Bo(7 


gives the angular distributic 


the transition j—» ;’ relative to the polarization direc- 


tion of the neutrons. For the special 


tted y Tays in 


case of interference 
between two multipoles m, and e, of the same order, the 


expression for the angular distribution simplifies to 


W (@)= wl mM | 


« (1+-a cos), 
where the asymmetry factor a i 


Ji(Jictl 


quoted for 


1 by Ha iS é/ al 


a has been 


,/ 1 
f=4,L 
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IV. EMISSION OF CIRCULARLY POLARIZED 
RADIATION 

If detectors sensitive to circular polarization are used 
for the detection of emitted y rays, then, even if the 
initial nuclear system is unpolarized, there will be a 
resultant circular polarization if parity is not conserved. 
This corresponds, for example, to the longitudinal 
polarization of electrons observed in the 8 decay of 
unpolarized nuclei. For generality we consider the case 
of an arbitrarily oriented nuclear system and then 
specialize to the case of unpolarized nuclei. The former 


W ,(0)—Wr(8) 
W 1(0)+W p(8) 


DD BAF ALL’ PU(mi* mi +er*er br41 


LL’ 


> BAA) ALL's pL (mi* my, 
LL'+ 


In the particularly simple case that the initial nucleus is 
unpolarized, the degree of circular polarization reduces 
to 


c 


0 23° m.*e1 > (mt 24+ \e, 7). (30) 


In this case an effect is only obtained if there is inter- 
ference between electric and magnetic multipoles of the 
same order. 


V. EXPECTED MAGNITUDE OF THE EFFECTS 


All the effects discussed in the preceding sections de- 
pend for their observation on the nonvanishing of 
interference terms between multipoles having opposite 
parity. We now have to make some estimate of the 
magnitude of these interference terms. 

Let the nuclear wave function for a state 1 be written 


V=Vitnei, (31) 


where ¥; and ¢g, have opposite parity but the same 
angular momentum properties and 9, the amplitude of 
admixture of ¢,, is taken to be very small. In general 7 
will be of the order 5, where & is qualitatively defined to 
be the ratio of the strengths of the parity-nonconserving 
and parity-conserving internucleon potentials.':'’ y, is 
referred to as the regular part and ¢, as the irregular 
part of the wave function. 

Now y; is one of the complete set of nuclear states for 
the nucleus under consideration and is an eigenfunction 
of a Hamiltonian H which includes the strong (assumed 
parity conserving) interactions and commutes with the 
parity operator. Thus 


Hy, EWi. 32) 


The irregular part of the wave function ¢, can then be 
computed using perturbation theory and treating VU, the 


17 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956 
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case might, in fact, be of interest since an orientation 
may be produced in forming a suitable y-emitting state.’ 

The distribution of left circularly polarized radiation 
W .(@) from an oriented nucleus is given by taking 
f(1)=1 and f(—1)=0 in (4) and (5), multiplying by 
p(m), and summing over m and M. Similarly the 
distribution of right circularly polarized radiation W x (@) 
is given by following the same procedure but with 
f(1)=0 and f(—1)=1. Using the methods already 
described, the following expression is obtained for the 
degree 6 of circular polarization : 


Larodat (my*e,- +er*my: Ors 1'+»,even \P,(cos) 


(29) 


PNC internucleon potential, as a perturbation. Thus 


(j| Uj 1) 
, Ft 2 : y (33) 


where A,;= E,— Ej. 

In order to proceed further it is now necessary to be 
more specific. There are essentially two cases to consider 
according as the electromagnetic transition is between 
low-lying nuclear states, as is usually the case in emis- 
sion from oriented nuclei and in a 8-y sequence, or 
between a state of relatively high energy (~8 Mev) and 
a low-lying state as in radiative neutron capture. In the 
former case it is a fair approximation to treat the ¥, as 
essentially shell-model states whereas in the latter the 
capture state will be highly complicated. We consider 
these two cases separately. Further we restrict our 
considerations to the most usual case, namely that in 
which the regular part of the y transition goes via the 
magnetic multipole m, and the irregular part goes via 
the electric multipole e,. In this case an enhancement 
effect is to be expected because of the fact that normally 
the strength of an electric multipole transition is greater 
than that of a magnetic multipole transition of the same 
order.” 


A. Electromagnetic Transition Between 
Low-Lying States 


Let the transition be between the nuclear states VW; 
and ¥; which have relative parity (—)“*'. By (33) 


Wevit DL 


¥)\ 
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The matrix element of the magnetic multipole operator 
between these two states is 


Vo mzi|V;)=(2|\ mz) 1 (35) 


and that of the electric multipole operator is 


(2) ex\ 42/0] 1) 
(W2| ex| V1) 
Ais 


(36) 


Now diagonal matrix elements of U between states y, 
which have a well-defined parity are zero. This means 
that the i and 7 summations in (36) can be extended 
over all ¢ and 7. Further, since ez, is a sum of single- 
particle operators, |7) differs by at most one-particle 
and similarly | 7) from | 1). Also if an 


oscillator des« ription is used for the shell model states, 


excitation from | 2 


then selection rules require that this particle is excited 
through JL-oscillator Thus A,;=42;= —Lhw, 
where fw is the oscillator spacing. This that 
closure can now be performed in the two summations to 
give 


levels. 


means 


2)e,0+ Vez} 1) 
Lhw 


This result is exact for an oscillator model and might be 
expected to be approximately true in general. 

Equation (37) is a formula which can be used as a 
basis for calculations in any specific case. We now con- 
sider, as an example, the particular case common to 
many experiments so far performed in which L=1 and 
we have M1-E1 interference in light nuclei. 


B. M1-E1 Interference in Light Nuclei 


Consider the situation of a regular magnetic dipole 
transition and an irregular electric dipole transition be- 
tween nuclear states that are adequately described in 
terms of a configuration of equivalent particles (either in 
LS or 
tion when considering transitions in light nuclei (e.g. 
A £16). Taking e;=4 


z component ol the 


} 7-coupling 


his will be the approximate situa- 
)r;, where 7,‘ is the 
spin operator for the ith 


nucleon and writing U=3 ze Use, we have from (37) 


(Ws| ex) ¥,) 2+ 
Vin s m ke 


(38) 


But in the summation if 7#7 or k, then the above 
matrix element will vanish since it would reduce to the 
product of matrix elements of two odd-parity operators 
(r; and U;,) 
same parity (since |1) and /2 


with respect to particle states having the 


are equivalent particle 


STOTL! 


wave functions). Thus, considering only those terms for 
which i= 7 or i=k, (38) reduces to 


e 
(V./e,|V))=— {2 


D> {(1 ge 
2hw a 


k 

(39) 
Now take U,;; to have the fo Che isotopic spin 
dependence can be written (7 Te?) +7,.97()) and 
spin depend- 


4 

7,” anticommutes with U,;, pic 
ence of (39) therefore disappe 

(VY, e) a 


(e/2ha 


(40) 


But in LS coupling for 
lent particles, the low-lying states are spatially sym 
metric under interchange of tws 
operator in the above matrix spatially anti- 
symmetric. The matrix element therefore vanishes. This 
would be the , 
transition in Li’ which has beer 


whereas the 


element is 


situation, for ex imple in the 
sed in this way. 

In an equivalent-particle description, the 
element 


matrix 
reduces to a sun two-particle matrix 


elements 


(W2le|%i)~ L 
J\T 1/97 


(2) ToT val 2! (P)IiT:), (41) 


where the (real) coefficients Cz,r, ire combinations 
J and T are the 
total angular momentum and total isotopic 
particles. For reasons of 

J=1, 3, 5-- 
(fi +f2)Uy. transforms as D 


space and D 


of fractional parentage 


oetncients al 
spins of two 
when T=0, 
Chu 


ist topic spin 


antisymmetry, 
and when T=1, J/=0, 2,4 
T D° in 


in ordinary space 


, since 


it follows that only 
diagonal matrix el sum 
(41). The matrix « is therefore real since the 
operator is Hermitian. However, because of the 


nents car or tribute to the 


+ 


t 
I 
} 
| 


eme! 
choice 
section I] 
, is real relative to 
with m,~ in, he 


of phase of the multipole operators (see this 
matrix element must be i 
(WV, m,|V> magnetic mo- 
ment operator, which is clear]; uginary Thus this 
matrix element vanishes 

The point of the foregoing 
taker 


electromagnetic transitions betwee! 


that care must be 
low-lying nuclear 


states are to be used to investigate the breakdown of 


parity conservation. In particular, nuclei which are well 
described by a simple few-particles LS or 
functions are likely to be u ictory in 
irregular multipole matrix element may 
very small for reasons of the 
making the experiment insensiti\ 
at least certain types of PN¢ 

We 


gamma-ray transitior 


wave 
that the 
vanish or be 
just described thus 
for the detection of 
rnucieon potential. 


10w consider the situation for a neutron-capture 
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C. Neutron Capture y-Ray Transition 


his case has been discussed to some extent by Haas 
et al.’* A rather different treatment of the problem is 
given here. 

The situation differs from that holding in the case of 
a y transition between low-lying states in that very near 
the capture state yy, is likely to be a state y-, having 
the same angular momentum but opposite parity. The 
admixture of this state into y), will then be the domi 
nant contribution to the sum in expression (33). Thus, 
we approximate (33) by 


(A‘u| D | Ag) 


Vr0 T Vr’ a: 
Ayn’ 


Vy, (42) 


The problem then resolves itself into estimating the 
magnitude of the admixture parameter a, where 

Nu yt Ag) War: 
coo anataatin (43) 
Apa Ayn 
Unfortunately, the situation is too complicated to ob- 
tain anything but some average estimate of a. In the 
following an upper limit is obtained for the average 
value of a using the same model as Haas ef al.'® In this 
model it is assumed that y,, whose corresponding 
eigenvalue is Ey ,, can be expanded as 


/ 


Vio= di Bithig, (44) 


where the set “;, is approximately equal to the set of V 
almost degenerate oscillator states belonging to the 
oscillator level » with energy nw near E,,. Thus 
approximately : 


Hibr. 
(Hot V Wre=Exwdre, 


nha o, 45 
(45) 


where H, is the oscillator Hamiltonian and V is a strong 
parity-conserving internucleon potential representing 
the difference between the oscillator potential and the 
true internucleon potential. The opposite-parity state 
ya’, can be described in a similar fashion as belonging to 
the oscillator level m (of opposite parity to m) with 
energy mhw and degeneracy M. 

We now want to obtain some idea of the average 
values of 3M, and A),-. Consider }°y-|3Myy\*. By 
closure 

>a | Maa 


. 


(vg|U?|Ag). 16 


If U only had matrix elements between ¥, and states 
va, belonging to the oscillator level m, then 


>» Maa | 7= M[M)? lav, 47) 


where [91,* sv is the mean square average of matrix 
elements between y, and states of the type y,. How- 
ever, U will have matrix elements between y, and other 
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states, so that 


fom,? ad (1 M)> Waa 3. (48) 


Finally, averaging over the NV states y, belonging to the 
oscillator level m, we have for the mean square average 
of matrix elements of 0 between states of the type ya, 
and yy, 
1 1 
> 
NM 


Slay’ 


> (Ag| 0? | Ag) 
VM > 


(1/M)[(Ag|?|Ag) lev. (49) 

Now consider the quantity 
[(Ag| V?|Ag) lew 

where the A sum is over the WN states belonging to the 

oscillator level n. By Eqs. (45) and (50) 

(1 N)>} (Ag! (Ex g— Ho)*| Ag) 

(1/N)¥o (Ag! (E,,—nhw)*| Ag) 

(1/N)3¥0 (Ex ,— nhw)?. 


(1/N) 30 (Ag! V?|Ag), (50) 


LiAg| V?| Ag) lav 


(51) 


Sut this quantity is the mean square deviation of the 
energy of the states ¥,, from the oscillator level n and 
if the level spacing for the states y, is A its value must 
be less than (VA)? if the states are distributed in the 
vicinity of m. Conversely 


[ (NA)? ew > (Ag! V2! Ag) lev: (52) 


But the mean value of A), will also be of the order 
(( A? ],v)* where by (52) 


(LA? Jav)*> (1/N) (Lg! V2! Ag) Jew)! (53) 


Now write [a? },, 
and (53) 


[am? |,v/[A* |,» to give on using (49) 


(54) 


N (em) 


Lg! V?|Ag) Jaw 


But ([(Ag| U*| Ag) Jav/L(Ag! V?\Ag) lav)! is a very suitable 
definition of F the ratio of the strengths of the PNC and 
PC potentials. Further V ~ M, so that 


({a? lev) *S FN3, 


M} 


(55) 


This upper limit on ([a@? },,)! is to be compared with the 
result of Haas et al.,* who obtain essentially [see their 


] 


equation (2) | 


(Ca? lev)! =AINS Hu’ /hes, (56) 


where A is the mass number of the nucleus under con- 
sideration, fw the oscillator spacing and ,f7,,’ is an 
effective one-particle matrix element of the PNC po- 
tential. This latter quantity is difficult to interpret in 
view of the fact pointed out in I that, at least in the 
static approximation, it is impossible to construct a one- 
particle PNC potential. For 5, Haas ef al."* take the 
ratio of ./,,’ to the depth V, of the single particle shell 
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model potential. Thus, their result can be written 


(La? |,v) t= FN1(A IV o/h), (57) 


where (A!V./hw) = 40 for A = 100, Vo =40 Mev, hw= 10 
Mev. Now the inequality in (55) is quite a strong one"™® 
so that comparison of (55) and (57) would imply that 
({a? |v)! is at least a factor 10?— 10° smaller than that 
taken by Haas et al 


VI. CRITIQUE OF y TRANSITIONS USED 
IN EXPERIMENTS 


In the following, brief remarks are made, in the light 
of the foregoing discussion, about the y transitions so far 
used by experimenters in investigations of parity non- 


conservation in electromagnetic transitions. 


BN" (4—,T »BY(G-—, T=} 


Ihe regular transition here is M1 and M1-E1 inter- 
ference is to be expected. Since there are 7 equivalent 
particles in the p shell there is no obvious reason why the 
interference term should vanish. Furthermore, isotopic 
spin considerations impose no restrictions and the transi- 
be to Wilkinson" 
1X 10 


tion seems to useful 


obtains %*: 


a one use. 


O'#"(1—, T=0) — O'4(0+-, T=0 


Here the regular transition is £1 but is much inhibited 
by the AT=0 selection rule for electric dipole emission. 
M1-E1 interference therefore might be expected to be 
large. However, with either of the PNC potentials (1 
or (2) (even including higher order contributions which 
will have essentiaily the same D®+D® symmetry in 
only parity impurities having T=0 

However AT =2 is forbidden in an 
a AT=0 M1 transition 
matrix element is inhibited” by a factor ~10. Wilkin- 
3x 10 should therefore be modified 
3 10~* if it is supposed that the PNC potential 
stems from the self interacting current description of 


isotopic spin space) 
or 2 can be admixed 
electromagnetic transition and 
son’s'’ result (<*: 
to Fs 


weak interactions 


s7°/1 l 

Li (5 —» T 5 
Again the regular transition is £1 and we have M1-E1 
interference. However, Li’ is a nucleus in which an LS or 
7 ce s¢ ription vives 


(1). I 
efiect, 


vanishing effect for the potential 
1 Intermed 
but 


I ite coupling there would be a finite 
since it vanishes at the two extremes of 
coupling it is expected to be small in the intermediate 
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distributed syn 
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“Eg... for a uniform distribution o 
metrically about nhw the 
factor 12 
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The regular parts of these transitions, which are be- 
tween low-lying states, are respectively M2, M1, and 


F1 and any interference d to be with the 
multipole of the same multipolarity but opposite parity. 


+ 


is exper e 
Each of these transitions follows a 8 decay and has been 
in searching for a forward- 


he b-¥ 


used by Boehm and Hauser 
backward asymmetry in t angular correlation. 
From the point of view of the investigations of this 
paper, all that can be said is that the transitions are 
of 


rhus, there is no a priori reason why any 


between complicated many particle states mixed 


isotopic spin 
selection rule or principle should vitiate the significance 
of the experimental results, although an accidental 
vanishing of any effect cannot be ruled out. After 
making various theoretical assumptions, Boehm and 
Hauser” came to the conclusion that 
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VII. DISCUSSION 


mments on the 
ndicate that the 
nature of the nucleus selected for an experiment is ex- 
tremely important if it is assumed that the PNC 
internucleon potential arises the self-interacting 
current theory of weak interactions, then because of the 
isotopic spin character of the current and the charge 


he foregoing calculations and the co 


y transitions so far used in experiments 1 
Thus, 
from 


independent nature of strong interactions, it follows that 
the PNC potential must always transform as a combi- 
nation of D® and D® J 
that an experiment whi 1dmixing isotopic 


isotopi 


uu 


in spi Space nis means 
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Der 
©} 


spin states by a D'” admixing agent is of no value for 


the detection of such tial. This stricture would 


a pote! 


only apply, of course, to light nuclei where isotopic spin 


is a good quantum number 
Furthermore, if the isotopic s 


+} 


pir 


pin dependence is that of 


the potential (1), then the analysis of section V(b) sug- 
} a nucleus 


Be or 


gests that it is unwise to chose a y transition ir 


having a one-particle, or simple jj 


equivalent-particle struct 
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It is therefore to be expected that y transitions in 
rather complicated nuclei have more chance of showing 
an effect. If one is observed in such a nucleus, well and 
good. However, if no effect is observed, then because of 
the very complexity of the nucleus, the negative result 
is difficult to interpret. As pointed out by Wilkinson,? 
the significance of such negative results only increases in 
proportion to the number of cases investigated. So far 
only a few experiments have been carried out and it is 
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probably only safe to say that F< 10-*—10 * with any 
confidence. This is still two orders of magnitude larger 
than the value of ¥ expected from the potential (1). 
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Studies were made on the Pb*? (ThB) active deposit by means of gamma singles and beta-gamma, 


gamma-gamma, gamma-alpha, and gamma-gamma alpha coincidence measurements 


The singles and 


coincidence gamma-ray spectra were recorded on an RCL 256-channel analyzer, and an intermediate-image 
beta-ray spectrometer was used in the beta-gamma work. Beta intensities of 4.6+0.2, 23.940.8, 22.740.7, 


48.8+2.7, and <0.5% were obtained for the 1.04-, 1.29-, 1.52-, 1.80 


of the T"* 
of the Bi?” 


, and 2.38-Mev groups, respectively, 


+ Pb®* decay. Existence of the 1.800-Mev gamma ray in Po*” was established and 11.240.7% 
+ Po*? disintegrations were determined to go by way of the 0.727-Mev transition. Relative 


intensities of 11.1+0.7, 1.740.3, 0.66+0.07, 0.1640.04, 0.99+0.08, 0.49+0.05, 2.8+0.2. and 0.17+0.03 
were found for the 0.727-, 0.786-, 0.893-, 0.953-, 1.073-, 1.513-, 1.620-, and 1.800-Mev gamma rays, respec 
tively, in Po? The ratio of alpha to total disintegrations for the Bi® decay was measured to be 0.3596 


+0,0006 


I. INTRODUCTION 


HE nuclei Bi?"? (ThC) and Tl* (ThC”) are mem- 
bers of the naturally radioactive thorium (4m) 
series. Figure 1 shows the generic relations between the 
last members of this family. Most of the details of the 
TI®* decay were already known! before the beginning 
of the present work while knowledge of the Bi*” beta 
decay was incomplete.'*° 
Reported values for the intensities of the transitions 
occurring in the beta decay of these nuclei show con- 
siderable disagreement. It was the purpose of this in- 
vestigation to further clarify the scheme of the beta 


decay of Bi?” and to examine the intensities of the 
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radiations resulting from the decay of Tl®*. The level 
schemes of Po?” (ThC’) and Pb™* (ThD) are interesting 
because g2Pbi2e* has a doubly magic nucleus and 
s4P0i2" has only four nucleons outside the doubly 
magic core. 

lhe following types of measurements were performed 
by means of magnetic and scintillation spectrometers : 
beta- and gamma-ray singles; beta-gamma, gamma- 
gamma, gamma-alpha, and gamma-gamma-alpha co- 
incidences. The beta-gamma and gamma-gamma co- 
incidences were performed for both decays while the 
alpha coincidences were used to isolate the Po?” gamma 
rays 


Il. EXPERIMENTAL TECHNIQUES 


Sources of Pb*” (ThB) in equilibrium with its decay 
products were used in all of the measurements. The 
magnetic beta-ray spectrometer sources were collected 
on Al foil of 1.8 mg/cm? and 1-mm diameter whereas 
those used for the scintillation spectrometers were col- 
lected on Pt foil of 50 mg/cm? and 5-mm diameter. 

Figure 2 shows the experimental arrangement for the 
beta-gamma coincidence measurements. The magnetic 
spectrometer is of the Slatis-Siegbahn type modified 


* To be described in a later publication 
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Fic. 3. Beta-ray spectrum resulting from decay of Pb™? in equilibrium with its decay 
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recorded for an alpha ray detected between 0.4 and 0.6 
usec later than the gamma quantum. Two different 
geometries were chosen for the gamma crystal; the 
source-crystal distances were 2.4 cm and 10.6 cm with 
the source being on the crystal axis in each case. 

The same source-crystal arrangement as described in 
the gamma-gamma work along with the same source- 
alpha detector geometry discussed above was used for 
the gamma-gamma-alpha triple coincidence measure- 
ments. In this experiment prompt gamma-gamma co- 
incidences were delayed 0.5 ysec with respect to the 
alpha channel in the manner described above. 

Figure 4 shows the geometrical arrangement of the 
detectors for the triple coincidence work and the block 
diagram of the electronic circuits used in this investi- 
gation. Perhaps the only unusual features of the circuit 
are the time-jitter adapters® which reduce the time jitter 
in the output of the single-channel analyzers by a factor 
of approximately six. Blocking oscillator triggers feed 
the coincidence tubes whereas the coincidence outputs 
(except C2) go into ordinary univibrator triggers, the 
bias levels of which adjust the resolving times of the 
coincidence circuits. These trigger pulses give the 
various scaler outputs indicated and the triple coinci 
dence output pulse gates the slow coincidence circuit 
provided in the 256-channel analyzer. The appropriate 
gating pulses were used in the other coincidence meas 

’G. W. Eakins, B. J. Loupee, W. A. Rhinehart, G. Schupp 
and E. N. Jensen, Ames Laboratory Report ISC-804, 1956 (un 
published ) 


urements. In all of the experiments Channel 1 was the 
total gamma-ray channel, which fed the 
multichannel analyzer, and Channel 3 was the alpha-ray 
channel. Channel 2 was the differential gamma-ray 
channel in the gamma-gamma 
alpha coincidence measurements, and would properly 
represent the beta channel in the beta-gamma coinci- 
dence work if the amplifier and single-channel analyzer 
were replaced by a univibrator trigger. In this latter 
case positive pulses from the 14th dynode of the RCA 
6810 photomultiplier were fed into the cathode follower. 
Phe single-channel analyzers in Channels 1 and 3 used 
integra] discrimination levels above the x ray and lower- 
energy alpha-ray group regions, respectively, thereby 
requiring time-jitter adapters in order that a 27=0.2 
usec could be used with confidence. No time-jitter 
adapter was needed in Channel 2 for any of the experi- 
ments because of the differential mode of operation for 
the single-channel analyzer in one case and the fast- 
rising anthracene pulses in the other. The discrimination 
level in Channel 1 was chosen to eliminate unnecessary 
accidental coincidences and exhibits itself in the co- 
incidence spectra as a low-energy cutoff. 

For evaluation of the data, each coincidence gamma- 
ray spectrum was first corrected point by point for ac- 
cidental coincidences. This correction was made by 
normalizing the associated singles gamma spectrum to 
give the total number of accidentals calculated from the 
measured resolving time, the total number of gamma 
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lic. 4. Geometrical arrangement of detectors and block diagram 
f the associated electronic circuitry used in gamma-gamma-alpha 
coincidence experiment 


average length run was about 4 hours. The resulting 
spectrum of true coincidences was separated into its 
various photopeak and Compton distributions by sub- 
sequent subtractions. The resolution of each peak was 
obtained from the measured values of the resolution for 
the 0.662-Mev Cs'*? gamma ray and the 2.614-Mev 
Y ries dec The peak to-total ratio for 
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trum, which was done independently of any known 
energy values, decay schemes, etc., gave the beta com- 
ponents shown in the figure. In most cases, however, 
particularly for the complicated coincidence spectra in 
the Tl decay, the end points were assumed in order 
to give the best relative intensities for the subsequent 
subtractions. An allowed shape factor was used for all 
the beta spectra. This is in agreement with the spin and 
IV). The results of the beta- 
measurements unchecked for in- 


parity assignments (see Se 
gamma coincidence 
ternal consistency, except for the renormalization of the 
total the 2.614-Mev 
gamma ray mentioned earlier, are given separately for 
the Tl and Bi* decays in the second column of 
Table I. The “checked” values in Table I were obtained 


from the total number of beta rays in coincidence with 


spectrum in coincidence with 


each gamma ray, incorporating gamma-ray intensities 


and branching ratios where necessary. Summing, ab- 
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curves, normalized such that there would be no 0.583- 
Mev gamma-ray peak, is shown in Fig. 10(A). This dif- 
ference spectrum eliminates the unwanted coincidences, 
caused by Comptons from the 2.614-Mev gamma ray 
in the 0.727-Mev region, and essentially gives the 
gamma spectrum in coincidence with the 0.727-Mev 
gamma ray. The 0.727-Mev gamma ray itself appears 
in this spectrum because of the Compton and photopeak 
distributions from gamma rays actually in coincidence 





with it which were in the 0.727-Mev region of the dif 
ferential analyzer. The continu distribution shown 
in this spectrum is due to the Comptons of the 2.614- 
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so 4000 
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gain shift and accentuated by the differences between 


gamma-ray spectrum in coincidence with the 2.614-Mev 

orption, and internal conversion corrections have been gamma ray from the low-energy gamma-ray spectrum 

applied in coincidence with the 0.860-Mev region, normalized 
Gamma-ray spectra were taken in coincidence with 
gamma rays having energies of 2.614. 0.860, and 0.727 
Mev. The first two are gamma rays in Pb” and the 
third one is a gamma ray in Po”. Figure 8 shows the 
gamma-ray spectrum found in coincidence with the 
2.614-Mev gamma ray. Summing corrections showed 
that 0.4 of the highest-energy peak was due to the 1.094- 
Mev gamma ray. The gamma-ray spectrum in coinci 
dence with the 0.727-Mev gamma-ray photopeak region 
is given in Fig. 9. The difference between these two 


Fic. 9. Gamma-ray spect 
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to give no 0.583-Mev peak, gave 
of the 0.511-Mev gamma-ray intensity for the intensity 
of the 0.486-Mev gamma ray. From these data the best 
estimate for the above intensity rat IS 200 

The gamma-ray spectrum in delayed coincidence 
with the 9-Mev alpha-ray group is shown in Fig. 11. 
rhis spectrum was run at the cm source-crystal 
distance and the combination hese da vith the 
2.4-cm geometry data g x0 timates for the 
gamma-gamma pulse-height summing and, after ab- 
sorption corrections, the re gamma-ray intensities 
listed in Table III (see pecial care was taken 
094 in establishing the existence of the 1.800-Mev gamma 
osie0.se3 ray because of its importance in the level scheme (see 





Sec. IV). The summing correction at e 10.6-cm dis 
tance was 14% for the 1.800-Mev photopeak 


Figure 10(B) shows the results of the gamma-gamma 
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delayed coincidence with the 9-Mev alpha-ray group 
Thus both curves of Fig. 10, although obtained differ- 
ently, show the same spectrum of gamma rays in co- 
incidence with the 0.727-Mev region of the gamma-ray 
spectrum associated with the Bi*” beta decay. 
Analysis of the singles gamma-ray spectrum shown 
in Fig. 5 employed the ratio of the 0.860- and 0.763-Mev 
photopeaks as obtained from Fig. 8. The curve given by 
Heath’ for the gamma-ray spectrum of Na*™, which has 
a 2.76-Mev gamma ray, was used to estimate the height 
of the second escape peak from the 2.614-Mev gamma 
ray. This last comparison indicated good agreement 
between Heath’s gamma-ray spectra and those of this 
investigation, thus giving further justification for the 
peak-to-total ratios used throughout in the evaluation 
of these data. The ratios of the photopeaks of the 0.239- 
and 0.511-Mev gamma rays to that of the 0.583-Mev 
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Fic. 10. (A) Gamma-ray spectrum in coincidence with the 
photopeak region of the 0.727-Mev gamma ray normalized to 
exclude coincidences with Comptons from the 2.614-Mev gamma 
ray. (B) Po*® gamma-ray spectrum in prompt coincidence with 
the 0.727-Mev region and in delayed coincidence with the 9-Mev 
alpha-ray group. The corresponding singles spectra for both (A 
and (B) are shown for energy comparison. Energies are in Mev 
gamma ray were taken from the spectrum run at the 
higher gain setting. Relative transition intensities for 
the two decay schemes are given in Table I. 

The relative intensities of the 0.239 (F line)-, 0.583-, 
0.727-, 0.860-, 1.094-, and 2.614-Mev transitions, as de- 
termined from the gamma-ray singles analysis, were 
used to determine the fraction of the Bi?” beta decays 
going by way of the 0.727-Mev transition. A value of 
0.121+0.012 was obtained by way of the 0.239-Mev 
F-line gamma ray in the Pb*” decay, using a total in- 
ternal conversion coefficient of 0.81" and an intensity 
of 74%" for the F-line transition, a decay equilibrium 


” E. M. Krisiuk, G. D. Latfshev, M. A. Listengarten, L. A 
Ostretsov, and A. G. Sergeev, Izvest. Akad. Nauk S.S.S.R. Ser 
Fiz. 20, 363 (1956) [translation : Bull. Acad. Sciences U.S.S.R. 20, 
332 (1956) ]. 

FE. M. Krisiuk, A. G. Sergeev, G. D. Latfshev, and V. D 
Vorob’ev, Nuclear Phys. 4, 579 (1957). 
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Fic. 11. Gamma-ray spectrum in delayed coincidence with the 


Po* alpha rays. Energies are in Mev 


correction factor of 1.105, and 64.04% for the beta 
branching of the Bi*" decay. Using the same alpha-beta 
branching ratio and 100% for the 2.614-Mev transition 
in the Tl*8 decay, the value calculated was 0.099+-0.007. 
faking the sum of the intensities of the 0.583-, 0.860-, 
and 1.094-Mev transitions as 100% gave a value of 
0.108+0.007. By way of the sum of the relative number 
of beta rays in coincidence with the 0.583-, 0.860-, and 
1.094-Mev transitions to those in coincidence with the 
0.727-Mev transition as found in the beta-gamma co- 
incidence measurements, using the same normalization 
as above, a value of 0.123+0.006 was obtained. A decay 
equilibrium correction factor of 1.005 was used for these 
last three determinations. An average value of 0.112 
t 0.007 was taken for the 0.727-Mev transition. 

The value for the branching of the Bi?” decay was 
obtained from the intensities of the 6- and 9-Mev alpha- 
ray groups of the Bi?'* and Po*” decays, respectively. 
The alpha detector was a Harshaw-prepared CsI(T]) 
crystal, 3 mil thick and 1.5-inch diameter, acquired 
during the final stages of this investigation. A piece of 
25-mil brass with a }-inch diameter collimating orifice 
was placed in front of the crystal to minimize the path 
lengths in the scintillator for the beta rays. A typical 
alpha-ray spectrum is shown in Fig. 12. A total of eleven 
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Fic. 12. A typical alpha-ray spectrum resulting from the decay 
of Pb*" and its decay products as obtained with a 0.003-inch thick 
CsI (Tl) crystal 
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runs were made with different source intensities and 
source-crystal distances. The results showed no correla- 
tion with intensity or geometry and were averaged to 
give a value of 0.3596+-0.0006 for the alpha branching 
of B?"”. The error assignment estimated from deviations 
about the mean was 0.0004, whereas the error expected 
from the total number of counts involved was only 
0.0002. This difference reflects the dependence of the 
value upon the manner in which the tails were drawn 
for the two alpha-ray peaks. The calculated standard 
deviation of 0.0004 was increased to 0.0006 to allow for 
a possible systematic error in the extrapolation of the 
tails. 

The CsI(Tl) crystal, with orifice, was used to check 
the alpha-gamma coincidence work done earlier in this 
investigation using the Pilot B scintillator. In this case 
no concern had to be given to beta-gamma coincidences 
since the alpha- and beta-ray pulse heights were com- 
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pletely separated as shown in Fig. 12. The results were 


in agreement with the earlier Pilot B data and the exist- 
ence of the 1.800-Mev gamma-ray was further estab- 
lished by runs taken with a source-crystal distance of 
15 cm. 
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From the results given in Sec. III, a decay scheme 
for the beta decay of Bi* can be constructed which is 
internally consistent with all the da 
tion. In addition, results are incorporated from other 
work on quantities not measured in the present inves- 
tigation, e.g., alpha-ray 
Figure 14 shows the decay scheme obtained in this way. 

The average value of 11.2% for the intensity of the 
0.727-Mev transition served as the normalization for 
assigning all other transition percentages. The beta- 
group intensities were derived from the gamma-ray 
transition intensities, but in 
gamma coincidence data 
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was good. The partial! half-lives of the Bi*® beta-decay 
components gave log ff values of 7+1 for all the beta 
groups, which is characteristic for first-forbidden non- 
unique transitions. Since Bi?” has a ground-state assign- 
ment of 1-," all levels in Po?” must be 0+, 14+-, or 2+. 
Alpha-ray selection rules“ preclude alpha decay from 
a 1+ level to the ground-state 0+ level of Pb*. There- 
fore, all alpha-emitting levels in Po* must be either 0+- 
or 2+-. Since the Po*” ground state is 0+ (even-even 
nucleus), the 0.727- and 1.800-Mev alpha-emitting 
levels must be 2+ because they also decay by gamma 
emission to the ground state. The assignment of £2 to 
the 0.727- and 1.800-Mev transitions is thus to be 
expected. The gamma-ray and alpha-ray relative in- 
tensities from the 0.727- and 1.800-Mev levels are also 
consistent with what would be predicted using the 
partial half-lives of the alpha decay"® and the half-life 
for -E2 transitions.'® 

The assignments of 2+ and 1+ to the 1.513- and 
1.620-Mev levels, respectively, are made on the basis of 
the relative intensities of the transitions leaving these 
levels. The ratio of the 0.786- to the 1.513-Mev transi- 
tion is consistent with the former being M1 and the 
latter pure £2. This ratio is also approximately the same 
as the ratio of the 1.073- to the 1.800-Mev transition. 
The ratio of the 0.893- to the 1.620-Mev transition is 
consistent with both of them being the same multi- 
polarity, namely M1. Internal conversion coefficients 
were calculated from the gamma-ray intensities ob- 
tained in this investigation and the conversion-electron 
intensities given by Sergeev ef al.4 The multipolarity 
assignments determined from these calculated conver- 
sion coefficients and the internal conversion tables of 
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ras.e III. Multipolarity assignments for the electromagnetic 
transitions in Po**, Intensities are in percent of Bi®*—» Po™? 
transitions and aq is the internal conversion coefficient in the 


K -shell 


Assign 


ax (theo)* ment 


11.1 40.7 
1.70 40.26 
0.66 +0.07 
0.16 40.04 
0.99 +0.08 


0.106 
0.051 

0.014 
0.010 
0.006 


0.0095 +0.0011 
0.030 +0005 
0.021 +0.003 
0.063 +0.015 
0.006 +0.001 


0.0105 (£2) rp 
0.032 (M1) 
0.023 (M1) 
0.046 (M2) 
0.014 (M1) 
0.0052 (F2) 
0.0027 (22) 
0.0050 (M1) 
0.002 (2) 


0.49 +0.05 
2.81 +0.20 
0.17 +0.03 


0.008 
0.013 
0.007 


0.016 +0.002 
0.0046 +-0.0006 
0.041 +0,007 


* Intensities of the internal conversion electrons are those given by 
Sergeev et al 


+ From internal conversion tables of Sliv and Band."’ 


Sliv and Band" are in agreement with those given 
above. Exceptions to this statement are the 1.513- and 
1.800-Mev transitions which, on the basis of transition 
probabilities and almost certain level assignments, must 
be £2, but both have a large excess of internal conver- 
sion electrons as shown in Table ITT. 

The absence of observed alpha decay from the 1.513- 
and 1.620-Mev levels can be explained in the latter case 
by the 1+ assignment and in the former case only on 
the basis of an expected low alpha-ray intensity. Com- 
paring intensities and partial half-lives of the gamma- 
and alpha-ray transitions from the 1.513- and 0.727- 
Mev levels would indicate an expected intensity on the 
order of one alpha decay from the 1.513-Mev level for 
every 35 alpha decays from the 0.727-Mev level. 

The 1.680-Mev level can be either 0+ or 2+ since 
this level emits alpha radiation. No gamma-fay cross- 
over transition to the0+ ground state has been detected 
which would support the assignment of 0+ for the 1.680 
level. However, the 1.680-Mev gamma ray may be 
present and its intensity too low to be detected in this 
investigation so that a 2+ assignment cannot be ruled 
out. Assuming the same ratio for the 1.680- to the 
(0).953-Mev transition as for the 1.800- to the 1.073-Mev 
transition, the 1.680-Mev transition, if it were present, 
would be approximately } the intensity of the 0.953- 
Mev transition which itself is quite weak. 

There is the question of how to describe a nucleus like 
Po** with four nucleons outside the doubly-magic core. 
Shell-model calculations with the interaction between 
the outside nucleons being taken into account are not 
available though it would be very interesting to compare 
theory and experiment in this case. On the other hand, 
collective phenomena may be of some importance. The 
experimental evidence, however, indicates otherwise 
since the vibrational model'*-” would predict the transi- 
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tion from the second 2+ level to the first 2+ level to 
be mainly £2, whereas the experimental finding is M1. 
It should be kept in mind that the vibrational model 
was proposed mainly for other regions of the periodic 
system. 

The results of this investigation are in essential agree 
ment with the decay schemes presented by Krisiuk 
el al.,? Sergeev et al.,4 Emery and Kane,” and Hauser 
and Kerler.”! The observation of a 1.800-Mev gamma 
ray in Po? and hence the 2+ assignment for the 1.800 
Mev level, however, is in disagreement with the 04 
assignment of Emery and Kane” and Martin and 
Parry.” 

The 0.3596+0.0006, a/ (a+) branching ratio of B?” 


determined in this investigation is somewhat larger than 
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the 0.354+0.004 value 
is in good agreement only 
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ee al 


used by Emery and Kane.” It 
with the 0.362+0.006 value 
reported by Senftle ef id is larger than all other 
values reported, beginning with the original determina- 
tion by Marsden and Barratt?® and including the work 
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\ multiangle gas-filled counter has been used to measure the 
fragment angular distribution in fission induced by neutrons in 
the energy 0.5<KEy<9 Mev. The target nuclei used were 
Th™, U3, U™ Us, U5 U"* Np*’, and Pu™. In the cases of 
U8 and U™ > the neutron energy to include 
energies between 14.8 | 23 Mev. The general features of these 
The anisotropy —(0°/90°) intensity ratio 
1.2 depending on the target and is 
Ey between 2 and 5.5 Mev. 
observed such that at 7 Mev even-odd 
in the range 1.2 to 1.3 while 
greater values in the range 1.6 to 2.2 


range 


range was extendec 
an 
data are the following 

has values between 1.1 and 
roughly independent of energy for 
At higher energies a rise is 
targets give values of anisotropy 
targets show 


even-even 


I. INTRODUCTION 


HE angular distribution of fragments from nuclear 
fission is related to the manner in which angular 
Hill and Wheeler’ set forth a 
qualitative picture in a first attempt to explain early 
experiments and neutron-induced 
fission.’ At the 1955 Geneva Conference Bohr* presented 
a detailed model relating 
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ANGULAR DISTRIBUTION 
energetically possible as channels for fission at the 
barrier configuration. 

We have measured the angular distributions of 
fragments in the fission induced by fast neutrons for a 
number of isotopes."® This work augments and extends 
experimental data obtained previous to this time. With 
new experimental apparatus designed for increased 
counting rates we have obtained data of sufficient 
accuracy to make meaningful comparisons with the 
theory. 


Il. OUTLINE OF THE THEORY 


Bohr‘ has proposed a semiclassical expression for the 
angular distribution of fission fragments in fast neutron 
induced fission: 


wOo)« farf ax fU,K)[sine—K?2/P}4, (1 


per unit solid angle. In this formula / is the total 
angular momentum of the system, K is the projection 
of J on the nuclear symmetry axis (Fig. 1), and @ is the 
angle between the neutron direction and the fragment 
direction. It is assumed that the target spin is negligible, 
which implies I=L= (orbital angular momentum 
vector). The quantity f(/,K) gives the distribution in 
I and K at the saddle point of the fissioning nucleus. 

Halpern and Strutinski*® and Griffin’ have further 
developed the Bohr model. To facilitate comparisons 
with our data we will summarize below the relevant 
parts of these theories, which are based on Eg. (1). 
Both treatments assume that the fissioning nucleus 
has sufficient excitation that many quantum states are 
available to the fission process. The value of excitation 
energy the threshold is taken to be 
Ex—Er, where Ey is the neutron energy in Mev, and 
Er is the neutron energy at the fission threshold. The 
distribution function {(/,K) is assumed to be equal to 
a product to two factors: F(K)G(/). The distribution 
in orbital angular momentum, G(J/), is taken to be the 
classical one, namely G(J)«<J for I<Jmax and zero 
otherwise. The distribution of states of given K, F(K) 
is assumed to depend on excitation energy and the 
fissioning species; it is specified in two different ways 
by the two theoretical developments. 

Halpern and Strutinski* assume a Gaussian form for 
the distribution in K: F(K)«exp(—K?/2K,*); using 
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this they are able to partially integrate Eq. (1), ob- 


taining: 


Uie 
W (6)/W (90) =sin | f vie-7J ax] / 
If tle] o(x)dx 1, ( 


l (max sin’™)/4Ko?, and Jo(x) is the zero- 
order Bessel function of imaginary argument. When 
6=0° the resulting value of the anisotropy" may be 
approximated by’: 


Wo 


) 


“ 


) 


where (A) 


W (90) = 14-4 ([max/2Ko)?. (3) 


These authors suggest that it is reasonable to use 
Tmax=(5Ey)* as a value for the maximum orbital 
angular momentum affecting the system. The expres- 
sions given in Eqs. (2) and (3) are functions of the 
single parameter, Ko, which is assumed to depend only 
on the excitation energy, Ey— Er. 

Griffin’ assumes a linear form for the distribution in 
K, namely F(K)«|Kmex—K! for |K|<Kmax, and 
zero otherwise. He suggests that this form of F(K) 
should be suitable at low values of excitation energy. 
Equation (1) can again be integrated, obtaining: 


W (6)/W (90) =(K — (3/49)I sind |/[R—(3/4r)T]. (4) 


This equation is suitable for anisotropies in the range 
of interest here. In Eq. (4) average values of J and K 
have been used instead of maximum values, that 
T=(2 Dine, .8nG K=(1/3)Kmax. We use Imax 

(nuclear radius) X (neutron wave number), where the 
nuclear radius is taken to be 1.24!10-" cm, with 
A= 235, for all isotopes investigated here. Equation 
(4) is again a function of the single parameter KR, which 
is assumed to depend only on the excitation energy. 

It will be noticed that the anisotropy as given by 
Eqs. (2), (3), and (4) cannot be less than unity. That 

preferential emission of 
‘, cannot be accommodated 


1S 


is, special cases involving 
fragments at 90° for example 
within this framework. 
Values of anisotropy given by Eqs. (2), (3), and (4) 
depend on the average value of (/J/K)—the larger this 
ratio the larger the anisotropy. When fissions occur at 
small excitation but at large values of neutron energy 
large anisotropy may be expected.’ This situation is 
realized at neutron energies near 6 Mev where fission 
begins to occur after neutron emission, the (n,n’f) 
process. Experimentally the anisotropy always in- 
creases at the onset of (n,n'f) fission. The magnitude 
of the increase depends mainly on the proportion of 
“second chance” the total 


2?) 


< 


fissions contributing to 


fission cross section 


“ The word anisotrovy is defined to :nean the ratio of fragment 
intensity per unit solid angle at zero degrees to the intensity at 
ninety degrees, W (0°)/W (90° 
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hic. 2. Schematic drawing of the fissior 
source. The 1 through 5 
while the rhe fission foil is 


fastened to a wheel foil changer with five positions 


chamber and neutron 


labeled No 


1onization counter is labeled ‘“‘2x 


proportior al counters are 


When the spin then the 
angular momentum, I, is the vector sum of orbital plus 
spin angular momentum 
dis-oriented with 


target possesses total 
The direction of I becomes 
respect to the incoming orbital 
angular momentum. Bohr* has pointed out that under 
these circumstances the fragment anisotropy should be 
reduced, compared to the spin zero case 


III. EXPERIMENTAL TECHNIQUE 


The experimental arrangement is shown in Fig. ra 


\ gas-filled chamber, maintained at low 


pressure, is 
placed near a source of neutrons. Fission fragments 
originating in a foil are detected in five proportional 
ionization counters located within the chamber. The 
counting 


rates in the determine the 


relative angular distribution of the fragments. 


five counters 


A. Neutron Source and Fission Foils 


rhe experiments described here were performed at 
the Los Alamos large Van de Graaff facility. Mono- 
energetic neutrons produced by the following 
I (p,n)He®, D(d,n) He’, and T(d,n)He*, which 
furnished neutrons in the energy ranges 0.5 to 5, 5 to 9, 


were 


reactions 


and 14 to 23 Mev, respectively. Tritium or deuterium 


gas targets’ were used. Under favorable circumstances 


neutron fluxes of the order of 10° per sec per steradian 
were available in the forward direction 
he fissionable materi were prepared as thin foils 


in one of several ways, which may be characterized by 


2 R. Nobles, Rev. Sci. Instr. 28, 962 (1957 
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the thickness of backing material and by the method 
of deposition. For all isotopes investigated, thin-backed 
foils were prepared. The backing material was nominally 
1.3 mg/cm? nickel foil held in an inconel metal clamp 
of 1.75-inch outside diameter. The average energy loss 
of fission fragments in passin nickel foil of 
was estimated to be 


g through 
this thickness at normal incidence 
30 Mev. The relatively common isotopes were deposited 
on the nickel foil by a vacuum evaporation process. 
Five to 10 milligrams of uranium on a one inch 
diameter circle represent typical conditions. The rarer 
isotopes, Th™, U*, U™%* were deposited on the thin 
nickel foil by a painting process, 


oxide 


nitrate 
solution was deposited on the foil by brush, and then 


wherein a 


heat was applied to convert the nitrate to an oxide. 
were Six 


nickel 


Typical weights of the layers 


milligrams. Owing to the fragility of the thin 
foil, heating temperatures were limited to about 350°( 
Under 


layers were less 


these circumstances the re sulting fissionable 
and fragments suffered larger 
energy spreads than from evaporated foils. 
Th and | were also prepared by a painting tech- 
nique using 0.005-inch thi 
backing ma 


oxide 


uniform 


| oils of 


k platinum of 2-inch di- 
ameter as the In these cases, 2 to 3 


1 int n 
of fissionable 


milligrams of 
diameter 
material resulted in very 


over a 
circle: the 


B. Chamber Design and Operation 


The chamber consists of an outer steel envelope Js 
inch thick enclosing a low pressure gas region. Figure 2 
shows a schematic plan view of the main elements. On 
a 5-inch diameter circle centered on the fission foil are 
located five proportional counters, arranged with equal 
spacing between zero and ninety degrees to the incident 
beam direction. An ionization collector plate is located 
behind the fission foil. Thi 
impose a coincidence requirement bet 


arrangement allows one to 
ween a fragment 
entering a proportional counter and its recoil partner 
thin-backed foils 


feature of the 


entering the ionization region when 
he design is 
helpful in reducing certain backgrounds and will be 
examined in greater detail later. 


are used. coincidence 


Each proportional counter consists of a central wire 

0.008-inch diameter nickel—enclosed by thin metal 
box, which is roughly square in shape. A one-inch square 
aperture opens into each proportional region, subtend- 
ing a solid angle at the foil of approximately 1/20 
Phe 


and the fission foil by an electrical guard 


steradian window is closed to ions produced 


between it 


ig the window. 


potential maintained by a wire surroundi 
The wire voltage was maintained between 550 and 600 


volts by batteries, f gas pressures in the 


range of 20 to 50 mm absolute. The ga onsisted 


of a mixture of argon with 10°> methane; the pressure 


was controlled by a pret ision manostat Ions re leased 


by a fragment in passing through the proportional 
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millivolts in 
magnitude on the wire. Signals produced by alpha 


particles were some fifty times smaller in magnitude. 
The ionization collector plate was maintained at 


region induced signals several tens of 


about 130 volts. In this region, there being no gas 
amplification, signals produced by fragments were only 
tenths of millivolts in magnitude. Such small signals 
required high electronic gains to be usable and not all 
fragments produced signals of sufficient size to be 
recorded. On this account, there existed a loss in 
counting efficiency when using coincidence operation. 
This was taken into account, in a manner to be ex- 
plained in Sec. III D. 

In the design of this experiment we have attempted 
to maximize counting rates, in a manner consistent 
with interpretation of the data. To this end the neutron 
source was placed as close as reasonable to the fission 
foil, and the solid angle of each detector was made 
reasonably large. This approach has led us to make 
detailed calculations the effects of geometrical 
resolution. The results of these calculations for the 
resolution function R(@) for each counter are presented 
in Fig. 3. The major effect of geometrical resolution on 
relative counting rate is caused by unequal neutron 
flux distribution across the fission foil. This effect is 
calculated to cause the counting rate in the 90° counter 
to be about 1.5% higher than that in the zero degree 
counter. 


on 


C. Electronics 


The electronic apparatus used in the experiment is 
schematically in Fig. 4. The arrangement 
furnished two separate scalers for recording data from 
each proportional counter. One of these scalers could 


shown 


be gated by a coincidence pulse between the ionization 
and proportional counters. In addition, all scalers had 
separate and adjustable discriminators for flexibility 
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Fic. 3. Resolution functions R(@) for the five proportional 
counters. R(@)d@ is proportional to the prebability that a fragment 
will be detected in d6 at @ in a given counter, where isotropic 
fission cross section is assumed. The average values are defined 
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Fic. 4. Block diagram of the electronic equipment. Proportional 
counters 1 through 5 have similar electronic connections, but for 
simplicity only the connections for counter 5 is shown. 


in the determination of the region of the pulse-height 
distribution which should be recorded. Normally the 
two scalers had identical discrimination levels, but 
only one scaler was in coincidence operation. 

A 100-channel analyzer was used to obtain pulse- 
height distributions for use in setting discriminator 
levels. The stability of the electronic system was 
checked daily with a precision pulser, and the stability 
of gas amplification was checked by monitoring the 
pulse-height distribution of the a@ particles emitted 
from the fission foils. 


D. Calibration Procedures 


In the present measurements of angular distributions, 
efficiency correction factors were applied to the relative 
counting rates, which are the primary data. In some 
cases these efficiency factors are different from unity by 
only a few percent, indicating some small variation of 
solid angles from their design values. In other cases, 
owing to use of thick fission foils and coincidence 
operation, the relative efficiency factors differed from 
unity by 15%. 

In the first work this system, coincidence 
operation was used in the investigation of the isotopes 
U™ and U™. These foils were reiatively thick having 
evaporated layers of the oxide 1.7 and 2.0 mg/cm’, 
respectively. Gas pressure in the counter was 40 mm Hg 
absolute. The relative efficiency factors were measured 
for each angle by utilizing the thermal fissionability of 
these isotopes. The counter was surrounded with about 
two cubic feet of paraffin, while other aspects of the 
geometry were maintained constant. Through a hole 
in the mass of paraffin the chamber was then irradiated 
in the usual way by neutrons of some given energy, 
7 Mev for example. The increase in counting rate with 
paraffin in place compared to the rate without paraffin 
was assumed to be caused by fissions occurring iso- 
tropically in space. From the paraffin fission rate we 
obtained the relative counter efficiencies. During the 
course of the work on these isotopes we measured the 
efficiencies three times. It is estimated that 1% relative 
standard deviation is the error in each determination. 


with 
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Fic. 5(A), (B), (C). Pulse-height distributions 
counters are labeled as in Fig. 2. Gating is accomplished on the 
100-channel analyzer by using the 2-proportional counter 
coincidence pulse. The 2 distributions are gated by the sum of 
such coincidences. Figure (A) shows early work on U™®*. In Fig. 
(B) the difference between thick and thin fissionable layers of 
U™6 is shown. The 6.95-mg layer was painted on 1.3-mg/cm? Ni 
backing, while the 3.16-mg layer was painted on 0.005-inch Pt 
backing. Figure (C) shows distributions for a 5.53-mg foil of Pu® 


The various 


The average values are listed below: 


6, degrees 90 67.5 45 ye he 0 


Us 1.000 
1.000 


1.062 1.055 
1.148 1.151 


Relative efficiency 
Relative efficiency U™ 


1.003 
1.007 


1.078 
1.177 
The fact that the relative efficiency is lower for the end 
counters is due to the fact that fragments passing 
through the foil at 45° lose more energy than those 
from the center counter. The U™* foil showed larger 
effects in this respect because of its greater thickness. 
In Fig. 5(A) we have plotted some typical pulse-height 
distributions for coincidence operation with the U** 
isotope. 

The calibration procedure described above cannot be 
used for isotopes which are not thermally fissile. In the 
measurements with the even-even isotopes and Np”’, 
the operating conditions were modified in such a way 
as to minimize loss of signals from fragments entering 
the counting volumes. The chamber gas pressure was 
reduced from 40 mm to 20 mm, and amplifier gain 
changes were made. These modifications resulted in 
better pulse-height distributions in the proportional 
counters, and allowed the use of singles counting rates 
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with unity counter efficiency at neutron energies below 
6 Mev. At neutron energies higher than 6 Mev, the 
coincidence requirement was used to eliminate neutron- 
induced background from nuclear events produced in 
the counter walls. The ionization (27) counter, however, 


did not have unity counting efficiency with respect to 


fragments entering at various angles 


relative counter efficiencies in this case 


by comparisons of singles and 


The required 
were obtained 
coincidence counting 
obtained in 
this way for U* agreed well with older measurement: 
See Sec. IV for this comparison. Comparisons of thin 
foil and thick foil counting rates 
and Th™, 


were 


rates at lower neutron energies. Results 


for the isotopes Us 
convinced us that our calibration procedures 


Fig. 5(B) we have displayed 
thick and a 


reasonable. In 
ungated pulse-height distributions for a 
thin foil of U™*. 

Measurements with Pu were also performed under 
these improved counter conditions. It 


9 


on 
was again possible 


to calibrate using the paraffin technique. The fission 
foil was composed of 5 mg of PuO, evaporated on the 
thin nickel backing. In Fig. 5(C) are displayed some 
pulse-height distributions of fission fragments for this 
case. One sees very little trouble from alpha particles 
in the proportional counter in spite of the high rate of 
alpha decay. 

Near the end of this 
(5 mg) of U* 
repeated at eleven energies between two and seven Mev, 


and thinner foil 
Measurements 


work a new 
was obtained. were 
and at 18 Mev, under the 20 mm pressure conditions. 
The anisotropies thus measured repeated the earlier 
work to within the limits of error 


IV. RESULTS 


The results for all of our measured angular distri- 
butions are listed in Table I. In each row the neutron 
energy Evy is entered, followed by four columns giving 
values of W(6)/W(90) which are the 
numbers. The last 
zero degrees, W(0)/W 
polynomial fit to the data wether w 
of error derived from the 

All of the experimental data hav n fitted by a 
sum of Legendre polynomials of the form }> Coy P2(8). 
Four terms at used. The 
procedure was performed by the 


experimental 
column gives an extrapolation to 
YO obtained Irom a Legendre 


an estimate 


most were curve 


fitting 
hitting 


method of least 


squares. The method by which geometrical 
effects were incorporated into the 


cedure is outlined in the Appendix. 


resolution 


irve fitting pro- 


The value of uncertainty in energy given in 


Table I 
i | 


is equal to the half-energy loss of the incident charged 


particle in the gas target, for the particular neutron 


reaction used. Other sources of energy loss were con- 


| 


sidered to be negligible. The errors in the experimental 


data are standard deviations of which the major part 


is attributed to statistical uncertainties. The experi- 


mental data appearing in Table I have been subjected 
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PaBLe I. Experimental values of W (@)/W (90), as function of neutron energy 
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ANGULAR DISTRIBUTION 


to certain corrections. The magnitudes of these cor- 
rections are listed below: 


Neutron background 
Accidental coincidence background 
Relative counter efficiency 
Break-up neutrons (Ey>21 Mev) 
Center-of-mass effect 
Resolution effect 
The uncertainties in the first three corrections were 
incorporated into the errors quoted with the data. The 


uncertainties of the last 
sidered to be negligible. 


three corrections were con 
The accidental coincidence 
background was included only on the early work of U™® 
and U8 
not been applied; however the magnitude of the effect 
is appreciable in a few cases only. In particular, the 
anisotropy of U*® 


Corrections due to isotopic impurities have 


is about 1% high in the energy 
region 6 to 9 Mev because of the presence of 6% of 
U** and U**. The Pu*® foil presents a similar situation 
on account of 5% impurity of Pu. 

Che error included in the column W(0)/W (90)-fit 
is often smaller than that estimated for the experimental 
number W’(10)/W (90). This is not unreasonable since 
the fit is a kind of average of four experimental in 
tensity ratios whereas W(10)/W(90) is of course a 
le such measurement. In the following pages where 
W (0)/W (90) is graphically displayed, the errors used 
are the standard deviations from the fit. 

In order to sumraarize graphically the trend of the 
angular distributions in the energy range 0.5 to 9 Mev, 
perspective drawings 
constructed. These are presented in Fig. 6. For each 
isotope the angular distributions as given by the 
Legendre polynomial fits to the data are plotted as a 
function of neutron energy. It should be noted that 
these Legendre expressions were not forced to give 
value unity at 90 degrees and were not re-normalized 
for Fig. 6. In the following paragraphs we shall point 
out in some detail the general features of the anisotropy 
as function of energy. 


sing 


three-dimensional have been 


A. Odd-Mass Target Isotopes 


Phe anisotropies of U™, U™*, Pu, and Np”? derived 
from the Legendre polynomial fits are plotted as 
function of neutron energy in Fig. 7. For the sake of 
uniformity the energy range is restricted to the interval 
0.5 to 9 Mev. Data for U™ and U™ at the higher 
energies between 14.8 and 23 Mev are shown in Fig. 12 
where comparisons with other experiments are made 

The general features portrayed in Fig. 7 the 
following at 


are 
The anisotropies are roughly constant 


FiG. 6. Perspective drawings of the relative angular distribution 
represent the Legendre polynomial fits to the data. They have n 
W (@)/W (90 
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Ey (Mev) 


W (90) versus neutron energy for Np*’, U™, U™, 


hic. 7. W(O 
and Pu™ target nuclei. A combined display for the last three 
isotopes is shown at the bottom of the figure using smoothed 
through the data. These curves indicate that larger 
anisotropies are associated with larger spin, contrary to theo 
retical expectations. The errors are standard deviations as derived 
from the Legendre polynomial fit 


curves 


) 


values between 1.1 and 1.2 for Ew<5.5 Mev. The 
anisotropies then show an increase reaching values near 
1.3 at 7.5 Mev for the uranium and neptunium isotopes ; 
the plutonium isotope rises only to about 1.2 at this 
energy. The data of U™ show a decrease in anisotropy 
from 7.5 Mev to 9 Mev, which is not observed in U™* 
and Np*?’. However, for Pu™* we do not have data 
above 7.5 Mev. 

According to Bohr’s suggestion concerning the effect 
4) should 
Comparison with 
is not direct since the excitation at given 
s about 1.0 Mev less (see Table V). 
At the bottom of Fig. 7 are smoothed curves comparing 


the anisotropies for U os” I 


ol target spin the anisotropy of Pu (spin 
be greater than that of U™ (spin $) 
[ 2 


neutron energy 1} 


spin $) 


* and Pu™. It will be seen 


fission fragments. The curves, labeled according to target nucleus, 


normalized to value unity at 90 degrees in spite of the labe] 
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is derived from the nomial fit 


these three nuclei the larger values of anisotropy 


are associated with larger values of spin. To put these 


observations 
the experimental values 


in more quantitative terms we average 


W (10) /W (90 


in the neutron 
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he spin effect 
B. Even-Mass Target Isotopes 


The anisotropies of TI [ aA | * derived 


from Legendre polynomia s are plotted as function 


with other 


Phe 


qualitatively 


of neutron energy in Fig. 8. Comparison 


experiments art n ter paragraph 
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ric. 11. Comparisons 
with other experiments 
Anisotropies as function of 
neutron energy are com- 
pared for the target nuclei 
Us, U™, Pu®, and U™. 
Note the reduced scale of 
ordinates for U™. Refer 
ences are given in the text 


w(0)/w(90) 


that of U* at neutron energies of 0.6, 0.85, and 1.0 
Mev. The effect marked at Ey=0.85 Mev; 
this angular distribution is displayed in Fig. 9. It will 
be noted that while the angular distribution attempts 
to rise from 90°, it turns over near 50° and falls to a 
value of W(0)/W (90) =0.64+0.06 at 0°. There may be 
a similar case for Th®™ at Ey=1.50 Mev 

Concerning the data for Th™ there seems to be a 
discrepancy at Ey=2.0 and 2.1 Mev. A study of the 
data suggests an error in energy in either or both of 
data points. 


is most 


these 


C. Correlation with Z’/A 


Fig. 10 are plotted values of the anisotropy 

W (90) as function of Z?/A of the target nucleus 

Mev 

ases as Z* 


theoretical 


A definite trend is present ; anisotropy 
A increases. This behavior is in accord 
in which 
processes are expected as Z°/A 


dec re 


with expectations smaller cross 
sections from (n,n’f) 
increases. The question of deviations from this trend 
(n.n' f 


V. 


because of possible competition between the 


and (n,2n’) processes will be discussed in Se: 


D. Comparisons with Other Experiments 
Us, 


changed the values of anisotropy below 2 


were 


the investigation has 
5 Mev which 
suggested by the previous experiments. The 
relevant data are shown in Fig. 11. The prior point 


Concerning present 
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at Evy=2.5 Mev gave the impression of isotropy at 
this energy. The present measurements show that the 
neutron energy must be reduced to 0.5 Mev or below 
in order to obtain near-isotropy in the angular distri- 
bution 

work at Los Alamos on the 
isotopes U* and Pu” by Blumberg and Leachman™:!* 
and their collaborators 


Chere has been recent 


These authors used a catcher 
technique combined with fissionable layers thick com- 
pared to the range of fission fragments and they 
obtained information at energies between 0.6 and 15 
Mev. There are also data on the anisotropy*'* of Pu” 
and U™ near 14 Mev. The data on U™ and Pu” are 
displayed in Fig. 11. Certain data’? on Pu obtained 
by the present authors with 
chamber have not 


a collimator-ionization 
included of their 
It is seen that there is 
reasonable agreement between the various data. 


been because 


large statistical uncertainties 


In regard to the isotope U™* there is generally good 


agreement between the data presented here and that 


of previous investigators.*'* At values of Ew lower than 
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9 Mev 
greater 


the present data have achieved somewhat 
previously possible. The 
various values of anisotropy are displayed in Fig. 11 as 
function of Ey. 

The previou experimental work’® on U™ has so far 


only been desc ribe d 


accuracy than wa 


in qualitative terms and covers 
range 0.4 to 4 Mev 


agreement 


the neutron energy Our data are 
the des« ription of thes 
At Ey = 600 kev a tendency 


to prefer emission at 90 degrees was 


in general with 
results except at one energy 
for the fragment 
reported. We have investigated the anisotropy at the 
neutron energy E 600+100 kev and we found for- 
ward peaking W(0)/W(90)~1.4. It is probable, how- 
ever, that the sideways peaking Is a sharp function of 
energy and could ve been masked by 


our large 


energy pread 


V. COMPARISON WITH THEORY 
A. Qualitative Considerations 


Concerning the 


Bohr theory tel 


etiect, the simple lorm ot! the 
» Expec t smaller anisotropy when 
Experimentally thi 


the target spi large 


Is not 
ob erved, al I where 
{ , and Pu*® are 
Mev 


two possible approaches 
ted that 


comparisons between | 


nvolved at neutron energies of 


everal lig 7 Theory does, however. provide 


to this problem Griffin’? has 


sugge neutrons are absorbed into the cigar 


shaped target nucleus in such a fashion as to favor the 


of large I L +] 


increase forward pe iking when / 


formation of stat and thereby to 


is large. His calcu 
indicate that this mechanism may 
eftiect 
ind fission widths may be a function of /, 
the magnitude of the 
Mottelson l 

may exist which would cause ['¢/I'y to be larger*™ for 
large values of 


ations account for 


part ol the Another approa¢ h is to consider that 


the neutron 


total angular momentum of the 


yvstem has pointed out that a mechanism 


/ than for small ones. This possibility 
; of large J to be favored, and thereby 
o increase the forward peaking in spite of the disori 


enting eftiect of the target 


then allows state 
t 
spin 

Che anisotropy as a function of 


shows an increase 


neutron energy 
generally near 5.5 Mev when fission 


after neutron emission becomes possible. This is true 


for all isotopes that have been studied 


work é i 1 11 Mev and at 


above on the . | ; ] and | 


From exper 
14 Mev and 
there 
anisotropy near 12 Mev 
1ission of two neutrons becomes 


mental 


1S also an 
indication of an increé in 
where 


fission 


alter the 

The statistica 
pendence on exciti 
these 


possible 4 


theories,** through their de 
ition energy, 
This 


eus that 


give an explanation for 


observatio1 comes about, as mentioned 


earlier, since the nu fissions subsequent to the 


emission of a itr doe oO at ind 


lower exe itation 
*R. W. Lamphere 
* Private commur ) 
“7. Halpern, Annual Re 
Reviews, Inc., Palo Alto, Ca 


AND R 


contributes therefore higher anisotropy. In addition 
considerations of fissionability lea: 1e to expect that 
anisotropy in the (m,n’f) region (Ew in the 


Mev) de reases 


range 6-10 
y. We see 
a trend in this yy Fig. 10 of 
Sec. IV, whe re a I D\ | tt | agains 7 { of 
the target nucleus fo 7 

In a number of even-even nuclei itron binding 
larger tl 


energy is juired to 


an cause 
the fissi reshold r these nuclei 


the 
neutron 


fission at 


, 
(n,n f) process begir 


a t ilue of 
energy than does t! 2n’ There can be, 


therefore, an energy n.n'f) process 


does not have to 


process. 
These consideratior ive le riffin’ to si st that 
anisotropit s shoul 


interval. He uggests that tor neutron er! 


ip 


his energy 
ergies in the 
neighborhood of 7 e anisotropy of 
Ph? is larger than that *can b xplained in this 
way. In order to exan e 7 point more < osely we 
list in Table IT fis ) thr tivalent to neutron 


energy at whic! itron binding 


energies for nuclei of t t that Th 
and l *" Na re" \ ot 1itte r } 1 


quantities W! ! I Xxamine { tre! i sOLropy 


versus Z7/A at E \lev i Ol 


aoes 


hese 


not 


ee marked deviatior rO 1 smooth curve. Similar 


results are given bv the examination o ata at 6.5 Mev 


a 


It appears that energy interval 


where the (n,n’ 
affect the an 


ompetition does 


not 


B. Quantitative Considerations 


ng paragrapns are 


of numerical comparisot , 


approach was t t theor ingular distributions 
to the dat merits of 


e two theoreti! 


I 
the parameter 


anisotropy of 


Pasi 





ANGULAR DISTRIBUTION 
to determine the worth of this single parameter in 
correlating the various data. For the sake of simplicity 
this work was undertaken at neutron energies less than 
5.5 Mev where fission after neutron emission does not 

occur; energies near fission thresholds were avoided. 
The theoretical angular distributions of Halpern and 
Strutinski given by Eq. (2), and that of Griffin in Eq. 
(4) have been fit to the experimental data by a method 
of least squares. This has been done for all isotopes in 
the energy range stated above. In Fig. 12 some examples 
of the results of the process are provided at Ey=4 Mev 
\ quantitative measure of the goodness-of-fit is pro- 
vided by the parameter, “sigma,” which is equal to 
Sum of squares of deviations)!/M', where M is equal 
to the number of experimental points minus the number 
of coefficients or parameters used in the fit. In Table ITI 
are listed values of sigma averaged over certain groups 
of isotopes for the theoretical fits, and for the empirical 
Legendre polynomial fits described in Sec. IV. It 
seen that the two different theoretical expressions fit 


the data equally well. However the values of sigma 
derived from the theoretical fits are about 50° larger 
than those obtained by fitting with Legendre poly 
nomials. 

We next determined to what extent the K parameter 
correlates the experimental value of anisotropy for 
It is convenient to 
the A,’ parameter, which appears in Eqs. (2) and (3). 


different excitation energies. use 


L2 

—rirFin YU 

EDN} ——HALPERN 

LIES STRUTINSKI 
a 

— - 


— 


— 


w(@)/W(90) 





6(DEGREES) 


Fic. 12 Examples of theoretical fits of angular distribution to 
the experimental data. The neutron energy is Ey=4 Mev, with 
two exceptions: U™ and U™* which are at 4.5 Mev. The dashed 
curve is the fit of Halpern and Strutinski obtained from Eq. (2 
the solid curve is the fit of Griffin from Eq. (4) 


() 


FRAGMENT IN FISSION 


S 


rasie ILI. Average values of sigma 


Class of target I 


isotopes 


Legendre 
polynomial fit 


Equation 
4) fit 


juation 
2) fit 


0.039 
0.021 
0.028 


0.042 
0.022 
0.029 


0.028 
0.013 
0.018 


Ever 
Odd 


All isotopes 


even 


Paste IV. Values of /* (neutron energy at the fission threshold) 
used to correlate K,* with excitation energy 


Target nucleus Ee (Mev Target nucleus Er (Mev) 
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u 1.6 
1.6 
09 


0.4 


rh 
{"™™ 
[ "236 
| 38 


0.8 
04 
0.8 
1.25 


“9 
° 


* For Pu and U™ values of Er given above are approximately those 
J. A. Northrop, R. H. Stokes, and K. Boyer, Phys. Rev. 115, 1277 

1959). The value for U™* represents approximately the energy at 10% of 

the peak of the excitation function given by Northrop et al. For the Np 

nd U nuclei, fission thresholds are taken to be the energies at which the 

sion cross sections are 10°, of the 3-5-Mev plateau. The value of Er 
Th® was obtained by « par the uranium isotopes 


ison with 
By means of Eq. (3) a value of Ko? was calculated for 
each experimental anisotropy. The resulting values of 
K,.? as function of excitation energy, En—Er, were 
then fitted by for several of 
isotopes. The classes are arranged according to even or 
odd of the compound (1) 

composed of U™*, U™®, and Pu targets, (2) even-odd, 

4 U™ and U™* 

composed of the Np”? target. The results of this pro 
cedure are plotted in Fig. 13. Values of Er (neutron 
nergy at the fission threshold) are listed in Tabie IV. 
(1) The straight- 
line fits to the even-even and even-odd categories can 


straight lines classes 


mass nuclei even-even, 


composed of U? targets, (3) odd-odd, 


Several observations can be made 


be used to predict an unknown value of anisotropy 
with a 3% relative standard deviation. This number, 
obtained from the goodness-of-fit parameter, represents 


) 


a good correlation. (2) The straight-line fits extrapolate 
approximately through the origin for the odd categories ; 
the the straight 


extrapolates to zero at approximately 1-Mev excitation 


however for even-even nuclei line 
energy. This is compatible with the fact that even-even 
low level density 
below 1 Mev compared to that of odd nuc lei. (3) At 


the 0-0 category provides largest values 


nuclei generally have abnormally 


ow excitations 
of K,?, with smaller values being given by the o-e and 
At sufficiently high excitation 
it Is expec ted that the value of Ke would be independent 


€-e species respectively 


of the even or odd classification of the compound 
nucleus. This effect may appear in the case of e-e and 
where the values of K at 5-Mev 


é-o groups merge 


excitation energy 
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Fic. 13. The relationship between Ko and excitation energ 
Ew—Er. Using Eq. (3), values of K¢@ are calculated from the 
measured anisotropy for each isotope for neutron energies less 
than 5.5 Mev, and above thresholds. Straight-line fits of the 
form K@=B,+B.2(iy—Ep) have been made for three categories 
of compound nuclei. The categories and values of the constants 
B,, Bz and sigma (goodness-of-fit parameter) are listed below 

1) Even-odd, B,=0.87+0.76, B,=3.1+0.25, sigma=1.35, (2 
Even-even, B; = —6.1+1.9, B,=4.7+0.39, sigma=3.2 (3) Odd 
odd, B, 0.4+3.6, Bz=5.9+1.1, sigma=4.7. Sigma has been 
defined in the text 
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APPENDIX: LEAST SQUARES FITS OF THE 
EXPERIMENTAL DATA 


rhe experimentally measured intensities for the jth 
counter (j=1, ---5 It is assumed 
that W(6), the relative differential cross section of the 
fission fragments is given by a sum of the form, W(@ 

lCon Pon (6), where .V varies from the 
Nmex=3. The Pon (0 
to be symmetric about nine ty degre es. It is desired to 
find those values of the which provide 
the best fit to the Account 
is taken of the effects of geometrical resolution effects 


The 


are denoted by /(j 


value zero to 
are Legendre polynomials chosen 


constants, ¢ 
measured intensities / 
as follows counter is 


intensity ot the 7th given by 


I(}) const x f fa dA Jf cos(t2,dA,)W (6) |/ [rere 


fission Tol 


In this expressiol elements of 


area in the ter aperture 
respectively, 7; is the di 
and dA,, fe is the di 


6 is the angle between r 


neutron source 
ind dA 


sumed that the 


while 
distribution of neutror isotropic i 
space. This assumption wa 

lations. On introducing tl 

of W(6@) we may write, 


There are five dunter, to 


constants 


be solved tor } t vaiues : © ‘ The 


ts involving a 


louble 
know n [ 


Tunctions 
were obtained 


lov; are a set 
integral over 
Pox (6 Che vali 
by the method of least 1 3 f vax Equal to 0, 1, 
2, or 


3 and the best set by minimizing a 


goodness-of-fit parameter 
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B'’(d,p)B" Reaction and the Configurations of B''t 
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(Received April 21, 1960 


inn Arbor, Michigan 


\ study of the states of B" has been made by high-resolution measurements of angular distributions and 
relative intensities of proton groups from B'*(d,p)B". The use of Butler analysis and calculated reduced 
widths leads to the following spin and parity assignments for excited states: 2.14 Mev, 4 4.46 Mev, § 
5.03 Mev, }— ; 6.76 Mev, §— ; 8.57 Mev, (4+); 8.92 Mev, $+; 9.19 Mev, +; 9.28 Mev, $+. The states 
of B" exhibit a subdivision into three classes. The first five levels from ground state to 6.76 Mev, all of odd 
parity, correspond closely to the theoretical predictions of Kurath. The next four states of 6.81, 7.30, 7.99, 
and 8.57 Mev presumably result from highly mixed configurations which is evidenced by their weak stripping 
intensities. The third group consists of three single-particle states of even parity at 8.92, 9.19, and 9.28 Mev 


he latter two states form a jj-double level arising from the configuration p*2 


I. INTRODUCTION 


HE relatively simple structure of nuclei with 

unfilled 1p-shell configurations has been to a 
large extent responsible for the considerable experi- 
mental and theoretical activity in the Het‘ to O"* region. 
Significant gaps, however, remain in the experimental 
assignments, making a valid test of theory difficult. A 
case in point is the nucleus B" for which the spins and 
parities for the most part have remained uncertain. 
In an effort to clarify the situation, an investigation 
of the states of B" has been undertaken using the 
B'°(d,p)B" reaction. The results are of particular 
interest inasmuch as they are contradictory to some 
earlier assignments.'* A preliminary account’ of part 
of the work has been given earlier. 

The well-established experimental energy level 
scheme* for B" is shown in Fig. 1 up to an excitation of 
10 Mev. The low-lying states of B" are believed to 
arise mainly from excitations within the 1 shell, that 
is, with configurations comprised of p; and p,; nucleons. 
On this assumption the intermediate-coupling shell 
model®:* predicts the ordering of lowest states to be 
3—, 4-—, J-, §-—, and 3—, with some freedom of 
ordering depending upon a particular choice of inter 
mediate-coupling parameter {=a/K and the radial 
integral parameter L/K. The theoretical level scheme 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. The theoretical analysis was carried out at the 
University of Rochester (O. M. B.) and at the Bell Telephone 
Laboratories (J. C. H.) 

* Now at the Department of Physics, University of Rochester 
Rochester, New York 

t Now at Bell Telephone Laboratories, Murray 
Jersey 

'G. A. Jones and D. H. Wilkinson, Phys. Rev. 88, 423 (1952 
rhe original assignments have recently been revised with the aid 
of stripping data. See G. A. Jones, C. M. P. Johnson, and D. H 
Wilkinson, Phil. Mag. 4, 796 (1959) 
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1955) 
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5D. R. Inglis, Revs. Modern Phys. 25, 390 (1953 

*D. Kurath, Phys. Rev. 101, 216 (1956) 


Hill, New 


proposed by Kurath® for ¢= 6.0, L/K =06.8, and K =0.92 
Mev is also shown in Fig. 1 adjacent to the experimental 
levels. The stripping reaction is especially well suited 
to the selection and study of these odd-parity (J,=1) 
states. 

Experimentally — the 
protons from B"(d,p)B 


— 


distributions?” of 
show neutron capture with 


angular 





—— (5/2)g 


Y IN M@V 


~ 


—— (3/2) 


—— (5/2); 
(7/2); 


EXCITATION ENER 





L 








Fic. 1. Energy level schemes for B". The experimental scheme 
on the left shows the known states of B™ up to excitation energy 
near 9 Mev (see references 2 and 4). On the right the theoretical 
scheme calculated by Kurath (reference 6) gives the low-lying 
states of B" arising from excitations in the 1p sheil. Here the 
choice {=6.0, L/K =6.8, and K =0.92 Mev was used. The theo 
retical states are labeled by the J values in parentheses with 
Roman numeral subscripts denoting the order of occurrence for 
levels of a given J value 


™N. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc 
(London) A67, 684 (1954) 

*S. A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 (1957) 
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l,=1 for the ground state Bo" and for the first four 
excited states: B"» 14 Mev, B's 03 Mev, 
B's 166.81 Mev (doublet). Two points, however, require 
further clarification. First, the anomalous angular 
distribution for B"» 14 Mey leaves the /,,= 1 interpretation 
somewhat in doubt. Although the angular distribution 
is not inconsistent with the proposed spin-flip mecha- 
with /,=1 capture leading to a J/=4— 
this level warrants careful examination to exclude the 


B' 446 Mev, 


nism! state, 
possibility of an unresolved doublet or contributions 
from target impurities. Second, it is not certain which 
member (or whether possibly both) of the B's 76-¢ 81 Mev 


doublet is formed with /,=1. High-resolution measure- 
The 


assignment of character J* to these odd-parity states 


ments were made to help settle these questions. 


was facilitated by the comparison of intensity measure 
ments of outgoing proton groups with reduced widths 
calculated from the intermediate-coupling shell-model 
wave functions 

~11.5 


Mev, favorable for an unambiguous interpretation of 


Since B" has a large neutron binding energy, E, 


(d,p) stripping data even for levels of high excitation, 
the present investigation was extended to the region 
Mev. Except for work” at 
energies, angular distributions have not been reported 
for the 6.81-, 7.30-, 7.99-, and 8.57-Mev states of B 


Measurements at higher deuteron energy are essential 


above 7 low deuteron 


in determining the character of these levels 

Particular interest was 
spaced levels of B 
which 


centered on the three close ly 
region of 9-Mev excitation 
resolved in (d,p) 
Because consider- 
angular corre- 
lations and y-ray intensity measurements, a determi- 


in the 


have not previously been 
angular distribution measurements. 


able data‘ exist involving a-y and y-7 


nation of parities and assignment of spins to the initial 
states of the cascades is of immediate use in the analyz- 
ing of the The 


B's 19 Mev, and 


lower levels. results 


tnat B 8.92 Me 


structure of the 
obtained — sus 


rest 


B"'y os Mev are formed with single-particle 2s- and 1d 


shell configurations. Calculations are given along with 
the 90-kev 


is formed by the coupling of a 


supporting experimental evidence that 


doublet B''s.:9-9.28 Mev 
single 2s nucleon to an essentially unperturbed B” core 
(J=3+) to form states of J 5 + and J s+, 


respectively. 


Il. EXPERIMENTAL PROCEDURES AND RESULTS 


The from the Michigan 
cyclotron had an energy of 7.78+0.01 Mev. Magnetic 


bombarding deuterons 


focusing of the deuteron beam resulted in an energy 


spread across the 2-mm wide target of less than 12 kev 


with a beam intensity of 1 wa. A double-focusing 


magnetic spectrometer was used for analysis of the 


reaction products. The details of the instrumentation 
uJ. C. Hensel and W. ( on, Phys 
1958), and references therei 
2B. Sjégren, Arkiv Fysik 


Rev. 110, 


128 


11. 383 


1957 


AND 


HENSEL 


have been given elsewhere.” The rea 
recorded on Kodak NTB 100-n 


plates at the image plane of 


tion produc ts were 
nuclear emulsion 
ilyzer magnet. The 
plates were scanned by microsco in swaths 0.5 mm 
wide. 
The 


boron { 


ri hed 


large were prep rea DY evaporat y en 
from a carbon crucible onto gold 


95% B 
leaf. This crucible was made by 


pure }-i 


carving a hollow in a 
rod.* In the 
evaporator the rod was clamped at each end by water- 
cooled copper jaws and heated to 2400°C by a 
current of 200 amperes. As the evaporation progressed, 
the target thickness could be estimated by watching 


spectroscopic ally graphite 


the formation of Newton’s rings on the plate supporting 
the target. Targets mad this manner 
to be 


evidenced even after a hur 


were found 


extraordinarily stable; no deterioration was 
dred hours of bombardment 
with a 1-microampere bean Phe 
employed when the highest resolution was required, 
had a thickness of > mg/cm 


deuteron energy lo f c at 


thinnest targets, 

orresponding to a 
10 Mev. The over-all 
resolution of the system with these targets was better 
than 20 kev. Somewhat thicker targets, ~0.4 mg/cm’, 
were used when intensity was of primary consideration. 

Positive identification B'°(d,p)B' 
made by observing the inge of energy of 
the proton groups as a fur lor f scatteriz g angle and 
by reference to the ubiquitous carbon 
In talking angul: 


field of the analyzer was char 


peak S Was 


and oxygen 
ir distributions the 


groups. magneti 


1 
| 


wed for different scattering 
angles to keep the peak under study at the same position 
in the image plane. This ruled out errors arising from 


uncertainty in solid angle « 


orrectior 


Spectra 


The 
6;.»= 20 


proton spectrum 
30-kev reso 


Irom ; K \ tates of B 


with 
Proton 
9.5-Mev 


levels 


groups 


excitation were und evidence of new 


having an intensity greater thi of the 
10.32-Mev 


reaction 


ground-state group wa uncovered he 
level of ‘B! 1,p)B 
was not seen in the present spectrum due to interference 


observed earlier by the B 
at low angles with the extremely strong groups from 
C*G. 

In Fig. 3 enlarged portior he spectrum of Fig. 2 
reveal the weak proton groups from B's 14 4. 
6.81-Mev member of the B': 1M 
Fig. 3(a) 
near B" 


and the 
doublet. In 
B State 


interference 


nothing is seen t inother 


2.14Mey- Furthermore from 


target impurities is evi for the well- 


separated weak groups ide! heir residual 


nucleus as S®), Cy, and Yo, ng from known 
83D. R. Bach, W. 1 

and W. C. Parkinson, Rev 
4 This material was obtained t 

Company, Inc., Bay City, Michiga 





B'! REACTION AND CONFIGURATIONS OF B!#! 
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Fic. 2. Proton - trum for B(d,p)B" taken at a reacticn angle of 20° and recorded on Kodak NTB 100-» track plates. The groups 
are identified by the residual nucleus in the (d,p) reaction. The “‘thick’’ B” targets limited the resolution to 30 kev. The intensities of 
the peaks have been corrected for variation of solid angle across the image plane of the analyzer magnet 


impurities in the enriched B" and contaminants from measured with a resolution of 35 kev. The data, taken 
the evaporator. for reference, clearly indicate neutron capture with 
Figure 4 shows sample spectra for the three closely /,=1 with a stripping radius ro>= 5.1 10~" cm, in good 
spaced states of high excitation at 8.92, 9.19, and 9.28 agreement with earlier work. 
Mev. The spectra at 1.6°, as well as most other data The weak proton group from B"', 14 me required a 
at scattering angles below 15°, were obtained with the thick target again limiting the resolution to 35 kev. 
aid of a velocity filter'® of crossed electric and magneti The angular distribution in Fig. 6 cannot be fitted 
fields to eliminate the usual interference from reactions with any combination of Butler curves having the 
caused by beam deuterons striking the walls of the same parity. Except for the abrupt rise in intensity at 
analyzer vacuum chamber. forward angles (below 6@..m.=15°) the measurements 
agree well with other work.’?"* Measurements at forward 
Angular Distributions angles with the beam energy increased from E,=7.78 
Mev to Ea=7.92 Mev gave the same angular distri- 
bution. This rules against the possibility that the rise 
might be due to sharp resonances in the excitation 
function leading to rapid variations in the angular 
distribution with energy. 
rhe angular distributions for the 4.46- and 5.03-Mev 
levels have been measured earlier by Evans and 
LL. H. Th. Rietjens, O. M. Bilaniuk, and W. C. Parkinsor Parkinson,’ but the 6.76-6.81 Mev doublet remained 
Rev. Sci. Instr. 29, 768 (1958 unresolved. This doublet was effectively separated in 
*C. R. Lubitz, “Numerical Table of Butler-Born Approxi- the present work with thin targets permitting 20-kev 


mation Stripping Cross Sections,”” H. M. Randall Laboratory of } : Y . 
Physics, University of Michigan, 1957 (unpublished) resolution. The 6.76-Mev member of the 6.76-6.81 Mev 


Angular distributions have been taken for protons 
associated with levels in B"™ at excitations of 0, 2.14, 
6.76, 7.99, 8.92, 9.19, and 9.28 Mev. Calculation of 
Butler curves to fit the data was greatly facilitated by 
tables prepared by Lubitz.’* 

The angular distribution for B'"» shown in Fig. 5 was 
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Fic. 3. Enlarged 20° protor 
region near the doublet B''« 75 
target 


B" 4 1 Mev. The small peaks in 


doublet was found to be approximately 50 times more 
intense at 20° than the 6.81-Mev member. Because of 
the proximity of the much stronger group, the angular 
distribution of the 6.81-Mev level could not be obtained, 
but its interference in the angular distribution of the 
6.76-Mev state was ruled out 

The angular distribution for B's7¢ sev in Fig. 7 
indicates neutron capture with /,= 1, in agreement with 
previous measurements because of the extreme weak- 
ness of the 6.81-Mev group. The experimental points 
were fitted by a Butler curve with ro=5.1K10~-" 
cm—the same ro as used for the ground state. The 
unusually good fit of the Butler curves and the high 
intensity of the proton group suggest a single-particle 


configuration for the B's 75 Mev final state. 


) spectrum for B”(d,p)B" showing (a) the region near the 
a) indicate very weak group 


the 
ties in the 


weak proton group fron ev and (b 


The 
reliably measured at scattering 
Irom 


tion tor B M could not be 


ies 6=0 x0 


angular distribu 
due to 
group from O'*(d,p)O" 


amination in the 


ang 
interference a very strong 
resulting from oxygen cont 
The distribution proton groups 
Mg a to the 7.99-Mev and 8.57-Mev levels of 
B", shown in Fig. 8 and Fig. 9, 
that the sta results from an neutron capture 
(ro=5.1X 10 cm) without /,=0 admixture. No 
assignment of parity can be made for the 7.99-Mev 
state from the stripping data 
bution is nearly isotropic. 
The angular distribution for the 8.92-Mev st 
B" in Fig. 10 indicates a mixture of /,=0 
The theoretical Butler curves 


target. 
angular for the 
respec tive ly, 
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suggest 


gular distri- 


ate ol 
, 


and /,=2 


give a reasonable fit to 
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the data for r>=6.710-" cm, somewhat larger than 
the radius used for the low-lying states. A somewhat 
improved fit, incidentally, can be achieved by using 
different stripping radii for the 1,=0 and /,=2 com 
ponents; a smaller value of ro for 1,=0 works best. 

Angular distributions for the 9.19- and 9.28-Mev 
doublet, shown in Fig. 11 and Fig. 12, respectively, both 
suggest /,=0 capture with ro>=6.0X10-" cm; any 
attempt to fit the data with /,=1 leads to radii which 
are tar too large. 


Relative Intensities 


rhe intensities of the first nine proton groups from 
B'°(d,p)B", measured relative to the ground-state 
group, are presented in Table I. The scattering angle 
20° corresponds approximately to the peaks of the 
!,=1 angular distributions for the low-lying states. In 
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Fic. 4. Proton spectra for B¥”(d,p)B" at the 9-Mev exci 
tation region showing the three intense proton groups from 
B", 92 Mev, BMo.19 mer, and B's 26 mew. The forward-angle spectrum 
at 1.6° was taken with the aid of a velocity filter of crossed 
magnetic and electric fields to prevent the deuteron beam from 
entering the magnetic particle analyzer 
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protons 


addition, the relative intensities of the 9-Mev triplet 


were measured at 6), = 5°—as close to the /,=0 peaks 


at @=0° as could be reached reliably. 
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rhe experimental data are fitted with a Butler curve having / 
and ro=5.1K10°" «x 
Ill. LOW-LYING STATES OF ODD PARITY 
Reduced Widths 


In their early stripping experiments, Holt and 
Marsham" employed the neutron capture probability 


Ai, as an aid in determining spin assignments via the 
(2/+1) statistical factor contained in the Ajs,, the 
results. under favorable conditions, being largely 
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REACTION 
schemes can be deduced from the reduced widths by 
comparing the experimental stripping intensities with re- 
duced width derived from calculated nuclear wave func- 
tions. Aithough exceptional cases" have been successfully 
handled, the best results are usually expected when 
relative intensities are compared between states of the 
same nucleus formed by the same value of /,. Using 
the data in Table I, this procedure has been applied 
to the low-lying odd-parity states of B" to supply 
additional information necessary for the complete 
classification of their characters as well as to provide 
insight into their structures. 
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Fic. 11. Angular distribution of protons from B" (d,p)B » Me 
The data are fitted by a Butler curve for 1, =0 and r5=6.0X 10 
cm. An attempt to fit the data assuming |, =1 would require an 
unreasonably large value of r 


Using the notation of French and Raz,'* we 


write the differential cross section 


can 


a(6) [(2/ +1 (2Jo+1) |S: (8), (1) 


for neutron capture, via deuteron stripping, into an 
initial nuclear state having spin Jo and leading to a 
final nuclear state with spin J. The sum over /, which 
usually appears in (1 
one term with /,=1 


reduces in the present case to 
The ,(6) is the intrinsic Butler 


#Q. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305 
1957), and reference 18 


AND 
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Fic. 12. Angular distribution of proton from B”(d,p)B"» 95 mev. 
The data are fitted best by a Butler curve for /,=0 and r¢=6.0 
x 10~" cm. As shown by the dashed curves, an attempt to fit the 
data assuming |, =1 would require unreasonably large ro values 


single-particle cross section for neutron capture with 
l.=1. All information on the nuclear 
contained in the reduced width” S, 
States in p-shell nuclei are known not to be consistent 
with either extreme 77 or LS coupling. Consequently, 
the calculation of S, leading to states of B" was carried 
out using B® and B" 
functions of Kurath.’ 
The 


structure is 


intermediate-coupling wave 
Briefly, they may be described 


as follows wave functions W, for states of B" 


Taste I. Relative intensities of proton groups from the reaction 
B'°(d.p)B". All values are normalized with respect to the ground 
state group at 4, 20 The uncertainty in intensities corre 
ponding to the 8.92-, 9.19-, and 9.28-Mev states is less than 2% 
relative to each other 


B™ excitatior Rel. intensity 
energy (Mev Oi.» =5 


Rel. intensity 
Giab -= 20 


0 1.60 

2.14 0.12+0.01 
4.46 0.88+0.04 
5.03 0.2240.02 
6.76 4.86+0.20 
6.81 0.1140.03 
0.24+0.04 
0.09+0.04 
0.17+0.02 
10.1 +04 

92 +04 

48 +0.2 


14.58+0.6 
$8 +3 
35.542 


* Strictly speaking 


is the reduced width in units of the single 
particle reduced 


width @?. To avoid confusion which sometimes 
arises on this point, we have chosen to follow the convention of 
French and Raz ce 18) and simply call S, the reduced 
width 

D. Kurath 


relerer 


private communication). See also reference 6 
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having total angular momentum J and isotropic spin 
T are constructed from antisymmetric basis wave 
functions y, each belonging to one of the possible 
7 p nucleons. The y,’s are them- 
products of single- 
sum of Slater 


The 


a linear combination 


configurations of n 
linear 
particle shell-model wave functions (a 


selves combinations of 


determinants) for a harmonic oscillator well state 


wave functions WV, are, therefore, 
of the 
K,(n 


tonian consisting of spin-orbit and exchange potential 
Chu WV, as 


j j-coupling wave functions Yo, the coefficients 


emerging from the diagonalization of a Hamil 


we Can ¢ Xpre 


Va(J,7 P 7 a \ ; 2-a) 


Similarly, for 6 nucleon write the B'™ ground 


state wave tunction 


Wa é 0)=>", a(. . 0 2-b 


The carried out by Kurath for a 
variety of values of the radial integral parameter L/K 


diagonalization was 


and intermediate-coupling parameter ¢=a/K 
In jj-coupling notation the reduced width § 


written” as a sum of terms §j,,1,” 
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. Dye 
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Fiuz—G 

LS-Limit 
Fic. 13. Relative 

intermediate-coupling paran 
low-lying odd parity states of 
L/K=6.8. The 


notation 


widths as a function of the 
eter ¢ for B(d,p)B™ leading to the 
B". The radial integral parameter 
was curves are identified by the J 
values of the state using the of Fig. 1 and also by the 
LS supermultiplets in the LS limit at the left. The values of the 
reduced widths in the 77 limit are given at the right (t= « 


French and 
reterence 19 


chosen as 


= This equation differs slightly from that given by 
Raz (reference 18). See Bilaniuk and Hough 


AND 


whi h become Ss 


where j/,=/,+4 


captured neutron 
diagonalization pa 


Oiala™ > of 1 


~~" 


The factors ',» are cor 


(cfp) given by the overlay 


aX J 


Here, ? n 7 
Phe 
were computed in t! 
and (J.T) basis wave 

Using Kurath’ 


S; were evaluated from | 


nucleon 


coetl 


have been plotted a i termediate 
coupling parameter il 4 ir ire identi- 


fied by the LS supermultiplets in tl mit and also 


by the J values and Kurat vel ore ee Fig 1 
I | | ngle LS 


the functi term 
for (=0. the S 
propriate LS-coupling 
cfp’s of Jahn an 
B"(4)r, 
reduced widt 

B'(3)n, 3 
Mev, and is not de 


Since wave 


ap- 


LS 
State, 


State, 


Spin Assignments 


With 


intensities of proton groul 


respect to 


according to Eq 1 


We can 


experimental intensiti 


compare 


ratio 
A basis for this is provided 
sections computed by Lul 


kit emal 


of single particie 


intensities with 
divided out 
For conciseness we have 
into S, (27+1)S 

Sena = 0.86 for 

37 
Eq. (5) 

*H.A. Jahna 
209, 502 (1951 


Auerbach ar 
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with the state B''(4); of Fig. 13. Assuming this assign 
ment, the intermediate coupling parameter is fixed: at 
f=4.0 for a best fit. The calculated ratios for 
B" (3); and B''(3)11 excited states are, therefore, 0.12 
and 0.00, respectively, which match best B's 46 mev and 
B's 03 Me For these latter 
agreement can be improved by subtracting from the 


v, Tespectively states the 
measured cross sections the contribution from scattering 
other than stripping. From angular 
distributions’ it appears that these can represent as 
much as 40% of the total cross section at the /,=1 
peak. The relatively smal! contribution of these effect 
to the angular distributions of B"» and B's 76 a. 
the main reason for choosing the coupling parameter 

4.0 on 


states alone 


processes the 


was 


basis of relative intensities of these latter 


\ nonstripping mechanism presumably involving a 
spir flip" for the outgoing proton must account for the 


entire cross section for B!, 


since selection rules 
forbid stripping to this J 


14 Mev; 
} state. These effects are 


Tas_e II. Comparison of calculated and experimental relative 
widths. The experimental relative with 
factors extracted S/Syoa in column 3, it 
with the assumed J values of column 4, lead to the ¢ 
widths relative to the ground state. The 
values for ¢=4.0 are taken from Fig. 13 


reduced intensities 


kinematic conjunction 
xperimenta 


reduced theoretica 


BY 
exci 
tation 
energy 


Mev) 


Rel. intensity 


Expt 
Aish = 20 


S/ Send 
0 1.00 

2.14 0.12+0.01 
4.46 0.88+0.04 
5.03 0.22+0.02 
6.76 4.86+0.20 


1.00 
0.18 
0.31 
0.11 
0.86 


reflected in the anomalous appearance of the angular 
distribution in Fig. 6. 

The results are summarized in Table II 
posed assignments $—, }—, 3—, }—, and §— for the 
first five states, respectively, of B" are in complete 
agreement with the assignments* given by the Chalk 
River group based on y-ray decay schemes from the 
Be®(He*,p)B" reaction. In addition, the value of 
¢(=4.0, determined from the stripping relative widths, 


The pro 


is very close to their value ¢=4.5 derived from the 

ray branching ratios. Both of these values provide 
nearly an optimum fit of the calculated B''» magneti 
dipole moment 2.8-2.9 (depending upon LK) with the 
experimental value of 2.69. 

No attempt was made to improve the agreement of 
the calculated and experimental reduced widths by 
varying the intermediate-coupling parameters ¢ 
B” and B" independently 


for 
The trend is well known to 
28 AJ. Ferguson, H. I 


E. Almqvist, and D. A 
1958), and A. J. Fergusor 


Gove, J. A. Kuehner, A. E. Litherland 
Phys. Rev. Letters 1, 414 


private communication 
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Paste III. Contributions of p-shell configurations to the states 
of B". The values given were calculated by Kurath* for f=4.5 
and L/K=6.8 


(Pa (Pa? (Pa (Pa 


0.043 0.010 
0.143 0.001 
0.186 0.005 
0.048 0.003 
0.128 0.043 


0.055 
0.636 
0.628 
0.704 


0.015 0.420 


references 6 and 


be toward stronger 7) coupling as the lp shell fills; 
consequently, one would expect the value of ¢ to be 
lightly smaller for B® than for B''. The small difference, 
however, is not expected to change the results in any 
way. A second possibility that not 
explored was variation of L/K. Although changes of 
L/K have little effect on the calculated positions of the 

and B"', a choice of L/K other 
than L/K =6.8 might lead to a better fit for the reduced 
widths. Again the change is not expected to alter the 
interpretations 


significant was 


low-lying states of B 


Configurations 


Clearly for ¢=4.0 the description of the low-lying 
B"' levels in terms of one single 7 j-coupling configuration 
is not possible; instead we list in Table III the contri- 
bution from each of the p-shell configurations to a 
given B'' state. Ev 


sin ec a 


en this actually oversimplifies the 
situation configuration generally gives rise to 

(J,T) states with individual amplitudes [Eq. 
for example, (p4)°(p4)? gives 
J =}, T=}, three states with J =4, T=}, etc. Neverthe 
less, from Table III some general properties of the B" 
states can be pointed out 


several 
») 


five states with 


In the limit of extreme jj coupling (¢—> ~), (py)? 
B'(3), while the other four 
fates in question belong to (p,y)*p,. Thus, Table III 
that jj coupling still dominates in B" for 
values of the intermediate-coupling parameter as low 
4.0. This fact is also reflected in Fig. 13 where the 
reduced widths change relatively little for {>4 com- 


the configuration of 
uggests 


as¢ 


pared to the abrupt changes near the LS limit. There- 
fore, it i 


is qualitatively correct to assume that 77 


coupling prevails and, furthermore, that the B" ground 
tate has a configuration (p,)*.*° 
Table IV, configurations of the low-lying B" 

in the 77 extreme along with the parentage of 

are listed. Since the B" configuration is 

we see that p-wave stripping from B"’, can only 

pa)® (Jo=3, To=0) as a parent; 
i.e., a nonvanishing cfp in the first column of Table IV. 
This yields the following reduced widths [.S,;=n(cfp)*] 
the 77 limit: S;=7/4 for B"(4)1; S:=1 for B" (4); 

0 for B“ (4), B"(§)1, and B" (4) 11 


state 


go to states having 


** The actual contribution of (p,)* in the B®” ground-state wave 
tion is 0.654 for 4.5 
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AND 


Pas_e IV. Coefficients of fractional parentage for the principal configurations of the low lev 
py)* in column 1 corresponds to the ground state of B®. The states of B" are identifi 


Of the great 


number of possible 
p-shell ree, namely B''(3)1, B"(4)1, 
B" ($)11, have an overlap with B'o i » 77 limit. As 


13, thi 


Fig. 13 
tates only tl and 


seen in Fig general behavior persists down to 
‘ q these 
trongly in a d,p 
to lie above 10-Mev excitation and accordingly was not 
een in this investigation, only two strong /=1 groups 


the large experimental 


hence three states alone should appear 


pectrum. Since B"(})11 is predicted 


are expected. In this way, 


intensities of proton groups from B"'» and B""¢.76 Mey as 
well as the relatively low intensities for the other low 
accounted for. The two states B ; I 


5 and J a 


lying states are 
and B 
crudely pictured as formed by coupling a p, neutron to 
the J Likewise, the ground state of B' 
is formed by 


respectively, can be 


3) 11, with spin 


3 core ot B 
coupling a py neutron to the same core; 


however, the Pauli principle allows only one state to be 


formed thi way 


IV. STATES OF MEDIUM EXCITATION 
While 


assignments to be made 
6.81-Mev levels, it is not 
ilative remarks. The extremely 


1tOW 


there is yet insufficient evidence to al 
for the 8.57-, 7.99-, 7.30-, and 
inappropriate here to include 


a few somewhat sper 


d,p 


suggest that they arise from highly mixed configuration 


mall widths for the transition to these states 


rather than from single-particle configurations of B 
J =3) core plus one extra neutron. None of them is a 
likely 


excitation 


elora p hell state since all of the low 


members of this 
for, and the 
is expected considerably higher, at 


candidat 
are presumably 
from the p shell, 
10-11 
just 


class 
accounted next tate 
1 5 

B 2/11, 


Mev 


below the 


Since the low-intensity states lie near but 


single-particle states centered around 9 Mev, 


their formation may very likely proceed by capture of 
an s or d neutron accompanied by recoupling and pairing 
in the p-shell ‘‘core.”’ Such a recoupling would involve 
states of B'’ with J se 
having partial configurations of 6 
J 0,7 2,1 1,0), and (0,1). In intermediate 
coupling the energy separation for the J>=0, 1, and 3 
rather small as evidenced by the positions of 


0 going to states 


core 


nucleons with 


states is 
lie within 2 Mev. 


ite-coupling calculations® show that 


the first three states of B"°, all of which 
Indeed, intermed 
the J } 


Jy=3 level for ¢<3 


the 6-nucleon core crosses below the 
Thus 


level of 


when an s or d neutron is 


added, it is expected that there will be a considerable 
and 3 whenever 


ind the 


admixture of core 
result 1s 
The 


leading 


angular momentum 
not expected to rese » a single-particle state 
exception, of course, is 
toa J 3 or J final ch can have only a 
] 3 core 
This situation Is to 

low-excitation even-parity for wl 

of J 0 an 2 are separated by 
remarked that 


a single-particle 


( core state 


Inglis® ha the state 


composed of p'd, closely resemble 


nearly 4.5 Mev 
state because the J»=2 
absent in comparison to the 

Fitting into the above pir 
of B | 
1,=0O admixture ir 


his 


excitation in the core is almost 
lower lying J/»=0 
ture is the 8.57-Mev state 


formed with J, ; apture The absence of an 
. d.p 


State ly ts an lgnment of J 


angular distri 
4+ 


intensity measure- 


ery ed 
bution for t 


or $+ in agreement with the y-ray 


ments. The observed /, w stripping intensity 


a configurat however, with 
C she 30 


is consistent with ol p*d, 


only a small amount component 
in the p® core to 
state. 


On the other hand, the abse of the (Jo.7 


2 


give an overiap with tne 8’ ground 
3()) 
state from the ould be responsible 
for the isotropi 
for the 7.99-Mev 
would have to go by 
Another possibility is 
rearranged p-shell 
or 3+. Since s-wave stripping would then be forbidden 


core <¢ 
tribution observed 
the d,p reaction 
; other than stripping. 
neutron is coupled to a 


core to form a final state of J aT 


weak d admixture 
background pro- 
the fact 


the reaction could occur only via a 
which would easily be obscured by 


tne iatter interpretation 1S 
7.99-Mev 


Favoring 
that a J=}4 
consistent with the y-ray brar 

Little can be said for the 7.30- and 6.81-Mev states 


cesses. 


classification for the level is 


except that the low (4d, ties suggests they 
might possess some of the features discussed above 
tates could 


Stripping angular distributions for these s 


help shed more light on tl 
V. SINGLE-PARTICLE STATES OF EVEN PARITY 


‘+! | for B 


from configurations higher than s‘p 


States of even parity [ (—1 are expected 


particular, the 
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lowest of the even-parity states can be regarded as 
belonging to configurations’? 1s*p*2s+1s*p*ld+ 1s*p*. 
Lane** has proposed that states of this type arise in 
the p-shell nuclei by weak coupling of a 2s or 1d nucleon 
to a definite (J,7) state of a core configuration (in this 
case s*p*). Similarly, even-parity states can also be 
formed by removal of a 1s nucleon from s*p*. Whereas 
in the discussion of p-shell states in Sec. IIL it was not, 
strictly speaking, meaningful to consider the coupling 
of a single p nucleon to a “partial configuratien” of 
p nucleons, we can now specify a definite coupling 
between the inequivalent s or d nucleon and a distinct 
“core” state. For the first few even-parity levels, the 
core states are expected to be the ground and lowest 
excited states of the neighboring nuclei, in particular 
B'. We propose that the three states of B'' near 9 Mev 
conform with this weak-coupling picture. 


jj-Doubie Level p*s: B''s 19 sev — B's 28 Mes 


The good fit with theoretical curves of the angular 
distributions for the 9.19-Mev and 9.28-Mev states of 
B" shown in Figs. 11 and 12 as well as the high relative 
intensities of these levels suggest that both result from 
direct capture of a neutron into the 2s shell without 
appreciable excitation of the B' core. Since the spin of 
3+, } total angular momentum 
of the neutron can couple to the core in two ways 
resulting in states of /=§+ or J=§+. The nuclear 
two-body forces between the rather weakly bound 2s 
neutron and members of the core can split these 
otherwise degenerate states into a close doublet—a 


the core is Jo the j, 


j j-double level. It should be noted that the spin-orbit 
potential does not contribute to the splitting since the 
nucleon in question has s character. 

Assuming that the 9.19- and 9.28-Mev levels are 
formed in the manner outlined above, the intensities 
should be in the ratio of the statistical factor (2/+1) 
since the reduced widths are So(2s)=1 and the single 
particle widths @¢?(2s) are essentially equal for both 
states [the @?(2s) should vary very little over 90 kev 
Thus it is expected that the ratio of intensities for the 
two states would be 
0.75 


a (J = §)/o(J =§) = (2K §4+1)/(2K54+1) 


The measured ratio (Table I} is found to be 


a (9.28) /¢(9.19) =0.74+0.03, 


which suggests strongly that the spin and parity of the 


9.28-Mev state is J=$+4 
state is J=$+. 

These assignments are in disagreement 
early interpretation of (y,7) 
lation measurements'? but appear to agree with the 
more recent y-ray relative intensities.”> 


and that for the 9.19-Mev 


with the 
and (a,y) angular corre 


77 —. C. Halbert.and J. B. French, Phys. Rev. 105, 1563 
28 A. M. Lane (unpublished), see reference 27 
*P. P. Singh (private communication 
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A stringent test of the single-particle nature of these 
states can be applied using the absolute (d,p) widths. 
This is especially good for the “pure” /,=0 transitions, 
Unfortunately, only relative stripping cross sections 
have been measured for the states of B". Nevertheless, 
Macfarlane™ has estimated the absolute widths on the 
basis of the present measurements of intensities of these 
states relative to B's» and the known cross section for 
the mirror reaction B'°(d,n)C'») measured by Maslin, 
Calvert, and Jaffe" at Ez=9 Mev. Assuming that the 
latter cross section is approximately equal to that for 
B'°(d,p)B"», Macfarlane arrives at the absolute widths, 
granting aforementioned spin assignments, 

(F)y 0.14. (7) 


19 Mev F }9.28 Mev * 


This is consistent with current estimates for the 2s 


single-particle widths, 

0.11 <6.?(2s) <0.20, (8) 
based on an analysis of /,=0 transitions in the upper 
1p shell and the 2s-1d shell. We can conclude from the 
information at hand that B's 19 mey and B's o8 sey both 
fit into a single-particle interpretation. A careful 
measurement of the cross section for B''> at 7.8 Mev, or 
better for B'9.19 stey and B"g 25 Mev, would help reduce 
the 40-50% uncertainty in the estimate [Eq. (7) ] for 
the reduced widths. 

In order to compute the splitting of the p*2s double 
level, the p* core function was assumed to consist 
exclusively of configurations of the B"” ground state. 
rhis assumption is justified because B' does not possess 
any low-lying J/=3 excited states, and because a state 
of J 


Although the latter can be expected to contribute 


2 does not appear until an excitation of 3.58 Mev. 


slightly to the formation of the p*2s levels, this contri- 
bution is assumed to have an insignificant effect on the 
results of the present calculation 

The B® ground-state wave function, as computed in 
of the 27+!. 25+ 


dex oupled by 


terms L multiplets by French,” was 


Racah 


into multiplets of a 9-nucleon core plus a p 


normalized coefficients® and 


cfp’s** 
The contribution to the total B" binding 
and J 5 T 


the 


nucleon 
energies in the J= 3+ states could thus 
be evaluated in 
1p,2s|H | 1p,2s)=E,, of the decoupled p particle and 
the added s particle in their four (7,S)= (0,0); (0,1); 


1,0) ; The calculation amounted to the 


terms of central interactions 


(1,1) states 


* M. J. Macfarlane (private communication). We are indebted 
to Dr. Macfarlane for allowing us to quote his results here. 

“ EF. E. Maslin, J. M. Calvert, and A. A. Jaffe, Proc. Phys. Soc 
London) A69, 754 (1956 

# J. B. French, University of Pittsburgh Technical Report No 
IX, NRO22-068, 1958 (unpublished). 

*M. Simon, J. H. Vander Sluis, and L. C. Biedenharn, Uni 
versity of California Radiation Laboratory Report ORNL-1679, 
1954 (unpublished ) 
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evaluation and summation of elements of the form 


7h, & 3 
K(a,L,S8 JiT,.¢ xX , , 
Li S T 


L1)l 


Vix (6) We) 


x U(L21L0 SAS}; S 


B'’ wave function, a 


where AK 


denotes the 


is the coefficient of the 


pace symmetry partition, ¢ is the inter 


mediate coupling parameter, and X is the 9j symbol 
Subscripts ps refer to the p+s particle system, sub 
to B", subscripts 2 to the 9-nucleon 
ubs« ript sto BY, 

Numerical evaluation of the contribution to the total 


p+s sy 


scripts 1 refer 


core, and symbols without 


binding energy from the tem. with ¢=3.8. 


yields for J=§, 
L-() 1663/ 
t-() I515/ 


O.OR38/ 


E(3 
+-() 40901 / 
and for J 

0.0466 Foo +0.20364 5) 


+-().1397/ 


E(4) 


+0) 6108/ 9-b) 


Calculations with ¢=5.7 resulted in values very close 


to the above 
The splitting of tl 
differen e ol the tot il 


double level is equal to the 


binding energies for these two 
levels 


(4%) 


0.0372/ 0.03737 
+O.11184y9—O.1117/ 


0.0372(/ key) +O0.1118( 4, / 10 


of 
3.0 Mev, gives a splitting of 


Rosenfeld-type /rs values, 


250 


A reasonable 
5.0, 4.6, 0.72, 
kev, the J 
to observation 


5 level falling below the J = § state, 
An Inglis 
negative 

10, the 8.92-Mev level contains an appreciable 
Lhe effect of this J 


p®2s d is to displace the latter 


| as i 


contrary 
Lype interaction leads to even 
greater However, as can be seen 


plitting 
from Fig 
5 


s admixture 5 level on the J=3 


member of the oublet 


upward, thus mitigating the discrepancy. This question 


is fully analyzed in another paper 


Single-Particle p'd State: B''s 52 we. 


The (d,p angular 
state of B Fig. 10) mdicates 
1,=0 and /,= 2, again 


The s-wave admixture 


8.92-Mev 


neutron capture with 


distributions for the 


implying even parity for the final 
5% the 
rhe level thus appears to be 


state restricts 
final spin to $+ or $+ 
dy neutron which couples with 
of the B" core to yield a 
or $+. Furthermore, the high 
in the of 


formed by capture of a 

J 3+ ground state 
character of J= $4 
stripping 


the 


intensity observed formation 


‘oO. NM Bilaniu ' . French ’ iblishe 


\ND 


imilar 


there is little 


B's 99 Mey Suggests tl » configuration is 
to the ground tate oO in that 
admixture of states the is ap 
the core state is consistent with the wea 
proposal of Lane. Mea 


width, however, are necessary to be 


arent purity ol 
k coupling”’ 
t the absolute d,p) 
certain that the 
B's 99 wy State nas 


An 


B ($)11 appear to be ru 


attempt to identify the state $.92 Mey as 


innot recom ile 
+} 


the angular distributior from 


Fig. 13 


ermore, 
one sees that 

ler than the ground-state reduced 
width. If B's 92 azev has a classificati ; 
formed by /,=1 
Table I 
S/ Bas 
considerable doubt o1 


The 


ground state of B 


should always be sma 
and is 
intensities in 


widths 


( apt ure, Ut! 
an ex reduced 


1.83 1 


perime! 

obtained i value so iarge as to Cas 
Imption 
ot the Y2 Vv ¥y tral 
Fl tran 
out a spin of 5+ for the 8.92-Mev state 
state of B" has J=}3 hu 5+ 
the most 


widtl ition*’ to 


ition which 


tne 
implie rules 
ince the ground 
for B's 99 sey is 


probable assignment is IS IN agreement 


with the y-ray rela 
Be*(He’*,p) B" reac 
from the 8.92-Mev leve 
2.14-Mev and 6.76-6.81 unresolved), and 
to the 4.46-Mev tate ghly the ratio 5 
~ (8.92/4.46 suggests that t 16 


1easured from the 


lve 
tion yr the three y rays 
groul d state, to the 
\Iev 
R6/5 
Mev y ray al 


ermore, 


so 


an El 
transition to the J 5 eV 6.76 Mev and possibly 
a weak M2 transition the 2.14-Mev J=} 


could account for the remainin 


corresponds to an /1 transi I Furt 


Dram ng ol 


Oc” 
iv I~ /q 


VI. CONCLUDING REMARKS 


isslgnments 


rhe 


with respect 


For convenience nmarized our 


in Fig. 14 adjac 


levels of B 


ve energy levels. 
te groups 
! of the five 
Mev; 
by wea 


mixed 


excitatior “ vest consists 
0-6.76 


to 
odd-parity tate overing | region 
next there 

stripping intensities suggestive hig 


figurations and } yle even parity; and finally 
parity near 9 Mev 


single-particle 
The close ; ‘1 ir ig? 


pre | sed 


ment wil 
by 1 

has been alread) 

the I ite 
Wilkinsor 
however, 
of Be 
although the s! 


character of 
measured by 
arises here, 
ground state 
llowed 
beta decays are seen tate, 2.14-, 6.76 
6.81-, and 7.99-Mev levels in B he first two 


assignments 


decays 
are « onsistent wit 


ive sta - ‘ta decay to the 
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113 


563 


*D.H 


1959 


Wilkins 





REACTION AND 


6.76-6.81 Mev doublet cannot involve the lower, 
J=j— member, so the 6.81-Mev state is probably 
3— or 4-—. Finally, a decay to the 7.99-Mev state is 
reasonable in view of the possible J=} assignment 
There is an interesting question about the parity of 
Be" ground state. The log ft values for the beta decay 
to the ground and first excited states of B" are large 
enough to be consistent with first-forbidden transitions 
Also, the decays to the 6.81- and 7.99-Mev states have 
lower log ff consistent with allowed transitions. In view 
of the possibility that these latter states have even 
parity, we are faced with the unusual situation of even 
parity for Be". A final puzzle is the absence of beta 
decay to the J=$—, 5.03-Mev state. This conceivably 
could be due to a nearly vanishing matrix element 
resulting from the large mixture of 
found in this state (see Table ITT). 

To the right of the B" energy level scheme in Fig. 14 
we have drawn energy levels for C''. The correspondence 
between these is striking up to 9-Mev excitation 
Furthermore, a close parallel can be drawn between the 
present results from the B'°(d,p)B" reaction and the 
information available for the mirror reaction B'’(d,n)C! 
The (dn) spectrum* at @=0° is very similar to the 
(d,p) spectrum at 6=20° in Fig. 2. The lowest 
states of C" formed with /,=1 are probably in a one-to 
one correspondence to the respective first five states 
of B". Its very large stripping width strongly suggests 
that the 6.50-Mev state of C" is the analog to the 
6.76-Mev J=j state of B". However, the fairly large 
cross section leading to the formation of the 6.77-Mev 
state in C"' makes its correspondence with the very 
weak 6.81-Mev B" state questionable in spite of the 
failure of a recent search‘ to uncover a new level in this 
region 


configurations 


hive 


The strong single-particle states of B"™ near 9 
Mev probably correspond to the 8.53- and 8.66-Mev 
states in C" which also have very large (d,n) widths 
The analog to the 77-double levels is probably un 
resolved in the ‘‘8.66-Mev state.” 

Flanking the experimental energy levels in Fig. 14 
is a theoretical level scheme for ¢=4.0, L/K=5.8, and 
K=1.3 Mev from curves calculated by 
Kurath.® There is clearly a marked correspondence 
between the low-lying levels of B" and the predicted 
p-shell states. Although the positions do not match, 
this must be considered good agreement. Some improve 
ment could be made by going to lower L/K which 
raises the J = j level with respect to the J= § and J = 3 
An extensive effort to gain an optimum fit was not 


obtained 


attempted. No account in the calculation has been 


made for the presence of small 1f- and 2f-shell ad- 


mixtures nor configurations with 2 nucleons raised 


*V.R. Johnson, Phys. Rev. 86, 302 (1952), Fig. 1 


CONFIGURAT 








3/2 


occmiceie 


hic. 14. Energy level 


spin and 


THEOR 








schemes for 4=11, 7,=4 4 Phe proposed 

indicated for the B™ states. A 
states of B" is made with the 
theoretical scheme of Kurz reference 6) which flanks the 
ntal The value of intermediate 
coupling parameter selected was {=4.0 in accord with the experi 
mental results. The value of the radial integral parameter used 
was L/K=5R8 and A 1.3 Mev. A possible correspondence with 
the states of C! at the left 


parity assignments are 
correlation for the odd-parit 

ath 
rht 


‘ 
he righ 


levels on 


xperin 
experi t 


is showr 


from the 1s core into the p shell. These admixtures 
would push down the upper states and thus tend to 
} first excited state 
and the next three states of J= $, §, 3 

The second J 


close the large gap between the J 


5 p-shell state very likely falls in the 
vicinity of 10 Mev. As mentioned earlier, the (d,p) 
width to this level should be rather large, and this may 
correspond to the 10.32-Mev level observed earlier by 
stripping.‘ The identification of this state would be 
helpful in testing the model further. 
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I he 


Vave 


energies of the first three levels in Heé 


functions 


are 
adopted 
ground state 
described by this configuration 


trit 


a deuteron iton configuration 


experimental situation 
shell-model ones in the intermediate-coupling picture 


I. INTRODUCTION 


HIS will be the second in a series of papers 

devoted to the low-lying energy levels of the 
light nucleus. In a previous paper! (hereafter referred 
Lhe first 
levels in Be* and Li’ on the basis of the 


correlation factor is introduced. 


to as I), we examined behavior of the few 
cluster model? 
in which a long-rangs 
These correlations manifest themselves as preferred 
clustering in nuclei. By choosing the appropriate cluster 
wave function, one can then determine a reasonably 
good upper bound to the binding energies of the various 
levels by the standard Ritz variational procedure. 

This present work was motivated by a spec ulation 
that the first 


probably WwW ill 


contended 
“change-of-parity Li’ 
arise from a cluster structure substantially different 


presented in I, wherein we 
level” in most 
from that of the ground state, namely, one in which 
the triton cluster is fractured. In our picture, a similar 
He’. 


rather than being characterized by an alpha 


situation should prevail for the (}+-) level in 


Chis state : 
cluster and a neutron in some mode of relative motion, 
would be described by a triton cluster and a deuteron 


cluster in a relative s state. The presence of such a 


configuration would account for the well-known reso- 


nance in the deute ron-triton collision. Moreover, such 


a picture would explain why this excited level had an 


assignment of (}+) rather than the ($+) assignment 


which an alpha cluster plus neutron wave function 


would predict or the (3+) result one would expect from 


a standard shell model prediction. In addition, the fact 
that the reduced width approaches the Wigner limit‘ 
strongly indicates the deuteron-triton « onfiguration.® 


t Partially supported by the Air Force Office of Scientific 
Research and the Office of Nava 
'L. D. Pearlstein, Y. ¢ lang, and 
Phys. (to be published); sec 
(1960) 
2K. Wildermuth and 7 Kanellopoulos, Nuclear Phys. 1, 150 
(1958); 9, 449 (1958/59); CERN Report 59-23 (unpublished 
We remark here that the ideas of the cluster model are basically 
similar to those of the resonating group method devised by J. A 
Wheeler [Phys. Rev. 52, 1083, 1107 (1937)] 
*F. Ajzenberg and T. Lauritsen, Nuclear Phys. 11, 1 
*L. Eisenbud and E. P. Wigner, Nuclear 
University Press, Princeton, New Jersey, 1958 
*W. E. Kunz, Phys. Rev. 97, 456 (1955 


Re sear h 
K. Wilder 
Bull. Am. Phys 


muth, Nuclear 
Soc. 4, 271 


also 


1959 


Structure (Princetor 


must be an alpha-neutron configuration whereas the (4 
is not a sharp resonant state. The (§+-) level at 16.69 Mev is sh 
The resultant energies and structures of these levels are in ac 
It should be stressed that our wave functions « 


23, 1960 


letermined using a variational pri 
incorporate alpha, triton, and deuteron correlations. It is determined 


4 level, which must 


cord will 


liffer appreciably fr 


m the 


To continue the systematic examination of the light 
nucleus, we have also conducted a detailed analysis of 
the ground state and possible first excited state of He’. 
The relevant cluster 
cluster plus nucleon in a rel 


structure would now be an alpha 
p state, with the 
accounting for the 
ce of a relative minimum 


ive 
two-body 
splitting. The presence or abse1 


spin-orbit potential 


in the total energy as a function of the variational 


parameters would then be the determining factor for 
the occurrence of a resonant state 


In the next the method of calculation as 


section, 
applied to the low-lying negative parity levels is 
described. Section III is devoted to the (3 t 
16.69 Mev. The remaining sex IV) contains a 


and % 


level at 


tion (Ser 


review of our results 1 discussion of all conclusions. 


II. GROUND STATE OF He 


Che procedure for evaluat given 
I 


energy Ol a 


level has been thoroughly discu 1 in I; consequently 


the 


we shall present only a iew of nethod at 


this time. Since we are concerned with the 
3 1 ] 


($—) and (3 states, we shall ourselves to a 


calculation as applied to these states. 


limit 
description of the 
The appropriate cl 
have the symbolic form 


VW =A (a)x(R.—R,), (1 


uster wave function would then 


in which ®o(a@) refers to a w function which describes 
an alpha cluster and x(R,—R, 
motion between the neutron and the a pl a cluster 
operator 
of the wave function with respect to all pairs of particles. 
the 


For this study, 


ive 
the relative 
The 


A signifies the complete antisymmetrization 


pertains to 


The quantity of ultimate interest would be 


expectation value of the Hamiltonian 


we choose the standard form for this operator given by 


H Ee 
2M 


where V,; is the two-body potential. The procedure for 


computing with this Hamiltoniar now described 


Assuming that a hard-c« nportant only for 


the mutual interactio t particles within a cluster, 
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we determine the interaction of the outside nucleon 
with the alpha cluster by employing a Serber force of 
nonsaturating character, but one which is in accord 
with all low-energy two-nucleon phenomena. Once this 
energy. shall hereafter be referred to the 
“interaction energy,” has been computed, there remains 
only the necessity of determining the binding energy of 
the alpha cluster. Recently, this calculation has been 
performed by Mang and Wild,* in which the results are 
presented as a relationship between the binding energy 
of the alpha cluster and the width parameter which 
determines the size of this cluster. (The limitations of 
this relationship will be discussed in the next section.) 
rhe proc edure then, is to compute the expectation 
value of the Serber potential; discard that part of the 
energy which pertains to the internal energy of the 
alpha cluster, the remainder being the interaction 
energy; add the correct value for the alpha cluster 
internal energy as determined by the aforementioned 
authors; and minimize with respect to all variational 
parameters, the result being the energy of the appro 


which as 


priate level in He® and Li®.’ 


To proceed, we choose for our trial wave function 


W = Ay (1234; 5) 


| @ & 
A exp(- z. 
| 2 i=! 


1. In Eq. (3), 


rat )R exp( — £BR*)V im ( R/R) | 2 


with n=1 


R. 


oo 
2 % 

=| 
Also note that in Eq. (3), we have for brevity suppressed 
the spin and isobaric spin coordinates. 

The appropriate Serber potential* has the form 


= exp(—«ri7){w(1+P;,°)+6(P,;°—P,, 
— Vrs exp(--Ar;7)(r,—1,;) X (pi— 


-(a,+e,)h, 2, 


wherein V>o=68.6 Mev, x 
b=0.09, and P,;*, Pi;*, Pi;’ 


and isobaric spin exchange operators, respectively. 


4.16K10" cm, w=0.41, 


represent the space, spin, 


Also, in Eq. (7), @,; is the Pauli spin operator. The 
range (A) and depth (Vzs) of the spin-orbit potential 
*H. J. Mang and W. Wild, Z. Physik 154, 182 (1959 
?In the case of Li’, we must add the appropriate interaction 


Coulomb energy 
* Lederer, Diplomarbeit (Miinchen, 1957, unpublished 
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will be discussed when the results of our calculation 
presented. Our particular choice for the wave 
function is dictated by our desire to have it coincide 


are 


with the shell model one when a is equal to 8. The 
fact that, in general, a is not equal to @ indicates the 
presence ol highly excited shel in our 


|-model states 


particular wave function. 


A. The Normalization, Kinetic and 
Potential Integrals 


We now present the complete expression for the 
expectation value of the Hamiltonian operator. For 
reasons of brevity, the detailed form of the results and 
methods of calculation will be exhibited in Appendix I, 
here, we only present the general form of the various 
contributions. The normalization factor is easily seen 


to be 
fw 


1234;5), yr 


Vi) *Wodr, (8) 
in which 


f 


7 ¥ (5234; 1). (9) 


The definitions of Eq. (9) are self-evident and are 
equivalent to those used by several authors.’ The 
important point to note is that the first four slots in 
the wave function are saturated in the spin and isobaric 
spin coordinates ; consequently, the filling of those four 
positions describes an alpha cluster. Moreover, we see 
that there is only one possible exchange which con- 
tributes (y,), a direct consequence of orthogonality due 
to the particular choice of this spin and isobaric spin 
dependence of Yo. The factor 5! appearing in Eq. (9) 
accounts for the total number of permutations of the 
individual nucleons 

Next, the expectation value of the kinetic energy 
operator, — (#?/2M)>_, V2, can be written in the form” 


h?/2M)(2n8+38+-9a) 


0 a 
f vor; ( ~ 2a? 28? oar 
da 0g 


L(l+-1) 


h? 1 
2M N? 
h? n(n+1 


2M 


0.8.V? 


1 
fo ~W;)*—Wedr. (10) 
rR 


For the present case, we set n=/=1. For a later 


analysis we shall make other choices. 
of 
energy operator is computed and, after some algebraic 


Finally, the expectation value the potential 


* See, for example, S. F. Edwards, Proc. Cambridge Phil. Soc 
652 (1952 

© The center-of-mass motion of the nucleus can be easily split 

off in our cluster wave function. This has the consequence that in 

calculations, we worry about the excitation of 


spurious states 


15 


our need not 
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T sF is Wd 


(12F;, T 6F . $F 35) Wels 


i 
ik *(2Gis)Wodt 


V:*(Gist+GosWodr IV, 11 


wherein 


exp | Kr,,*) (12 


and G,, is the component of the space part of the two 
body spin-orbit force of the neutral form given by 

G [Vis exp(—Ar pP.— p,) |.% 13 
In ke 11), f is equal to 1 2) for the } (4) state 
For this particular cluster configuration, the expectation 
value of the spin and isobaric spin exchange potentials 
Bartlett and Heisenberg forces) have exactly the same 
values and consequel tly, do not contribute. It should 
further be remarked that the spin orbit potential only 
acts between pairs of particles having the same 
component of spin 


B. Numerical Analysis 


The previous considerations lead to an expression 
for the expectation value of the Hamiltonian in terms 
of the variational parameters, a and 8. Setting B=0 in 
the aforementioned expression and subtracting that 


result from the general expression for the energy 
determines the interaction energy. Finally, by adding 


the Mang and Wild result for the internal energy of 
the alpha cluster, we obtain the energy of the state in 
question, which must now be minimized with respect 
to a and g. Since the result for the internal energy of 
the alpha cluster was in graphical form, it has been fit 
by the analytic expression given by 


E. 28.34+-33.4(1—0.96 y)? Mev, (14) 


where for computational purposes, we have redefined 


the variational parameters as 
15 


We like to point out here that, actually, Mang and Wild 
did a self-consistent calculation only for the binding 
energy of the free alpha particle; hence, strictly 
speaking, one cannot extract the compressibility of an 
alpha particle from their results.’2? Nevertheless, it is 
still possible to employ the above equation for E, in 


Phys. Rev. 96, 1160 (1954 
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2) our result is 
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corresponding to 
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ed from analyses 


emark here that 


the analytic fit given by Eq does not actually 
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authors. Rather, their 
the shape unaltered t 
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an IBM-650 computer 
the interaction 
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made from considerations of more complex systems 
Such an examination has been performed by Hochberg 
et al.'® in which they infer the range and depth of the 
spin-orbit potential by considering nucleon-alpha 
Consequently, we have performed our 
analysis using these values and obtained the results 
represented by curves (b) and (c) in Fig. 1. Also, we 
have examined 


scattering. 


the case in which the range of the 
spin-orbit potential is equal to that of the central 
potential. The depth is then determined from a relation 
Blin 
Stoyle.'’? The ensuing interaction energy is depicted by 
curves (d) and (e). It should be remarked at this point 
that this latter relationship was derived on the basis of 
assumptions: (1) Antisymmetrization of the 
outside nucleon with the central core is unimportant, 
a result which is approximately borne out by our 
calculation, and (2), the spin-orbit force is short-ranged, 
i.e., Aa, a situation which is violated by the present 
choice of range. Thus the depth of the potential is 


ship between range and depth formulated by 


two 


overestimated. The total energies resulting from the 
above two choices are listed along with the experi 
mental value in Table I 


Ill. EXCITED STATE OF He* 


As we have previously discussed, we would expect 
that the ($+) level at 16.69 Mev in He’ is primarily a 
deuteron-triton configuration.'* However, for the sake 
of consistency, we must show that the alpha-neutron 
configuration in relative s and d states cannot properly 
describe resonant states. Consequently, we have per 
central 
potential only and determined the interaction energy 
which is plotted in Fig. 2 as a function of x with y 


formed the desired calculation including the 


chosen to give the free alpha particle radius. The form 
of those curves is completely insensitive to the value 
of y. We note that these curves possess no relative 


and therefore, we conclude that the (34 


4 


minima 


Taste I. Energy of (j—) state in He*® 


Constants in the 
spin-orbit potential 


Vis=4.5 Mev* 
\ = 2.657 XK 10% cm 


Vis=13.8 Mev 
\=4.16 10% cm 


»= —27.3 Mev 


* Taken from Hochberg et al.. reference 16 


‘6S. Hochberg, H. S. W. Massey, H. Robertson, and L. H 
Underhill, Proc. Phys. Soc. (London) A68, 746 (1955) 
‘TR. J. Blin-Stoyle, Phil. Mag. 46, 973 (1955). 


18 Due to the nature of the two-body force which we use, the 
$+) state resulting from such a configuration will have a higher 


} 


excitation energy 


When the alpha cluster and the neutron is in a relative 


d-state motion, spin-orbit interaction should also be included 
It is obvious, however, that no reasonable spin-orbit force car 
possibly produce a relative minimum 
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Fic. 2. Interaction energy as a function of the separation 
parameter for the alpha-nucleon configuration with the choices 
a) n=2,l=2, (b) n=2, l=0, and (c) n=1,1=1 


state contains, at first, no contribution from the alpha- 
nucleon The which this state 
forms the unstable configuration determines the partial 
width for the alpha-neutron decay. A rough estimation 
indicates that this process is rather slow compared to 


configuration rate at 


the decay into a deuteron and a triton. Consequently, 
we ¢ hoose 
7 {> 


(TR)®o(D)x(Rrr— Rp) (16) 


The various con- 
stituents of the wave function are defined by 


to represent the state in question. 


(TR) =exp| 
| 


“Ev 


$,(D) —_ 


x(Rre— Rp) = RV in( R/R) exp(— 8R*) 


2, /=0. In the above definitions, 


Rrx, fpf, Ry, 


R Rrp ~Ry 


Rr, 


_e 
12%, 


A. The Normalization, Kinetic, and 
Potential Integrals 


Once again, we exhibit only the general form of the 
various integrals, with the details presented in Appendix 
I. Now, the normalization factor is shown to be 


v=5i f White) *Wodr, (21) 


y ¥ (523: 16 =W(563;12). (22 
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DI 


R 





analogous to those of Kq (9). Oon-—T 


wherein, at this time, the first slots describe a 
triton cluster and the last two positions pertain to the 


These definitions are 


three 


deuteron cluster. 
The 


kinetic ene rgy operator is some what more compli ated 


expression for the expectation value of the 


° 
N 


due to the extra variational parameter &; however, it 


°o 
an 


still can be subsumed in the form 


(Mev) 
° 
a 


(h?/2M)(2n8- 


T) 


yy 


2yi+y2)* 


° 
w 


2a°d Oa 20/08 28 0 dB) ilt 


° 
nN 


5!(h?/2M)[n(n+-1)—L(1+-1) |/ (1.2N?) 


«fo 


Finally, the potential energy is 


Interaction Ener 


°o 


2Witwe)*(1/ R*)podr. 


computed and leads 





to the expression 4 


Fic 
parameter | 


of Ohmura et 
In Eq 


definitions of 


valid. 


tf, SF 16 T 16F, 


EE 


3. Interactio 


. 


+ 
He®, 2 State 


y* 1.2 





—E 
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Separation Parameter x 


energ 


ye re asonably 
of 


nputational 


use the 





1.07 


SP og t+BF 6 t+4F 12) Wodr 


(5! v) fy *(w(4F 1 +8F; 
+b(3F is+4F, 


0.9 
$F \;)\Wodr, (24) 


12 


doe Ss not 


with F,; defined by Eq For this particular state, 
the spin-orbit potential 
Bartlett Hei 


part of the potential energy which multiplies 6. 


9 
® 


contribute, whereas 
th: 


the and forces contribute it 





SCT be rg 


° 
e 
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B. Numerical Analysis 


Here too, we obtain an expression for the total energy 


° 
uw 
r 


of the system from which we must subtract the internal 
energies of the clusters to obtain the interaction energy 
To this add the Mang-Wild result for 


triton cluster wl can be cast in the analytic 


Interaction Energy (Mev) 
°o 


° 
nN 


i sce as 


we the energy 
of a 


form of 


° 


Err= —8.48+8.60(1—1.41/y)? Mev, (25 


+ 
He5 . State 
y= 1.4 





1 I 1 
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wherein we have again shifted the curve corresponding 


to their result the correct triton rms radius 


this 


to optal 
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. Interact 
torm, the discussion 
However. 


rough agreement with 


energy For 


(14 


above expression is i 


and_ binding 


+} 


since the 


the 


following Eq. also applies 


results Phy 15 


parameter for 
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poses, we have further defined 


t= &/a. (26 
The deuteron cluster internal energy incorporated is 
that which is calculated with our Serber force of Eq. 
(7). The interaction energies as a function of x with y 
and z as parameters are plotted in the graphs of Figs. 
3, 4. and 5. The occurrence of the relative minima 
indicates the presence of a resonant state. We note that 
these minima occur at small values of x which corre- 
spond to a large separations between the clusters, thus 
accounting for the large interaction radius encountered 
experimentally. It should further be noted that these 
values of x correspond to a large deviation from the 
usual shell model picture. The graphs in Fig. 6 show the 
departure of the interaction energy from the shell model 
value (obtained with 8=a= 4) for several values of the 
width parameter y. We note that this energy difference 
is approximately 6 Mev. Finally, we have added the 
Coulomb energy which we have calculated without 
antisymmetrization ; this is a justifiable procedure since 
the clusters are so well separated. The resultant total 
energy thus obtained for this state in He® is —8.26 
Mev; the experimental value is — 10.63 Mev. At this 
energy, the variational parameters 0.15, 
y= 1.48, c=1.7. 

Also, we have determined the difference in excitation 
energies of the (3+) states in Li’ and He® and found 
it to be 0.12 Mev, which is the present experimental 
value.’ This latter difference is, of course, nothing but 
a Coulomb effect. 


are t 


IV. CONCLUSIONS AND DISCUSSIONS 


We begin by discussing the negative parity states 
The most obvious remark is that our results show that 
the (}—) state must have a large level width; as previ 
ously mentioned, this is in complete accord with the 
experimental situation. Also it should again be noted 
that 
resonant level other than the ground state and the 
first excited state. As for the difference between the 
experimental value and our theoretical prediction for 
the ene rgy of the (3- 


a neutron-alpha configuration can lead to no 


state, we should indicate that 
if we had used a wave function with a longer tail to 
describe the relative motion, our result would probably 
be improved. Also, it should be mentioned here that 
our simple Serber force is certainly not rigorously 
correct ; hence we must keep this in mind as a possible 
source of discrepancy. Moreover, the uncertainty in 
the spin-orbit potential restricts our making a more 
complete analysis; however, we anticipate examining 


Lif 


potential. With this information, we can then make a 


and re-examining Li’ to obtain an anchor on this 
more positive estimate of the energy of this state 

Of ($+) level at 16.69 Mev. 
Phe 


more interest is the 


nil 
resuit 


s of our calculation definitely show that this 


Ss 


OF He*® AND Lif 
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5. Interaction energy as a function of the separation 


parameter for the state in He® with y=1.6 


The over- 
estimate of the energy of this state is attributed to our 


level is a deuteron-triton configuration. 
rather poor choice of the deuteron cluster wave function, 
i.e., a simple Gaussian form. Using such a wave function 
to determine the binding energy of a free deuteron 
produc es in this ene rgy 


Mev 


an error of approximately 2 


However, if we use a wave function which is the 
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6. Interaction energy as a function of the separation 
parameter for the (4+ He*, showing the effect of de 
parture from the usual! shell-model calculation 


state 





230 PEARLSTEIN TANG, AND W 


sum of two Gaussians, the Serber potential then yields — energy is not the « ining the level width 
approximately the correct free deuteron binding energy. of a state 
We, therefore, anticipate that if we had used the more Another interesting point encoul in the study 
appropriate wave function, we would have eliminated of He® and Li? lies ir compari f the excitation 
the major portion of the discrepancy. Unfortunately, energies of the (3+ in this mirror pair. If the 
the inclusion of the extra Gaussian term would compli cluster structure of thes tes were the same as that 
cate the analysis to such an extent that we do not feel of the ground tate, would * that He 
that this extra work is warranted at the present time, would have the greater excitati energy—a situation 
especially so, since we can easily estimate the effect which does not occur experimer ly. However, if the 
he occurrence of relative minima in our calculation excited states were deuteron-triton (He*) configurations, 
| 


not only allows for a determination of an upper bound whit h is actually tl as the reverse would occur 


to the energies of the various states, but also permits Experimentally, it has n determined that Li® has an 
in estimate of the relative lifetimes of these excitation energy which is greater than that of He® by 


through an examination of the “tunnel ettect 4 ie 0.12 Mev the val wi! I we 1 V { In g 


results of such an investigation indicate that the width we would expect an 
5 


of the 


the ground state which is in agreement with the multiplets whenever 


+-) state is somewhat narrower than that of | contribution to the exci 


experimental situatior The obvious extension leads structure associated 
us to the presumption that changes in the cluster From this inve tigation, 
structure should be accompanied by abrupt change lation indicates a strong need for a departure from the 


in the level widt} hat is, if in a sequence of levels hell model. Such a departu in introduce great 
na given light nucleus, one finds that the tendency of changes in the energy 


ever increasing widths is suddenly interrupted by thi spectacular fashion ir 


} 


presence ol a much narrower one which 1s quite gener manner in the ; { 


tilly the case), it is presupposed that the appropriate this effect might be 
wave function has a completely different cluster struc relatively low excitatior 
ture which necessarily has a small transition probability levels in O'* and (¢ 
approximate 
: ; : 


trend of widths with changes in the relative motion manner of handling the hard core p f the nuclear 


to other configurations. One associates the systemati Finally, we like t 


among the clusters only. This latter grouping of states two-body force can only ustifi it the present 
was referred to as rotational levels in reference 2. This moment by the relative su f our calculations and 
Situation prevails i! , for instance, where we find our belief that sucl tura gj nl mportant 
that the first three ls, whose widths increase with in determinit g the 

excitation, can be described by merely changing the nuclei. Certainly, if one « 

relative motion.' However, at 16.08 Mev the first nuclei, such an approx 

narrow level occurs which, in our picture, should be valid. As has already bee 

described by an ; pha cluster and a broken up alpha probably would ceas¢ 

cluster. An analogous situation occurs in Li® as well A> 12; consequent] 


Hence, from this discussion we note that the excitation the hard core mi 


APPENDIX I 


In this appendix, we present the explicit evaluation of the expectation value of the Hamiltonian w! is given by 


E(a,8) = wenwedr / f vevas 


In general, we shall 1 to evaluate expressions of the form SvV'Obvdr opecil 


figuration which now consider, the terms which arise have the structurs 
* " 
V fo Opod: 


Yi*Opodr, 





or more explicitly, 


P 2 2 
Oo=4 | exp( >, vi aR?) RV i R/R)O(R; - + + r.p exp( - 
. 2 i=! 5 


<R*V R R)dRdr, pdropdr p, (A4) 


5 


where 4° is the Jacobian of the transformation from r, to rp derive the results gis Dy | \4) and (A5 
we made use of the definitions of Eqs. (3) and (9 

Che normalization factor can be obtained by setting VY equal to unity in Eq Integrating over 
the coordinates rip, Yep, and fsp, we finally obtain 


(A6) 


re no-exchange term 


and the one-exchange term 


L,(p J Rexp $pR2)| Vin (R/R) |%dRdQ, 


J uv (Pgs [Ree expl — §(pR"+¢R’-R+sR m(R’ ' . (A10) 


In Eq. (A8), the factor (4)* arises from the delta function in Eq. (A5 
Both J, and Jo. are rather elementary integrals and can be readily integrated by making use of the existing 
tables on Mellin transforms and Laplace transforms” to yield tt lowing « 


ng SSLONS 


u—3)(u—5)---, and oF; is the hypergeome 
\12), use is made of the expansion 


Sr 
exp(— $gR’- R)=44 > a. (- »'( ys 4 (4qR’R) V in* (R'/R’) Vim (R/R), 
.4qR’R 
where /,,,($gR’R) are Bessel functions of half integral order of the imaginary argument 2igR’R 
For the expectation \ ilue of the kinetic ene rgy, we have for 0 those operators which are expressed explicitly 


2A. Erdelvi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, 7a Integral Transfor McGraw-H Book Company, In« 
New York, 1954), Vol. 1, p. 146 and p. 334 
%W. Magnus and F. Oberhettinger, Function of Mathematical P) Chelsea Publishing par New York, 1954 
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in Eq (10). Inse riing them into Eq A4) and (A5), we then obtain 





h*? 1 h? n(n+1)—l(l+1 
(7 h?/2M )(2n8+ 38+ 9a 5 (¢ C,;)-—5! B B, Al4 
2M N? 2M 0.8.V? 
with 
rT i 17 16 17 
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Sar 15 i to 
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( 4 2ng3+ 33+ 9%a 1 . Ci [ n+O)a-+ A( 17/15)a+ 3. (16/15 a)\A \16 
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n—l+2 n y 5 
( ) ) 
B(B—a) gq’ 2 2 ; 1p 
A(p,q) = (2n+3) ( , ) A17) 
p + p* n—l n—l 2n+1 
rs( | , ) 
? ? ) Lp 
lo arrive at Eq (A16 , we have used the fact that in our case, (n—i n eve leger greater than or equal 
to zero 
Next, the expectation value for the potential energy operator as given by 1 11 btained | erting 
the appropriate functions for 0 into Eqs. (A4) and (A5); the results for the individ 
{ a 
ree—vf(2_)'s 
ay 2k 
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r* ! 17a+14A l6a+32X 17a+54d r ! 
| Zon ats, a, wts)4 | | 
a(3a+ 2d) 15a+ 10d l5a+10A 15a+10A al 23/25)a+$8+ 2A | 


25a? + 5 la8+ 2087+ 10d (7a + 58) 4002+ 4008+ 160aX 850? +-7 5a8+- 10 (27a4+- 58) 
a of ) 





230+ 203-+ 50d , 23a+208+50. ” 23a-+ 208+ 50d 


| ! a l7a + 1 4d 16a + 32d l7a + 5 4d 
- } » | (a—8)| Juul atp, a, w+) 
a(dat+2Xd) J 3a+ 2d 15a+-10A l5a+10\ 15a+10A 


17a+14d 16a+32A 17a+54d | 
Vas ( a+fp, a, +3) . (A19) 
15a-+10X 15a+10 | 15a+10X 


In the above expressions, the superscripts 0 and 1 refer to no-exchange and one-exchange, respectively. We 
like to point out here that Eq. (A18) also applies to the cases with n=2 and 1 QO, 2. while Eq. (A19) is only 
correct for the case with n=l=1. 

Next we turn to the deuteron-triton configuration, i.e., the (}+) state of He®. Using the previously illustrated 
technique, we obtain for the normalization factor the expression 


N 1o—2A)*+ A: (A20) 
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Luet(P,9,5) = fre exp[ — 2(pR’2+qR’: R+-sR*) |V in (R’/R’) Vim* (R/R)d R'dRAY dQ. 
Similarly, for the kinetic energy, we have 
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which the B’s and the C’s are defined by the following integrals 
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where the superscript 2 refers to the two-exchange terms 





0 N MBER 1 7 


rOBER 1 1960 


Atomic Masses in the Heavy Mass Region* 


V. B. Buanot,t W 


H. Jonnson, Jr., anv A. O 


NIER 


School of Physics, Unsversity of Minnesota, Minneapolis, Minnesota 
(Received May 19, 1960 


A six-inch double-focusing mass spectrometer has been em 
ployed to determine 61 mass doublets in the region of gadolinium 
rhe present results and other Minnesota mass data have 

com} with 


to gold 


been vined nuclear reaction, 8-decay, and a-decay 
order to construct a mass table for more than 200 
radioactive isotopes in the region trom samarium t 
radon. Total atomic binding energies as well as nucleon separatior 
and pairing energies have been computed, 

Che present data confirm with greater detail the previously 
reported anomalies in the nucleon separation and pairing energies 
in the regions around 90 neutrons and 116 neutrons. The proton 


pairing energies are found to show rather pronounced “maxima” 


energies if 


table anc 


wherever possible 


INTRODUCTION 
HIS paper pre sents the results of some mass 
measurements, made with a six-inch double 


focusing mass 
The 


vestigations 


spectrometer, in the region of gadolinium 
study is an extension of the recent in 
made this spectrometer in the 
heavy mass region. A total of 63 doublets are reported 
here. By combining these results with the 32 doublets 
of Johnson and Bhanot,? a mass spectroscopic value 
may be determined for the mass of almost every stable 


1o gold 
with 


nuclide in the region of gadolinium to gotd. No previous 
mass spectroscopic masses are available for five of these 
elements, terbium, thulium, lutetium, rhenium, 
and iridium. The only previous value for gold is an old 
value due to Dempster.’ In the case of even-Z elements, 
no previous mass doublets were available for Gd 
Dy, Dy", Er'®, Yb'* Yb!" Hs W'* and Os'™. 
A mass table for more than 200 stable and radioactive 
isotopes in the region from samarium to radon is con- 
structed from these results and other Minnesota mass 
data, in combination with Q values, beta-decay ener- 
gies, 
exist between the mass spectroscopic results and the 


viz., 


and alpha-decay energies. Where disagreements 


( values and decay energies, various somewhat arbi- 
trary adjustments have been made to minimize or 
eliminate the inconsistencies 


MEASUREMENTS 


Virtually all mass determinations by the 


spectroscopic method employ the doublet technique 


mass 


lO! 


In this technique, the mass difference between an 
* This 
Office of 
mussion 
+Now at Department of 
Chandigarh 3, India 


research was supported by the joint program of the 


Naval Research and the U. S. Atomic Energy Con 
University 


Physics, Panjab 


'W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 105, 1014 
1957) 
?W. H. Johnson, Jr., and V. B. Bhanot, Phys. Rev. 107, 1669 
1957 

\. J. Dempster, Phys. Rev. 53, 64 (1938); 53, 869 (1938 
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around N=88 and N=116, a behavior similar to the previously 
reported behavior of neutron pairing energies. The nature of the 
discontinuities in these two regions does not appear to follow the 
patterns found at major shell closures but seems to be caused by 
a change in the nuclear structure in these regions. It is known that 
such a change is indicated also by other nuclear properties. 

Major discontinuities connected with the shell closures at Z = 82 
and N=126 are brought out in greater detail than has previously 
heen possible 

The mass data have also been employed for the study of isotopic 


assignments for several nuclear reactions in this region 


of unknown mass and a neighboring ion of known mass 
is determined. With this mass difference the mass of 
the unknown ion may be calculated in terms of the 
known mass. 

Hydrocarbon molecular or fragment ions serve as 
convenient known masses because they exist at practi 
cally every mass number and because the masses of 
C" and H! are precisely known. Use of hydrocarbon 
ions, however, has one serious disadvantage. When 
using the hydrocarbon ion C,,"*H,', the rare (abundance 
~1%) isotope C™ introduces a fragment C,,_;"C"H,_,' 
which has almost the same mass as C,,"*H,'. In most 
mass spectrometers used for mass measurement the 
sufficient in the light mass region to 
resolve the C,,""H,! ion from the C,,;2C"H,_,'. This 
may not be the case, however, in the heavy mass region. 


resolution is 


It is possible to overcome this disadvantage by a cor- 
rection procedure if the intensity of the C™ satellite is 
small. 

The mass spectrometer used in the present measure- 
ments has been described previously.4* It has the 
property that the mass of the ion collected is propor- 
the resistance of a circuit element which 
determines the electric fields in the Ex- 
perience has shown that the proportionality is accurate 


tional to 
instrument. 


over a wide range and thus ions differing in mass by 
as much as several percent may be accurately com- 
pared. The ability of the mass spectrometer to measure 
wide doublets has been utilized previously'* to deter- 
mine the mass differences between isotopes of the same 
element differing by one mass number. These “isotopic 
doublets” were then employed as consistency tests for 
atomic masses determined with hydrocarbon doublets 
and also to determine neutron separation energies and 
pairing energies. 


* A. O. Nier, in Mass Spectroscopy in Physics Research, National 


Bureau of Standards Circular No. 522 (U. S. Government 
Printing Office, Washington, D. C., 1953 

‘A. O. Nier, in Nuclear Masses and Their Determinations 
Pergamon Press, London, 1957). p. 185 
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In the investigation, the measurement of 
isotopic doublets has been extended to isotopes differing 
by two mass numbers. By this extension, one can 
measure the mass differences between all of the stable 
isotopes of an element. 


present 


The masses of all of the stable 
isotopes of an element may thus be determined by the 
measurement of the mass of any one isotope of that 
element by means of a hydrocarbon doublet, 
masses of the other isotopes can be 


since the 
calculated from the 
isotopic doublet differences. Fortunately, hydrocarbon 
ions having small C" corrections were found for at 
least one mass number for practically every element in 
the region under consideration. 


RESULTS 


lable I lists the hydrocarbon type of doublets and 
the mass differences obtained. of the last 
Table I, Au’? was compared with an 
isotope of mercury. 


In the case 
two doublets of 
The error quoted for a particular 
doublet is the square root of the sum of the squares of 
the various contributing errors. These contributing 
errors include the errors resulting from resistance cali- 


bration uncertainties, the standard error of the 


mean 
of the runs taken and an error equal to the correspond- 
satellite This latter effect 


was never a major source of error since, as mentioned 


ing C! correction, if any. 


Taste I. Mass doublets in which mass of one member 


is known from other data 


Doublet* AM in mmu®°* 


Ci,HioN — Gd" 159.14+0.12 
C8C,H2:0—Tb' 245.61+0.11 
Cy2Hig—Gd'™ 198.11+0.09 
Ci:2Hise— Dy 200.40+0.11 
Ci2Hig— Dy'® 214.44+0.09 
4Ho'®*— C,H 387.10+0.10 
C;H;F,—Er'* 116.37+0.08 
CeHi2—4$Er'™ 127.78+0.05 


4T'm'®— C,H, 373.39+0.05 
‘12Has— Yb! 268.75+40.07 


\H;0,—4Yb!™ 75.09-+40.04 
‘y3H),—Lu!' 207.21+-0.16° 
sHsO2.—4Yb""* 81.07+0.07 
13 wHyy, \ b! © 209.36 +0 06 
‘’C\2H,,—Hf'"* 210.31+0.04 

we 123.75+0.04 


125.15+0.04 
sHeN — Re 261.83+0.08 
; 263.49+0.13 
264.33+0.18 


t4H ap — Os™ 213.77+0.10° 
NC, Blo — Is 216.15+0.194 
H.. 4Pt 96 127.18+0.06 
He'* — Au? 1000.27 +0.08 
Hg — Au” 2002.33+40.20 


* Throughout this paper C, H, N, O, a 
F, respectively 

» Throughout this paper all nm 
the basis O'* = 16 exactly 

* All calculations in this pap arried out with more significant 
figures than are indicated by the magnitude of the error. Results listed in 
many tables have been rounc led off to conform with the size of the error 

' These doublets were not employed for the calculation of masses listed 
in Table VII. The nuclear dean available at present indicate that these 
may be incorrect by 0.5 mmu to 1.0 mmu. See Appendix for details 


id F refer to C®, H', N™, O"*, and 


asses oF 


ass differences are calculated on 


have been « 
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TABLE II. Mass differences obtained for isotopic doublets 


Results (amu)* Adopted values 
Doublet Present Previous' amu) 
Kr® —Kr® 0.997 684+ 45 
Xe? — X eis! 0.999 3944 50 
Gd'* —Gad'* 2.001 740+ 90 2.001 7402 80 
Gd'*s —Gd'* 1.002 149+ 00 1.002 099 + 40 
Gd'* —Gd'* 0.999 899 + 60 0.999 849+ 40 
Gd"? —Gd'* 1.002 155+ 45 1.002 196+ 60 1.002 1552 40 
Gd'* —~Gd" 1.000 4754 45 1.000 535+ 60 1.000 4752 40 
Gd'* —Gd'* 2.002 630+ 90 
2.002 636+ 90 ?.002 731 +120 
Gd'*® —Gd'* 2.003 619+ 90 2.003 619+ 80 
Dy'** —Dy'™ 2.000 837 +100 2.000 837+ 80 
Dy'*® —Dy'* /.001 503 +100 2.001 503+ 80 
Dy'® —Dy'* 1.002 100+ 60 1.002 050+ 40 
Dy! —Dy'* 1.000 208+ 60 1.000 158+ 40 
Dy'® —Dy'* ? 002 201 +100 2.002 308 +120 
Dy" —Dy'* 1.002 2644 60 1.002 2144 40 
Dy'* —Dy'* 1.000 7944+ 60 1.000 7442 40 
Dy'® —Dy'® 2.002 964 +100 2.003 058 +120 
Er'™ — Erie 1001 1454 94 2.001 1454 80 
Eri#* —Erié 001 795+ 90 2.001 795+ 80 
Eri#? —fytee 1.002 0624 60 1.002 052+ 40 
Fri#* —Fri* 1.000 6532 60 1.000 643+ 40 
Eri#s —ky'* 2.002 695+ 94 ? 002 715 +120 
Erie — fries » 003 758 + OS 2.003 758+ 80 
Yb'"*-—Yb'" 2.001 617 + 90 2.001 6272 80 
Yb Vb 1.001 884+ 60 1.001 8742 40 
Yb'?—Yb 1.000 397+ 60 1.000 3872 40 
VYb'? —Yb 2.002 2544 93 OO2 281 +120 
Vb!" —Yb 1.002 177+ 60 1.002 167+ 40 
Yb'™—Yyb'™ 1.000 976+ 60 1.000 9662 40 
Yb'* —Yb 2003 117+ 90 ? 003 153 +120 
Yb'™*-—Yb'™ 2.004 3324 90 2.004 342+ 80 
Lu!?* —Luy!"4 1.002 256+ 56 1.002 256+ 60 
Hif'"*—H 2.002 123+ 90 2.002 123 +100 
Hf! Hi 1.002 158+ 50 1.002 252+ 60 1.002 158+ 50 
Hf'"* —Hf 1.000 810+ 50 1.000 880+ 60 1.000 810+ 50 
Hf” —Hyere 1.002 427+ SO 1.002 358+ 60 1.002 4272 50 
Hee —Hp 1.001 089+ 50 1.001 1332 60 1.001 089+ SO 
wie wie 1.002 156+ 93 2.002 136+ 80 
wis —wie 1.002 298+ 48 1.002 237+ © 1.002 2882 40 
wis wie 1.000 984+ 47 1.000 996+ 60 1.000 9744 40 
wie — wie 2.004 003 + 90 2.003 983+ 80 
Re'®? —Re'*s 2.003 368+ 90 2.003 368+ 90 
Os!#* —Osi™ 2.002 018+ 90 2.002 018+ 80 
Os'#? ~Ogi** 1.002 1262 60 1.002 1362 40 
Os! #4 —Oo!* 1.000 3142 60 1.000 324+ 40 
Os! —Ogi™ 2.002 474 +100 002 440 +1206 
Os! —Oci** 1.002 535+ 60 1.002 5454 40 
Oat? —~Oni® 1.000 523+ 60 1.000 5334 40 
Ont? —Ogi™® 003 052 +100 003 O58 +120 
Ost®? ~Ogive » 003 485 +100 003 4852 80 
Ir? —Ir™ 1003 O17 4 O4 2.003 000 +100 
Prom — Pe O02 178 +120 002 178+100 
Pres —Pr 1.002 4464 60 1.002 446+ 40 
Pre Prive 1.000 480+ 60 1.000 4804 40 
Hg'** —Hg'** 1.001 814+ 60 1.001 824+ 40 
Hg™® —Hg"’* 1.000 315+ 60 1.000 3254 40 
Hg™* —Hg'** ?002 15642 90 ?.OO2 129 +120 
Hg™ —Hg® 1.002 259+ 60 1.002 269+ 40 
Hg™ —Hg™ 1.000 642+ 60 1.000 6524 40 
Hg? - Hg 2.002 9444 90 OO2 9O1 +120 
Pb” — Pb 1.001 7422 60 1.001 7422 40 


Pb? — Ph 1.001 070+ 60 001 070+ 40 


* Throughout this paper, whenever asses are given amu 
refer to the last significant figure of t art ar res 
© See reference 2 
These double mass units are calculated va btained by adding the 
two single mass units given ediately above the respective columns 


earlier, the comparison ions employed in the 
work were selected to have small ¢ satellites. 

Table II lists the isotopic doublets measured and the 
mass differences obtained. Also listed are the values 
reported earlier by Johnson and Bhanot.? The pro- 
cedure for the calculation of the listed errors is the 
same as the one employed for the doublets of Table I. 
However, as pointed out before. 
errors in the case of 
sistance calibration uncer 


present 


the predominant 


isotopic doublets arise from re- 
tainties 


work at Min- 
methods employed to test the 


In all precision mass determination 
nesota, one of the 
accuracy of the dispersion relation for the mass spec- 


trometer has consisted in the determination of what is 
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known as a hydrogen mass unit. These mass units are 
wide doublets of the type C,.H,—C,,H.«-;, the mass 
difference being that of the hydrogen atom. The 
average value of the hydrogen mass units determined 
during the present investigation is 1.008 17+5 amu, 
which is in good agreement with the carefully deter- 
mined value of 1.008 145142 amu.® For a similar 
purpose, isotopic doublets of krypton and xenon were 
also determined several times during the course of the 
present work. The results are included in Table IT and 
compared with other Minnesota values in Table III. 
The present value for the krypton mass unit is in ex- 
cellent agreement with the very precise values of Ries.’ 
The present value for the xenon mass unit is in excellent 
agreement with the value of Johnson and Nier' as we!! 
as with the very precise value of Damerow.* These 
comparisons indicate that the error, if any, in the 
dispersion relation employed in the present work is 
well within the limits set by other experimental errors. 

The good agreement, in general, between the newer 
and older values for the isotopic doublets, listed in 
Table II, gives further confidence in the extensive use 
doublets. There is 
between the two sets in the case of gadolinium and 
dysprosium, but the disagreement is not bad. The 
newer values are considered more reliable and more 


of isotopic some disagreement 


accurate. 

For the older data, hafnium oxide was employed as 
the source of hafnium ions, whereas metallic hafnium 
was used in the case of the newer data. Ion intensities 
were quite poor in the former case. For this reason, 
all single mass units were redetermined as a part of 


TABLE III. Comparison of some of the present isotopic mass 
differences with other available mass spectroscopic results 


Other results 
mmu 


Other Minnesota 
values (mmu) 


Present results 


Mass difference (mmu 


Kr’ —Kr®—1 2.316 +0.045 2.317 +0.010* 
—2.23 +0.07' 
Xe" —Xe# —1 —0.606 +0.048 0.61 +6.01¢ 
—0.59 +0.074 
—0.7 +0.4 
Hg'** —Hg*** —1 1.834 +0.040 1.795 +0.013' 1.86 +0.09" 
1.816+0.011« 
Hg —Hg'”* —1 0.325 +0.040 0.425 +0.009! 0.33 +0.07* 
Hg™ —Hg™ —1 2.269 +0.040 2.281 40.012! 2.66 +0.08" 
2.297 20.0118 2.2420.14 
Hg™ —Hg™ —1 0.662 +0.040 0.652 +0.011' 0.39 +0.08" 
Hg™ —Hg™ —2 3.483 +0.012! 4.09 +0.07" 
3.487 +0.022« 
Pb*™ —Pb™ —2 1.993 +0.015' 1.88 +0.08" 
Pb* — Pb —1 1.742 +0.040 1.766 +0.013' 1.34 +0.09" 
Pb —Pb*’ —1 1.070 +0.040 1.084 +0.013! 1.09 +0.08" 


* See reference 7 

> T. L. Collins, W. H 
(1954). 

© See reference 8 

4 See reference 1 

*R. E. Halsted, Phys. Rev. 88, 666 (1952) 

! Derived from the hydrocarbon mass doublets of reference 9 

€ Isotopic doublet of reference 9 

» See reference 10. The values for C"* and H' were taken from reference 12 

See reference 11. The values for the mass of the lighter compunent of 

the mass doublet were taken from reference 12 


Johnson, Jr., and A. O. Nier, Phys. Rev. 94, 398 


*K. 5S. Quisenberry, C. I 
107, 1664 (1957) 

*R. R. Ries (private communication, 1959). 

*R. A. Damerow (private communication, 1959) 


Giese, and J. L. Benson, Phys. Rev 
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Taste IV. Mass differences derived from isotopic doublets of 
Table II compared with similar mass differences derived from 
doublets of Table I 


Value derived from Value derived from 


isotopic doublets doublets 
of Table II* of Table I* 
Mass difference (amu) (amu) 

Gd'® — Gd" 4.006 254 & 4.006 19415 
Dy'®— Dy'® 2.002 214 6 2.002 254-14 
Er — Erl#? 1.000 644 6 1.000 57412 
Yb'*— Yb!” 4.005 39+ 8 4.005 57411 
Yb'"s— yb!" 2.004 344 6 2.004 30410 
w's—w'= 1.002 294 4 1,002 274 5 
wis_ wie 4.007 24410 4.007 41414 
Hg'” —Hg™ 1.001 834 4 1.002 064-22 


Ihe errors refer to the last significant figure of the particular result 


the present work. The newer values disagree with the 
older values but in no case by more than the combined 
error for the two sets. The newer values are considered 
more reliable. 

On the basis of the two sets of data and the con- 
siderations given above, a “best” value was adopted 
for the mass differences between neighboring stable 
isotopes, wherever possible. Some of these adopted 
mass differences are compared in Table III with the 
other mass spectroscopic results. The agreement with 
the very precise values of Benson et al.® is excellent, 
except for the case of Hg’”—Hg'™. Even here, the 
discrepancy is not very large. The agreement with the 
values reported by Demirkhanov et al." and by Kerr 
and Duckworth" is not as good. 

In Table IV, a comparison is made, wherever possible, 
between some mass differences derived from the adopted 
values of isotopic doublets with similar mass differences 
derived from the hydrocarbon types of doublets of 
Table I. It is seen that the two sets agree in all cases to 
within the “sum” of the corresponding errors. Not all 
the doublets of Table I could be compared in this 
manner. This comparison indicates, however, that the 
systematic errors in the data reported in Table I are 
not large. 


MASS TABLE 


A table of atomic masses is a very valuable tool in 
the field of nuclear physics. Many such tables’*-"* have 
been prepared in the past. The region from gadolinium 


*J. L. Benson, R. A 
113, 1105 (1959) 

“R. A. Demirkhanov, T. 1. Gutkin, and V. V. Dorokhov, J 
Exptl. Theoret. Phys. (U.S.S.R.) 35, 917 (1958) [translation: 
Soviet Phys.—JETP 35, 639 (1959) ] 

"J. T. Kerr and H. E. Duckworth, Can. J. Phys. 36, 986 (1958). 

"W. H. Johnson, Jr., K. S. Quisenberry, and A. O. Nier, 
Handbook of Physics (McGraw-Hill Book Company, Inc., New 
York, 1958), Part 9, p. 55 

4H. E. Duckworth, in Progress in Nuclear Physics (Pergamon 
Press, New York, 1957), Vol. 6, p. 138 

“VY. A. Kravtsov, Uspekhi Fiz. Nauk 65, 451 (1958). 

*A. H. Wapstra, Encyclopedia of Physics, edited by S. Fitigge 

Springer-Verlag, Berlin, 1958), Vol. 38, Part 1, p. 1; see this 
reference for a list of previously published mass tables. 


Damerow, and R. R. Ries, Phys. Rev. 
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laa_e V. Some new and corrected mass differences derived | 
yresented 


* to leat owe has I 
from reaction, beta-decay and alpha-decay data mae, Rewever, has been 


rel 
wie 


es. Ma 


rather poorly 








Adopted value 


in all previous mass tabl 


as nuclear data were sparse in the 


sper tros¢ opi as well 


the case of these elements 


Mass differenc: mmu) ~~ and wherever available were, relatively speaking, less 
ape re ia e anc cc 7 t aur . ne he 

a aenmaas : liab] ar 1 le accurate ‘By ombining the doublets 
Sm45— Pm" 0693-415 - reported in this study with the isotopic mass units of 
I us Sms 200 + 2 b Johnson and Bhanot, now possib e to determine 
Eu!” — Gd!# 1.94 + 2 b | t ll stab! ' | 

Gd! —Sm"*—4 188 4.10 Fig! a mos a stable atom masses tor the eiements 
Gd" Sm's 0060-415 os gadolinium to gold. Many new alpha-decay, beta 
on “ui 0.873 ) f rae an } ‘ , x ; 
gy om ).873-+ 20 decay, and nuclear reaction Q values in this region 

ee « 2.116+10 g have al ] } 

Gd'*®—Th'* 1.015410 h nave a so recently become available. It was, therefore, 
rb'— Th — 1 0.225450 considered worthwhile to prepare a new atomic mass 
lh” rh — 1 At) : i? 

2 + 4 } table fe h stabl ind radioact I thi 
rb! — Dyie 0.623420 | for both table and radioac Ve uciel in thi 
Dy! — Ho! 1.37 + 1 region. In order to provide continuity with the trans 
ee os 2 O09 + § : lead region and for the yurpose of providing some 

p65 is 1 099 c | ee 

29 + se 1 the ibly magi f 
Dy! — Hol 0.26 + 3 masses beyond the doubly magic isotope of Pb 
Ho! — Ho! | 2.33 +43 | isotopic masses for the elements bismut! polonium 
Ho!* — Er 1.9754 5 astati 
1 754 astatine, and radon have also been « ' 

Pm!” — Tm!* — } 0.39 + § i imilk } ad fac oo in 
Lu Lu!™4—] 0.64 + 5 x simi ar reasons the isotopic masses of the elements 
Reis wis 314 +10 - samarium and europium are also included 
la'*!— Tai” — | 0.74 5 : 
sg : 7 In a project of this nature, it not unusual to run 
Os — [rm 0.3364 2 into difficulties because of compat bilitv of input 
Os! — Ir! 1.1924 10 r data, since values from several differ ources have 
dy 198 lv 4 4 cei 
Pt Ir 005 + § | to be employed severa consistence ver 1} 1 
Ay? Ay 1 0.397 +56 Ss a ee 
Au™ — Hg™ 2.42 +10 t when comparisons were made betwee litferent values 
>} 204 " "7 
om - H 6.72 +10 u.d for the same mass or mass difference. An atte mpt was 

gs” ad 1.72 +15 v i 

= 2 . . } lot 
Ph»? phe 7544.21 made to examine each cast yme detail in order to 

1748-432 s locate the more likely sour Mf discrepancy. In most 
Po®? — Bi 3120+ 9 f ae , 

Pb™* — Pb®?— 1 10902 32 ‘ . the cases, more than one experimental value seemed 
Ph — Pps 1 4761421 : likely to be in error. To resolve the discrepancies, 
3j21 }206 S » t ‘ . r 
nee 4 = 4 : = +60 z omewhat arbit rary selection ol data has been made and 
2! 0 | 
+1 aa not too large but arbitrary djustments have been 
employed General 1er zed for this 
H. ¢ " and R. J. Ke PI Re purpose are listed be wv 
Me M. Goldhaber, P1 Rev. 112, 1908 Except for the ne ies listed Table V, the 
Naturfor 14a, 196 (1959 nuclear data are ike Irom the € ellent compila 
109, 1014 (1958 tions’® that have recently b me able. O values 
R. G. Helmer, and R. M. Woods, J P ] ; a 
Phy marked as doubtfu e compilations were not 
R le Sercace, P : 
107, 1621 (195 vada D. E. Sarason, Phys. Re employed In the case beta-decay energies, King'* 
bS. S. Malik, N. Nat nd C. E.M i PI r ; : 3 oo -~ 
‘ Rev. 112. 262 (195 > < ] >} t } 
S : ~~ = K K re kK Ca | Phys 36 ‘07 cone - well ” Lidotsky ed ‘or a y Cases 8 ower 
i. B. Gove W. Her n. a Rociad. imit ; 1] n upper t 
112, 489 (1958 Dill R. A. Becker, Phys. Rev limit as well as an uppe Whenever the difference 
I = . yet x L. Mack J. H. Gibt " P. D. Miller, Bull. A between these limits was less than 100 kev an average 
989 ceV an ¢ ag 
~ . oo ate weig ge e tw given by King'* was arbitrarily taken e beta-de energy There 
EP Cra ie ¥ We. thereat ant kt © Ges Sek be 8 were only a few such cases. These are ed in Table V 
S 4, 292 (1959 . 7 ? ai aU 
This 0. slue a " —s idk. aia deta Seen alee Rien In general, beta-ce y ¢ rgies we! ynsidered as 
ng and at ( Phy 3 S 9S " ly ] % ¢ in ¢h . ‘ . } 
BR . Haldar and E.O. Wie |} ~ mS Go. more reliable excep e trans-thallium region wher 
aS Nablo, M. W Art , tor! . lu ait lect 
V. Nablo, Be. \ R. H. Good Ca alpha-decay Q values well-established isotopic 
V. S. Dubey. S. S. Ma ' Sc} ’ — . ™ 
Rev. 111, 990 (1058 { M " \. Muke P} a: ignment were considered ¢ v reliable Con- 
‘TI s weighted average © give efere 4 ore sideration was given to the fact that for several nuclear 
* B. Burson, ]. M. Cor and W " " named : wet doubtful an that u tall i e Tre] te ‘ lu 
Report ANL-5140, 1953 (unput _ Argonne National Laborat d At in Certal ported Q values 
*M. T. McEllistre H Ma D. W. 
Phys. Rev. 111, 1686 (195% capnadunaiaieaiines 6D. M. VanPatter and W. WI Revs. Modern Phys. 26 
: ». Ad'yasevich, I Groshev, and A. M. De 5. Meal 402 (1954 : een 
ihe nieren f 3 " : oe : = : 
th bee y* nce the Academ Sciences of the S.S.R. om the Peaceful 17D. M. VanPatter . 
toms eee Be aan Abads a Nauk SSSR ee M anPatter a w.wWw Re Mode I s. 29 
M yscow, 1955) Tra by ¢ tants Burea New York: Aton 57 (195i 
ergy Commission Re TR-2435, 1956 270 ' =_— is r cing. R : 
E. Arbman, J. Burde i T. R. Gerhol Arkiv Fysik 13,°501 (1958 9 ea hor - bag ehggs " a, 3 —e 
* Bi®°(2.6 X10*yr) has been arbitra sice : L. J. Lidofsky, Revs. M PI 29 3 (1957 
n the 5.0 ; a ee . 
an the $ 0-day te el of B D. Strominger, J. M. Holla r, a G. T. Seaborg, | 
l giver I fsk een a ‘ Modern Phys. 30, 585 (1958 
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may not represent ground-state transitions. It should 
pe pointed out that the procedure followed here is 
somewhat similar to the 


Wapstra’® 


pre Xt edure followe d by 


in the intermediate and heavy mass regions. 


Steps for Calculations of the Mass Table 


\. As a first step, a table of unadjusted mass spe 
troscopic masses for stable isotopes was prepared. This 
was done in the region from gadolinium to gold by 
adopting for each element, except tantalum, one of 
the isotopes of that element as a reference. The masses 
of these selected isotope Ss were computed by combining 
adopted isotopic mass differences of Table II 
each doublet listed for that particular element in Table 


with 


[. These calculated masses are given in the second 
column of Table VI and will be referred to as Minnesota 
values. For these calculations, the following secondary 
standard masses, listed in amu, were employed: H’, 
1.008 1451+2; C”, 12.003 8156+4; C™, 13.007 4900+.9; 
N", 14.007 525743: and F"*, 19.004 4431+ 24. 

\ similar procedure was adopted wherever possibl 
lor pre vious mass spectroscopic listed by 
Duckworth et al These values are given in the 
fourth column of Table VI. Doublets determined before 
1950, except those for the ytterbium isotopes, have not 


doublets 


been included because the associated errors are rather 
large. Wherever necessary, the masses of the lighter 
isotopes in these previous mass doublets were taken 
from the mass table of Johnson et al."* The values in 
the fourth column for a particular isotopic mass are 
seen to have, in general, a spread of more than one 
milli-mass-unit and are on the average lower than the 
corresponding Minnesota values listed in the second 
These latter values are more 
reliable. Accordingly, the preliminary table of stable 


atomic 


column. considered 
masses was based only on the unweighted 
averages of the Minnesota values listed in the second 


column. combined with the 
adopted values given in Table II in order to prepare 


the aforesaid mass table. 


These averages were 


B. As a second step, adjustments were made in this 
preliminary mass table on the basis of a comparison 
with the nuclear data. This was done by adjusting the 
reference masses that were employed in step A. The 
details of the adjustment are given in the Appendix 
The adjusted values are given in the third column of 
Table VI. This procedure ensured that the adopted 
mass differences of Table Il were not changed. Only 
the data of Table I are adjusted. This procedure was 
employed for several reasons. First, doublet values of 
rable 


errors associated with the isotopic mass differences of 


Table II. Second, the doublet 
more subject to 


doublet 


S) stemati 


Fable II 


errors then the isotopic 


values of rhird, as new, more re 


1H. E. Duckworth, B. G 
Modern Phys. 26, 463 (1954 


Hogg, and E. M. Pennington, Revs 


I have errors that are much larger than the 


values of Table I are 
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laser V1. The present experimental values, the adopted values 
and the previous mass spectroscopic values for the mass of the 


reference” isotopes 











Present Adopted Previous mass 
values* values* spectroscopic results* 
Isotope amu) amu Mass (amu) 4,4 mmu 
(dais 155.971 81412 155.97142420 155.971 87422 +0.45 
155.971 75413 155.971 530440 +0.08 
155.971 84422 +042 
155.970 90422 —0.52 
155.971 72424 +040 
rt 158.975 41410 158.975 41415 
Dy" 161.977 91412 161.97793418 161.977 1+ 8 0.8 
161.977 95+ 9 161.977 14 6 OR 
161.976 44 8 —1.5 
H ‘ 164.982 89 4?1 164.982 70415 164.981 54 9 1.2 
Erie 167.985 774 8 167.985 85415 167.986 44 4 +0.55 
167.985 70410 167.984 24 3 1.65 
167.985 &+ B& 0.05 
| e 168.988 06 +10 168.988 06 +15 
173.994 20411 173.99432410 173.983 0426 11.3 
173.994 38+ & 173.980 9424 13.4 
173.994 36416 
173.994 34410 
I ‘ 175.999 41417 175.998 79415 
H 175.997 724 4 175.99772410 175.993 14 8 46 
175.996 7+ 6 1.0 
175.990 62 & 7.0 
175.996 44 6 1.3 
175.997 14 6 0.6 
175.997 &+ 6 +0.1 
175.996 342 6 14 
183.008 29+ 6 1&3.008 ) 10 183.006 34 8 2.0 
183.008 274+ 4 183.006 24 6 Z.1 
183.008 46416 183.006 8+ 4 1.5 
183.007 424 8 o9 
183.006 44 6 19 
183.007 14 4 1.2 
183.004 84 9 3.5 
Reiss 185.011 40+ 8 185.011 40415 
Ogi 186.012 58+18 186.012 58420 186.014 34 9 +1.7 
186.013 30+10 186.013 64 9 +10 
186.013 1+ 6 +0.5 
186.015 64 7 +30 
186.012 9+ § +0.3 
Ir 191.020 14419 191.021 19430 
Pr 196.027 12412 196.027 12415 19630 94 6 +38 
196.027 92 4 +08 
196.026 7+ 6 o4 
196.025 8+ 3 1.3 
196.029 14721 +20 
196.029 44 6 +2.3 
Au 197.029 42+ 8&8 197.029 29410 
197.029 16 +20 
I loublet of Table I as loyed in combination with the 
¢ a lifference Table II for obtaining a mass for the 
elerence e of th ur ilar element he ssees have been listed in 
the same order as that used in Table I for lis wresponding doublets 
The values in this colt 1 have beer 1 the basis of a com 
arison between the present " pectroscoy values and the nuclear 
“aC h and decay energies available in this region. Several somewhat 
rary adjustments |} to be employed in r to minimize or eliminate 
the inconsistencies between the ts. Dets are given in the Appendix. 
The quoted errors may be cor as standard error The linit of error 
is estimated to be three times the quoted error 


asses listed in this colu have been 


M alculated by employing the 
data of Table II and the pre 


joublets compiled in the 








review article of Duckworth et al eference 21). Doublets published before 
1950 were not employed, except those for the ytterbium isotopes. The 
asses for Zr*, Zr, Ru**, Ku®*, and Ru** are not known and the mass 
lifference Pt'* —Pt'* was not determined in the present study. For these 
two reasons, three doublets for osmium isotopes and three doublets for 
atinurn topes ld wt be employed. Except for these omissions, all 
relevant doublets | n rence joyed. The masses are 
ted in the sare tha the loublets in reference 21, 

4 stands for the previous mass s ss minus the adopted 





liable, and more precise atomic masses become available 
for some stable isotope s in this region, a simple revision 
of the mass table, in the form of suitable additive 
factors at the appropriate places, may become possible. 

( As a third step, these Minnesota values of the 
atomic masses for the elements from samarium 
to lead, adjusted in a manner explained in the Appendix, 


were combined with nuclear Q values for the purpose 


stable 


of computing masses for a large number of radioactive 
nuclides as well as for a few stable nuclides. The “paths” 
and 1(b), except for 


employed ire shown in big l(a 
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Fic. 1. Nuclear reaction, beta-decay, and alpha-decay paths 
that were employed to calculate atomic masses of the radioactive 
isotopes and the ‘‘stable’’ isotopes Lu'’*, Ta’, Ta™!, and Pt'” 
Solid circles indicate the ‘‘stable” isotopes. Open circles indicate 
the radioactive isotopes 


bismuth. These 
omissions are for the isotopes of polonium, astatine, 


some omissions in the region above 


and radon whose masses could be computed directly 
by combining alpha-decay energies with the masses of 
the nuclides included in Fig. 1. 

The Sm'(y,n) threshold of Silva and Goldemberg™ 
and the Ho'®(y,2m) threshold of Gove et al.* appear to 
be incorrect. The masses of Ho'®, Tb’, Eu’, and 
Sm'*, calculated by employing these two Q values, 
have been re jec ted 

The mass of Pt'®*, the only remaining stable nuclide 
in this region, could not be computed in the manner 
described The mass spectroscopic value for 
Pr from the doublet 4Pt—Zn® of 
Duckworth et al.** appears to be too low by more than 
3 mmu and was therefore rejected. For the sake of 


above. 
derived 


completeness, an estimated mass of Pt'* has been 
included. This was calculated from that of Pt'*? by 
using an estimated value for S,(Pt'). 

In the region beyond lead, several ‘‘cycles,”’ each 
comprised of two alpha decays and two beta decays, 
as they should. It became necessary to 


resort to somewhat arbitrary selection of data in these 


do not “‘close”’ 


cases. 


* FE. Silva and J. Goldemberg, Nuovo cimento 3, 12 (1956) 

%N. B. Gove, R. W. Henry, L. T. Dillman, and R. A. Becker, 
Phys. Rev. 112, 489 (1958 

™H. E. Duckworth, H. A. Johnson, R. S 
Woodcock, Phys. Rev. 78, 386 (1950 


Preston, and R. I 


TOHNSON, 


AND NIER 


The masses of the five heavier “stable” nuclides, 
ind [ 


viz., Ra®™* Th”, U™, | 


puted by combining experimental 


have been com- 
alpha-decay and 
beta-decay energies with the masses of Pb**, Pb*”, 
Ra”*, Pb?"', and U™, respectively 

The final adopted values for the 
VII 


standard 


atomic mass of 208 
The quoted errors 
may be considered as errors. The limit of 
error is estimated to be three times the quoted error. 
Errors larger than 1 mmu are considered very unlikely. 


nuclides are given in Table 


BINDING ENERGIES 


The systematic study of trends in the binding energies 
of nuclei is one of the important applications of mass 
data. Quantities often 


studied are the average binding 


energy per nucleon of a given nucleus, the separation 
energy of the last proton or neutron, the pairing energies 
for the last pair of protons or neutrons, and the sepa- 
ration energy of the 
added to form a nucleus 


last pair of protons or neutrons 
It is convenient for the calcu- 
total atomi 
total 
the binding energy ol 
The total 


be cal ulated with 


lation of these quantities to employ the 
binding energy 
nuclear binding energy 


the orbital electrons of the atom 
rBE ZN may 


This term includes not only the 
but aiso 


atom 
binding energy 
: 


TBE(Z,N)=Z(m M(Z,N 

In this equation the mass of the atom with Z protons 
and N neutrons is M(Z,\). The masses of the proton, 
m,, and 


electron, and neutron are indicated by my, 


m,, respectively. The sum of m 


by the mass of the hydrogen atom 


and m, can be replaced 
The resulting error 
is insignificant in the present work 

The total binding energies for atoms are given in 
Table VII. A negligible error is made by using these 
quantities for the calculation of the various binding 
energy terms because the orbital electron binding energy 
is very small compared with the total nuclear binding 
energy and also is slowly varying 

One obtains the average binding energy per nucleon 
by the mass 
number A. The values of the average binding energy per 


by dividing the total binding energy 


nucleon for all stable isotopes of this investigation are 
listed in Table VII and are plotted against the mass 
number A in Fig. 2 { points for a particular 


even-Z element have been joined by a solid curve which 


The even 


is approximately a parabola for most of the cases. The 
odd-A points for all « 
dashed curve. 

The most prominent feature of this plot is a sharp 
break in the region of the doubly magic nuclide Pb™*. 
The points for thorium and uranium are approximately 
on a straight line extrapolation of the part of the curve 
below about A = 180. With respect to such an imaginary 


ements have been 


joined by a 


nucleon curve rises 
ion of Pb*® and 
; behavior is in contrast 


line, the average binding energy per 
slowly to a maximum around the reg 


falls gradually tl 


ereafter. T} 
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TABLE VII. Atomic mass; total atomic binding energy, TBE; the average binding energy per nucleon, TBE/A ; the separation energy of 
the last neutron, S,; the separation energy of the last two neutrons, S2,; and the neutron pairing energy, P., of the heavy nuclei. 


Atomic mass* TBE TBE/A®* S San P 


a 


nn 
Isotope (amu) (mmu) (mmu) (mmu) (mmu) (mmu) 


625™Mg2"™* 143.957 410+ 90 1284.438 8.920 
Smg3"** 144.958 9834190 1291.851 4142 
Simg,!* 145.959 288+ 100 1300.532 8.6842 16.094 14 1.27458 
S547 146.961 200+ 80 1307.606 8.895 70741 
Smee!” 147.961 450+ 100 1316.342 8.894 8.744 6 15.81414 1.66414 
Smsg7'# 148.964 150+ 100 1322.628 8.877 6.294 6 
Smy'* 149.964 570+ 80 1331.194 8.875 8.574 6 14.854 12 2.28% & 
Sigg! 150.967 6334130 1337.117 5.92415 
Sm,o'* 151.967 6704150 1346.066 8.856 8.95+20 14.872+17 3.03425 
Smy,'* 152.970 4734250 1352.249 6.18+29 
Smig2'* 153.970 8704150 1360.838 8.837 8.59429 14.774+21 2.41440 
Smg;!*5 154.974 199+220 1366.495 5.66427 
63E-ug7!™ 149.967 2974140 1327.626 
Eug'® 150.967 530+130 1336.379 5 8.75419 
. 151.969 6714150 1343.224 6.85420 
152.969 600+ 250 1352.281 9.06+ 29 15.904 28 2.21435 
153.971 588+ 200 1359.279 7.00432 
154.971 8364200 1368.017 8.744 4 15.74+28 1.74432 
155.974 1484210 1374.691 6.67+ 6 
156.975 4014220 1382.424 7.73411 14.414-12 1.06413 
147.964 8174130 1311.293 
148.966 1714220 1318.925 7.63426 
149.966 148+ 140 1327.934 9.01426 16.64+ 19 1.38437 
151.967 7324170 1344.322 16.394-22 
152.969 8264250 1351.214 6.89430 
153.969 4724200 1360.554 9.34432 16.234 8 2.45444 
154.971 5714200 1367.441 6.894 4 
155.971 4204-200 1376.578 9.144 4 16.024 8 2.254 5 
156.973 5754200 1383.409 683+ 4 
157.974 0504210 1391.920 8.514 4 15.344 1.684 5 
158.976 4294-150 1398.527 6.61426 
159.977 6694220 1406.273 ' 7.75427 14.354 1.14437 
160.980 439+ 180 1412.489 
157.975 189+160 1389.941 
158.975 4144150 1398.702 
159.977 6814150 1405.421 
160.978 399+150 1413.689 7+! 14.99421 1.55422 
151.972 7294170 1337.644 
152.973 890+ 240 1345.469 
153.973 7384170 1354.607 9.14429 16.964 24 1.31440 
155.973 386+ 200 1372.931 8 18.324 4 
157.974 2234180 1390.066 17.144 8 
159.975 726+160 1406.535 } 16.474 8 
160.977 7764160 1413.471 8.7 6.944 4 
161.977 9344150 1422.299 883+ 4 15.764 8 1.894 5 
162.980 1484160 1429.071 767 6.774 4 
163.980 892+ 160 1437.313 ; 8.244 4 15.01+ 8 1.474 5 
164.984 0704150 1443.121 5.81422 
165.985 388+ 160 1450.789 7.67422 13.484 23 1.26438 
163.982 41141600 1434.953 
164.982 700+ 150 1443.650 8.704 5 
Hog,'* 165.985 13041600 1450.206 6.56+ 22 
Ho 00!” 166.986 2814190 1458.041 7.84+11 14.39424 1.28425 
aEre® 161.980 2154180 1418.336 
Ergs!™ 163.981 3604160 1435.163 16.834 8 
Erg'* 165.983 155+160 1451.340 4 16.184 8&8 
Er»,'*? 166.985 2074160 1458.274 6.93% 4 
Er;00'* 167.985 850+150 1466.617 8.344 4 15 ' i414 5 
Erio,'” 168.988 4234150 1473.030 6.41421 
Erjo2'” 169.989 608+ 180 1480.831 ; 7.80+24 14 1.39432 
Erioa'™ 170.992 4794120 1486.946 6.124-22 
69 1 Mg, 167.987 669+ 160 1463.957 
Tmioo'™ 168.988 059+ 150 1472.553 7 800+ 5 
169.989 9634130 1479.635 7.08+ 20 
170.990 9104-120 1487.674 8.044 4 15 0.96420 
167.987 2994150 1463.486 
169.988 926+130 1479.831 16.344 8 
170.990 800+ 120 1486.943 7.114 4 
171.991 1874120 1495.542 8.00+ 4 15.714 8 1.494 5 
172.993 354+110 1502.361 682+ 4 
173.994 320+ 100 1510.381 8024 4 14.844 8 1.204 5 





Isotope 


YVbjo5'7* 
Ybioe!”* 
Vbios!?? 


\tomic mass* 


amu) 


174.997 0364160 
175.998 6624-130 
177.001 8954120 
173.995 8944170 
174.996 534+ 100 
175.998 790+.150 
177.000 4134110 
173.995 6024140 
175.997 725+100 
176.999 8834110 
178.000 6934120 
179.003 1204130 
180.004 2094-140 
181.006 487 
183.011 8004 
177.001 118 
180.004 652 
181.005 392 
182.007 8624 
183.009 437 
185.013 6864 
180.003 866+ 1 
181.005 592 
182.006 002 
183.008 2904 
184.009 2644 
185.011 8634 
186.013 2474 
187.016 1804 
180.007 0064 
185.011 4034 
186.013 72 
187.014 7714 
188.017 3094-2 
184.010 561+22 
186.012 579 
187.014 715+2 
188.015 0394-2 
189.017 5844-2 
190.018 11742 
191.021 5264 
192.021 60242 
193.025 382 
191.021 1904 
192.023 580 
193.024 190 
194.026 5974 
190.020 0724-22 
192.022 0214 
193.024 2404-25 
194.024 199 
195.026 6454 
196.027 1254 
197.029 844 
198.031 000 
199.033 918 
194.026 9554 
195.026 935 
196.028 888-4 
197.029 2904 
198.031 1874 
199.032 0064 
200.034 3074 
201.035 8034 
196.028 1364 
198.029 712 
199.031 5174 
200.031 891+ 
201.034 1924 
202.034 8454 
203.037 314+ 
204.038 3284 
205.041 4034 


5 


JOHN 


LABLI 


TBE” 


(mmu) 


1516.651 
1524.011 
1529.764 
1507.966 
1516.312 
1523.042 
1530.405 
1507.417 
1523.266 
1530.094 
1538.270 
1544.829 
1552.726 
1559.434 
1572.093 
1528.018 
1551.442 
1559.688 


1573.921 
1581.933 
1588 320 
1595.922 
16001.975 
1547.406 
1587.939 
1594.603 
16002.543 
1008.991 
1578.955 
1594,.909 
1601.759 
1610.421 
1616.862 
1625.315 
1630.892 
1639.802 
1645.008 
1630.387 
1636.983 
1645.359 
1651.938 
1621.678 
1637.701 
1644.468 
1653.495 
1660.035 
1668.541 
1674.808 


1682.638)° 


1688.706 
1649.898 
1658.904 
1665.937 
1674 521 
1681.610 
1689.777 
1696.462 
1703.952 
1665.848 
1682.244 
1689.425 
1698 .037 
1704.72 
1713.055 


Vil 


s()° 


( ontinued 


PBE/A 


(mmu) 


8.659 





ATOMIC MASSES IN HEA ‘ 
PasBLe VI1.—Continued 


Atomic mass* rBE> rBE/A Ssa P. 
amu) (mmu mmu mmu nmu (mmu) 


203.036 792+ 40 1719.253 
204.038 757+ 25 1726.274 
205.039 683+ 120 1734.334 
206.041 644+ 70 1741.359 
207.043 2604 45 1748.729 
208.048 102+ 30 1752.873 
09.051 7574 45 1758.204 
210.056 744+ 110 1762.203 
203.037 939% 50 1717.265 
204.037 9354 25 1726.255 
205.039 734+ 80 1733.442 
206.039 947+ 20 1742.215 
207.041 700+ 20 1749.448 
208.042 764+ 20 1757.370 
209.047 5364 30 1761.584 
210.050 9454 35 1767.161 
211.055 876+ 80 1771.216 
212.059 291+ 35 1776.787 
214.067 7814. 80 1786.269 
205.042 580+ 80 1729.755 
206.044 099+ 110 1737.222 
207.044 2774 50 1746.030 284 1.34418 
208.045 852+ 80 1753.441 i 
209.046 859+ 35 1761.420 5 : 0.57410 
210.050 877+ 30 1766.388 5 
211.054 3834 45 1771.868 
212.058 6664 35 1776.571 
213.062 0424 40 1782.181 
214.066 675+ 50 1786.534 
207.047 3974 50 1742.069 
208.047 4044+ 30 1751.048 
209.048 945+ 80 1758.493 
210.049 620+ 30 1766.804 
211.053 725+ 25 1771.685 
212.056 2504 25 1778.146 
213.060 5494 35 1782.833 
214.063 228+ 40 1789.140 E 3 : 1.62 
215.067 804+ 80 1793.550 
216.070 5754 40 1799.765 2+ 1.80413 
218.078 185+ 130 1810.127 
209.052 629+ 80 1753.969 
210.054 019+ 100 1761.565 
211.054 5734 50 1769.997 434 ) i 0.844 17 
213.060 828+ 150 1781.714 
214.064 363+ 35 1787.165 
215.067 0104 45 1793.504 + ¢ 794 0. 89+16 
216.071 067+ 40 1798.433 
217.073 6274 45 1804.859 + 6 l ‘ 150+ 9 
218.077 7664110 1809.706 
211.057 6724 5O 1766.057 
212.058 1304 35 1774.585 
215.067 007+150 1792.666 
216.068 887+ 35 1799.772 
217.072 896+ 40 1804.749 
218.074 899+ 40 1811.732 : + § 201+ 8 
219.079 131+ 80 1816.486 
220.081 322+ 40 1823.281 2.04413 
222.088 0624-130 1834.513 
226.097 184+ 80 1859.653 
232.111 8344 40 1897.237 
234.115 259+ 80 1910.102 

90 1915.756 

00 1934,932 


1.04412 
0.34416 


119+ 8 


- Ne IIe 


1.59411 


Nn e~ = 


OW+ 1 


1.364 6 


a. ae 
st 


1.52413 


out this table refer to the last significant figure of the particular result. These errors r ” neidered to be standard errors. The 

i mated to be three times the quoted error 

> No errors for total binding energy are specified. For most purposes, the rence in two TBE value ‘ ed. For these cases. the errors in TBE 
may be considered to be equal to the errors given for the correspondin ‘ ass. In oth wor 
neutron mass and the hydrogen mass to be negligible. For these calculations a neutron mass of 1.008 9860 +8 

¢ The error in this column is +0.001 mmu unless otherwise specified 

4 The error for this value is +0.002 mmu 

This value is estimated from binding energy systematics 


eT rs associated with the 
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Fic. 2. Average binding energy per nucleon for the stable isotopes 


to the behavior in the vicinity of V = 82 as can be seen 
from a similar plot drawn for the lighter region by 
Johnson and Nier.' 

The mass data of the present investigation can be 
employed to calculate a large number of separation 
energies and pairing energies. The neutron separation 
energy, 5,(Z,V), sometimes known as the binding 
energy of the last neutron, is easily calculated from the 
total binding energy data: 


Sa(Z,N rBE(Z,N)—TBE(Z, N—1). (2 


The separation energy of the last pair of neutrons, 
Son, is determined by a similar difference between two 
total binding energy terms. Proton separation energies 
are defined in 
error is 


a corresponding manner. A negligible 
by employing total binding energies 
instead of total nuclear binding energies. The pairing 
energy, P,(Z,\), associated with the last pair of 
neutrons for a nucleus with an even neutron number, 
N, is given by 


P,(Z,N) 


made 


Sn(Z,N 
TBE(Z,\ 


S,(Z,N-—1), N even, 
+ TBE(Z, V—2) 
—2 TBE(Z, V—1). 


In a similar manner, the pairing energy of the last pair 
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3. The neutron separation energies, S,. Values having errors 
larger than 0.2 mmu appear as open circles 
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lic. 4. The separation energy of 
Values having errors large 


= neutrons, 52 


r thar 2 mmu appear as open circles 


of protons, P,(Z,.\V), in a nucleus wit! 

calculated from 

P,(Z,N)=S,(Z,N 
TBE(Z,V)-4 


even Z can be 


Z even. 
rBE(Z—2, N 
rBE(Z—1, \ 


(4) 


energies Will 


[he definition of pairing 
all calculations 


be employed for 
that the 
neutron pairing energy for odd Z contains an inter- 
action term between the odd and the added 
neutrons. Similarly, the proton pairing energy for odd 


although it is recognized 


proton 
N contains an interaction term between the odd neutron 
and the added protons 

The neutron separation energies, binding energies. 
and pairing energies that may be calculated from the 
present data are listed in Table VII while the proton 
separation energies and pairing energies that may be 
calculated are listed in Table VIII 

S», Sen, and P, have been plotted as functions of V 
in Fig. 3, Fig. 
larger than 0.2 


4, and Fig. 5, respectively. If an error 


mmu is associated with a particular 














Fic. 5. The neutron pairing energies, P,. Va 


larger thar 0.2 mm ppez F ope 


1es having errors 


n circles 


23 It should be pointed out that 
are often more accurate than the « 
listed in Table VII. For this separatior 
pairing energies were computed directly by using the adopted 
values of the isotopic doublets of Table II and the relevant 
nuclear data, wherever this procedure could give a value more 
accurate than the values obtainable | se the atomic masses. 


measured mass differences 


orresponding atomic masses 


reason 


energies and 
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TABLE VIII. Separation energy of the last proton, S,, and the proton pairing energy, P,, for heavy nuclei 





Isotope Sp, mmu P,, mmu Isotope S,, mmu P,, mmu 


63E-us7'® 5.00+17 sPtiid™ 7.314% 2.24452 
Eug'* 5.18+16 Ptiis™ 7.48433 1.39450 
Euss'* 6.11417 Ptiie™ 8.14+ 590 2.58445 
Eugo'™ 6.22428 Ptys7' 8.10+ 4 1.17430 
Euy,'™ 7.03425 rpAUis™ 5.434 . 

Eug:'* 7.18432 Aun 5.414 
Euy;' 8.20412 Aun 5.90+17 

uGdg'* 7.94421 2.76+ 26 Auis®” 5.984 18 
Gdgy'™ 7.99429 1.88+34 , 6.80+15 
Gdogo* 8.27432 2.06243 14+30)* 

Gdy:'* 8.16+ 4 1.13425 76+13 

Gdys"™* 8.56+ 4 1.38432 94+16 1.54417 
Gdg:'™” 8.724 7 0.52414 72+10 1.74421 
Gdg™* 9.50+11 82+ 4 1.01416 

6s | bys" 6.53426 26+ 4 (1.12430)* 
Thee* 6.78426 26+ 10 0.50+16 
Ths! 6 89+21 10+ 10 
Phos! 42+27 20+ 5 

osDy oe” 7 1.05+34 10+ § 

Dy 95! : ; 1.16+22 79+12 
i¢ 5 90+ 20 


1.19+28 
00+ 5 0.804 7 
17+ 8 047+ 9 
7.88412 1.09417 
8.094 7 0.18421 
69+22 1.35431 ‘ 8.644 5 
07+ 4 0.98+ 22 : 8.714 4 
58+11 1.32416 8.96+ 6 
68423 > 9.01214 
94421 i 350+ 8 
(+20 iy 3.78414 
84422 i 3.824 5 
28+ 20 1.34429 i 3.994 8 
31+ 4 0.70+:20 i 405+ 4 
87+ 4 1.02422 iner 420+ 4 
+20 | i 471+ 6 
93419 i 5.364 9 
39+ 6 i 5.394 5 
).394+17 ssP 0329" 4.85412 1.07418 
5.95419 1.02427 Poi2e™ 5.024 9 1.20410 
05+ 6 0.664 9 Poi28 5.05+11 1.06414 
86+ 5 1.47+18 Poi2e™ 5.384 1.334 6 
75+ 7 Poi?" 5 H+ 0.494 6 
61418 Poia"” 6.28+ | 1.574 8 
96+18 Poi2e™ 6.264 ! 0.91410 
.77+16 P0330?" 6.96+ 6 1.56+ 8 
20+17 0.59425 Po; 3;?"* 702+ 9 
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signments for these experimental Q values are difficult 
or impossible. The comparisons that may be made by 
use of the present mass data are, therefore, valuable in 
the assignment of these Q values. The following para- 
graphs discuss some of these comparisons. 

Silva and Goldemberg™ measured a (y,n) threshold 
for samarium of —9.6 Mev and assigned it to the 
reaction Sm'(y,2)Sm'*. This gives a value of 10.3 
mmu for S,(Sm™). From the systematics of Johnson 
and Nier,' S,(Sm') may be estimated to be about 11.2 
mmu. Sm! has 82 neutrons and is the lightest stable 
isotope of samarium. The S, values for all of the other 
stable isotopes of samarium are less than 9.0 mmu. It 
would appear, therefore, that the (y,#) threshold 
measured by Silva and Goldemberg does not represent 
a ground-state transition for any stable isotope of 
samarium. It may, however, be assigned as an excited 
state transition for a stable isotope of samarium other 
than Sm™. 

Knowles et al.** have investigated neutron capture 
gamma rays from a source of separated isotope Gd'*’ 
and give a value of 8.509+0.009 mmu for S,(Gd'®*). 
Chis value is in excellent agreement with the value 
calculated from the present mass data. Kubitschek and 
Dancofi?’ assigned a gamma ray of energy 6.8+0.4 
mmu to the same reaction. Their value appears to be 
incorrect or misassigned. 

Tobin et al.* have reported, on the basis of their 
photoneutron thresholds, S, values of 7.20+0.10 mmu 
and 7.01+0.12 mmu for Hf'”? and Hf'”, respectively. 
These values are about 0.4 mmu larger than the corre- 
sponding S, values calculated from the present mass 
data. The differences in the ground-state spins of the 
initial and final nuclei,” for the reactions Hf'”’ (y,n)Hf'”® 
and Hf'"*(y,)Hf'”* are, respectively, 7/2 and 9/2. 
Under these circumstances, it is likely that their photo- 
neutron thresholds do not represent ground-state 
transitions. Campion and Bartholomew” investigated 
the neutron capture gamma ray for hafnium. They did 
not make any isotopic assignments for the six observed 
gamma rays. A comparison of their results with the 
values given in Table VII, suggests several assignments. 
Their gamma ray A of energy equal to 8.18+0.02 
mmu should clearly be assigned to the reaction 
Hf'7?(n,y)Hf'**, for which the mass data predict a Q 
value of 8.18+0.05 mmu. The other large value of S,, 
predicted from the present mass data, is 7.90+0.05 
mmu for Hf'*. Gamma ray B reported by Campion 
and Bartholomew has an energy of 7.872+0.032 mmu 
should, therefore, be assigned to the reaction 
Hf'*(n,y)Hfi'®. Their gamma ray of energy equal to 
6.545+0.011 mmu can be assigned to a neutron capture 


and 


* J. W. Knowles, G. A. Bartholomew, and P. J. Campion, 
Bull. Am. Phys. Soc. 4, 246 (1959), and private communication 

27 H. Kubitschek and S. M. Dancoff, Phys. Rev. 76, 531 (1949 

**R. Tobin, J. McElhinney, and L. Cohen, Phys. Rev. 110 
1388 (1958) 

™ Pp. J. Campion and G. A 
1361 (1957); erratum in Can 


Bartholomew, Can. J. Phys. 35 


J. Phys. 3%, 1721 (1958) 
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by Hf'’*. The present mass data predict an energy of 
6.56+0.05 mmu for the reaction Hf'’*(n,y)Hf'”. Their 
gamma ray D of energy 6.92+0.02 mmu may possibly 
be assigned to the reaction Hf'’*(n,y)Hf'??. The mass 
data predict a Q value of 6.83+0.05 mmu for this 
reaction. From the S, systematics in this region, the 
gamma rays C and F of Campion and Bartholomew 
may be assigned to the reactions Hf'*(n,y)Hf'”® and 
Hf'™(n,7) Hf", respectively. This assignment will yield 
a value of 6.14+0.09 mmu for S,(Hf'*'). The present 
mass data combined with several Q values and beta- 
decay energies gives a value of 6.71+0.18 mmu for 
S,(Hf'"'). This value is believed to be in error. The 
former value derived from (m,y) spectra appears to fit 
in better with the systematics of S,. 

The neutron capture gamma-ray spectrum for 
tungsten has been investigated by Kinsey and Bar- 
tholomew.” They assigned, tentatively, their gamma 
ray D of energy 6.640+0.008 mmu to the reaction 
W'"(n,y)W'®. The data of Table VII predict a ground- 
state gamma ray of energy equa! to 6.70+0.04 mmu for 
this reaction. It may be pointed out that the peak D of 
Kinsey and Bartholomew was complex in shape. Also, 
a level at 0.05 Mev for W'™ has been reported.” These 
considerations suggest that the tentative assignment 
of gamma ray D is correct but the value for its energy 
may contain a small error. The same authors assigned 
tentatively their gamma ray A of energy 7.97+0.02 
mmu to the reaction W'™(n,y)\W'™. The mass data 
predict an energy of 8.01+0.04 mmu. This agreement 
suggests that the tentative assignment made by Kinsey 
and Bartholomew is correct. There are also available 
two (y,m) thresholds for tungsten at 6.72+0.32 mmu 
and at 7.69+0.32 mmu, determined by Sher et al." A 
reference to Table VII indicates that these should be 
assigned to the reactions W'*(y,n)W'® = and 
W'**(y,2)W'"*, respectively. Kubitschek and Dancoff*’ 
investigated the neutron capture gamma-ray spectrum 
for tungsten and gave a probable S, value of 7.614+0.3 
mmu for W'*’. The present data indicate that their 0 
value does not represent a ground-state transition for 
any isotope of tungsten 

For the element rhenium, Sher et al." observed a 
(y,) threshold at 7.84+0.32 mmu. Their probable 
assignment of this threshold was for the reaction 
Re'*?(y,n)Re'**. The present mass data, combined with 
the beta-decay energy for Re'** predict a threshold 
value of 7.94+0.05 mmu for this reaction. S, system- 
atics for this region indicate that the threshold for the 
reaction Re'**(y,n)Re'™ should be greater than the 
threshold for the reaction Re'*’(y,n)Re'**. This indi- 
cates that the probable assignment made by Sher et al." 
is correct. 


The S,(Ir'™) value obtained from the (n,y) Q value 


” B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 
1953 
“RR. Sher, J 


1951 


Halpern, and A. K. Mann, Phys. Rev. 84, 387 
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IX. Mass differences calculated from present values 
compared with nuclear values 


TABLE 
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mmu ) 
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threshold value was, therefore, not employed for the 
calculation of the mass of Tl”. Harvey * investigated 
(d,p) reactions for a thallium target. Two Q values of 
4.29+0.15 Mev and 3.93+0.15 Mev were obtained. 
These were assigned to the reactions Tl™(d,p)TI™ and 
TP (d,p) TP, respectively. Neutron separation ener- 
gies for T?™ and Tl** derived from the (n,7) reactions 
are in agreement with the values derived by use of 
(d,p) Q values. Foreman and Seaborg*® interchanged, 
somewhat arbitrarily, the S, values for TI™ and TI’. 
This interchange, however, is found to lead to a value 
for S,(Hg™) that does not fit in with the S, system- 
atics. Also, this interchange gives for S,(TI*) a value 
that is smaller than S,(TI*). This is contrary to the 
trends of S, systematics for this region. It is believed, 
therefore, that the isotopic assignments made by 
Harvey” and by Bartholomew and Kinsey” are correct. 
It appears, however, that the Q values assigned to the 
reactions TI(n,y)TI and Tl*(d,p)TP* do not 
represent ground-state transitions. These two ( values 
were, therefore, not employed in the present study. 

In the case of lead, many Q values are available.” 
All of these, except one, are found to be in agreement 
with one another and with the mass spectroscopic data, 
as shown in Table IX. The value in disagreement with 
the rest of the data is the threshold for the reaction 
Pb***(y,n)Pb”’ reported by Parsons and Collie.” It 
appears that this photoneutron threshold is incorrect. 
The (m,y) spectra for ‘natural’ lead as well as for a 
sample of radiogenic lead were investigated by Kinsey 
et al.*” By a comparison of the intensities of the spectra 
from natural lead and from radiogenic lead, Kinsey 
et al. assigned their gamma rays of energy 6.734 Mev 
and 7.380 Mev to neutron capture in Pb”* and in Pb”’, 
respectively. They did not assign any gamma ray to a 
capture in Pb™. They had observed a gamma ray of 
energy equal to 6.90+0.05 Mev which they stated 
might be due to an impurity or due to a transition to 
an excited state of Pb*®*. In addition, it appeared that 
the peak for the 6.7-Mev gamma ray in the case of 
natural lead was enhanced by another gamma ray due 
to some impurity. The masses given in Table VII lead 
to a value of 6.70+0.08 Mev for S,(Pb™). This indi- 
cates that the contamination of the 6.7-Mev gamma 
ray was, possibly, a weak gamma ray of an almost 
equivalent energy due to a neutron capture in Pb™. 
There is also the possibility that the mass data may 
contain small errors, and that S,(Pb**) should be close 
to 6.9 Mev. In that case the gamrna ray of energy 
6.90+0.05 Mev, observed by Kinsey et al.,*7 may be 
assigned to a capture in Pb™. 

In the case of bismuth, the nuclear ( values” for 


38 G. M. Foreman, Jr., and G 
Chem. 7, 305 (1948). 

* G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 1025 
(1953) 

“ B. B. Kinsey, G. A. Bartholomew, and W. H. Walker, Phys 
Rey, 82, 380 (1951) 


T. Seaborg, J. Inorg. & Nuclear 


HEAVY 


MASS REGION 249 
the reactions Bi®(n,y) Bi®” and Bi*®(d,p) Bi" have not 
been employed in the present work. It is believed that 
these do not represent ground-state transitions. 
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APPENDIX 


The various adjustments made in the preliminary 
mass spectroscopic mass table will now be discussed. 
Table IX lists the various nuclear values with the 
corresponding unadjusted mass spectroscopic values, 
wherever a comparison could be made. Quite a few 
listed nuclear values are based on nuclear reaction data 
for which isotopic assignments are considered to be 
doubtful. Such nuclear values were not employed as a 
basis for any adjustments. The remaining comparisons 
lead to the following considerations. 


1. The mass spectroscopic value for the mass differ- 
ence Gd'”—Sm'™ is found to be higher than the 
nuclear value which is considered to be quite well 
established. The mass of Gd'® is obtained from that 
of Gd'**. This indicates that either the mass of Gd'* 
is too high or the mass of Sm'® is too low or both. It 
may be noted here that the mass of Tb'® obtained from 
that of Dy'® by using the beta-decay Q value is found 
to be less than that of its stable isobar Gd'™. This is 
considered as an indication that either the mass of 
Gd" is too high or the mass of Dy'® is too low or both. 
However, the comparison for the mass difference 
Dy'*—Tb'™ gives some indication that the mass of 
Dy'® may already be too high unless the mass of Tb'™ 
is too low or the nuclear value is incorrect. Considering 
all these factors and in order to introduce a minimum 
number of arbitrary adjustments, the mass of Gd'* 
has been lowered by 0.36 mmu. 

2. The disagreement for the mass difference 
Ho'®*— Er'™ is not poor, considering the errors asso- 
ciated with the experimental data. The mass of Ho! 
was reduced by about 0.19 mmu and the mass of Er'® 
was increased by about 0.11 mmu in order to eliminate 
this discrepancy. 

3. A somewhat large inconsistency is found for the 
mass difference Lu'*—Hf'"*, Since the mass of Hf!” 
has a smaller error associated with it and the beta- 
decay energy seems to be well established, the mass 
of Lu'’* has been obtained from that of Hf'”*. The mass 
for Lu’’® is calculated from that of Lu'’* by employment 
of the isotopic mass unit Lu'*—Lu'” of Table II. 
Thus, the doublet value for Lu’ has not been 
employed. 


4. The nuclear values for the hafnium isotopes were 
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Tobin et al. It 
ground-state 


calculated from values of 
appears that 
transitions. 

5. The next serious discrepancy occurs for one of the 
values for the mass difference Re'*?7—Os'*’. The second 
value, which is obtained from the experimental mass 
of Os™ in combination with the osmium isotopic mass 
units, appears to be incorrect. The ion intensities for 
both components of this doublet were poor. This 
doublet has, therefore, been rejected in favor of the 
doublet C"C,,;H»;N—Os'** of Table I, which gives 
directly the mass of Os'*®. It is also possible that a part 
of the error may lie in the mass of Re'*® or in the mass 
difference Re'*?7—Re'™. The 
mass is, therefore, rather arbitrary 

6. The iridium masses presented probably the most 
serious inconsistencies. 


(n,y) YU 


these do not represent 


choice for the osmium 


Several mass spectroscopic as 
well as nuclear values seem to be in error. The directly 
determined mass spectroscopic value for Ir'—Ir'*' is 
more than 1 mmu lower than the corresponding nuclear 
value, which is obtained by combining the Ir''(n,y) 
Q value of Kubitschek and Dancoff?’? with the Ir (y,7) 
threshold of Sher et al.** There is another discrepancy 
of about the 
Ir'® obtained isotopic 
[rs — Jr! mass computed from Pt'” 
via the Ir'(y,n) threshold and the beta-decay energy 
of Ir. Both be resolved by 
assuming that the measured value of the double mass 
unit Ir'—Ir'® is low by about 1 mmu. In view of 
possible background contamination on both of the 


mass of 
ck yuble t 


same magnitude between the 
from Ir via_ the 


and the same 


dis repancies could 


iridium peaks, such a large error is possible, but is not 
very likely. It should be noted that the 
(n,y) value of Kubitschek and Dancoff leads to a value 
for S,,(Ir'” 
to §, values for similar neighboring nuclei. If this (n,7 
( value is incorrect by about 1 Mev, the present value 
of the mass difference Ir'—Ir'® 
correct. That will either 
Pt'” and so of Pt is wrong or that the mass of Ir' 
is incorrect. With a view to introduce the minimum 
number of arbitrary changes, the experimental masses 
of the platinum isotopes were not changed. The mass 
of Ir’ was obtained from that of Pt by employing 
the Ir (y,n) threshold of Sher et al. and the beta- 
decay energy of Ir”. The experimental value for 


( onside red 


which appears to be too low when compared 


should be about 


indicate that the mass of 


) 


Ir Ir’ was employed to obtain the mass of Ir'® 
that of Ir’. Thus, the doublet C"C,3;Ho.— Ir'™ 


from Table I was rejected. At the time the (1,4 


from 
Same 
/) value of Kubitschek and Dancoff is adjusted through 
about 1 mmu 

The mass table was extended to the lighter region 
by adopting Johnson and Nier’s values' for stable 
atomic masses of samarium and europium, except for 
one major change. Their value for Eu'™ leads to values 


of neutron separation energies which do not fit very 


well with the systematics of the region. The doublet 


JOHNSON, 


AND NIER 


C®C,.H,;.— Eu'“0'* from which this mass is obtained 
was a particularly difficult one to his is 
reflected in its rather large quoted error of 0.4 mmu. 
The intensities of both ions comprising the doublet 


measure. 


were poor. Because the comparison ion had a rather 
large (C"*), satellite, Johnson and Nier had to apply a 
correction to the measured value. In addition, the 
possibility exists that a peak due to C,3Hj;, not re- 
solvable with their from C®CyoH po, 


have contaminated the latter peak. Such 


resolution may 
a contami- 
nation, if undetected and so uncorrected for, will cause 
the measured value of Eu'™ to be too small. An error 
in the direction is indicated, in fact, by the 
neutron separation energy systematics f 


about 0.4 mmu in the 


same 
An increase of 
mass of Eu'® will lead to more 
plausible trends in neutron separation energy system 
atics in the region 
error for the 
such a change is not very unlikely 


It may be noted that the quoted 
measured value is also 0.4 mmu and so 
rentatively, this 
arbitrary adjustment has been adopted. Errors quoted 
by Johnson and Nier have also been changed in a few 
cases in order to bring them in line with the errors 
adopted for the heavier region 

The mass table was 


region by adopting the very precise values of Benson 


then extended to the heavier 
and lead 
Recently, Demirkhanov 
et al.” have also published mass spectroscopic values 
for stable atomi 


et al.’ for stable atomic masses of mercury 


(with a few minor changes 
masses for both of these elements 
with the values of 
Benson et al. In addition, several isotopic mass differ- 


Their values disagree rather sharply 


ences calculated from their data disagree rather badly 
with the nuclear values and with the present isotopic 
mass differences of Table II 
with those of Benson et al. 
Howe ver, this 
shift in 
which a particular mass difference 
examination of the two s¢ 


Some of their isotopic 
mass differences agree and 
with other values does not 


rule out a 


agreement 


constant both of the masses from 
s derived. A closer 
ts of data will show that the 
of Demirkhanov 


presen e of C"’ satellites on the “lines” 


et al. can lead to errors in the same direction as indi- 
cated by the discrepancies. However, it appears that 
the mass spectrograph employed by Demirkhanov et al. 
has a resolution which is sufficiently high to resolve the 
C® satellites from the reference lines being employed 
The reasons for these discre pancies are, there fore, not 
understood 

In the work of Benson et al., ¢ satellites were clearly 


observable on their oscilloscope screen and were com- 


pletely resolved from the ion peaks employed in their 
doublets. Isotopic mass differences calculated from their 
doublets are in excellent agreement with the nuclear 
values and with the values reported in the present work, 
except in the case of Hg*”— Hg". Even in this case, the 
disagreements are less than 0.1 mmu 

Recently, Kerr and Duckworth 
for Hg 


also have published 
Hg™' and Hg™. 


mass spec troscopic masses 





ATOMIC MASSES IN 
Their values disagree with the values of Benson et al. 
It may be noted that Kerr and Duckworth employed 
only a part of a large mass spectrometer under con- 
struction. The employed part has only single-focusing 
properties. Also, their quoted errors are much larger 
than those of Benson et al. 

In view of masses for 


these considerations, the 


VOLUMI! 


HEAVY MASS 
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mercury and lead isotopes of Benson et al. have been 
adopted with a few minor changes. These changes were 
made to obtain atomic masses consistent with the 
nuclear values for isotopic mass differences, and also 
consistent with the adopted values of Table II of the 
present work. The experimental masses of Benson et al. 
were in no case changed by more than 30 wmu. 
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The gamma-ray yield curve was observed when thin targets of natural silicon were bombarded with 
monoergic protons in the energy range of 300 to 1840 kev. In order to take small steps in proton energy, a 
target potential modulation technique was used. Fifty-five resonances were observed, all but fifteen of which 
have been observed elsewhere using targets enriched in Si® or Si®. The fifteen resonances at 369, 1096, 1134, 
1204, 1290, 1382, 1472, 1484, 1507, 1570, 1598, 1617, 1625, 1630, and 1653 kev are presumed due to the Si 


+p reaction 


N an earlier attempt at this laboratory to measure 
the gamma-ray yield versus proton energy' resulting 
from proton bombardment of natural silicon, it was 
found that the resonances in the thin-target yield curve 
were very sharp and extremely small. The agreement 
of these earlier data with other comparable data** was 
generally good but certain discrepancies did exist. 
Possible sources of discrepancies seemed to be (1 
impurities in targets, (2) the size of steps taken in 
proton energy, and (3) the statistical accuracy of 
individual yield points. Detailed checks showed our 
targets free of contaminants in amounts sufficient to 
give detectable resonances. Great improvements were 
desired, however, in counting rates and in the method 
of taking steps in proton energy. A larger gamma- 
detector and the energy modulation system developed 
by Cranberg et al.4 offered attractive improvements. 
In the energy modulation system, the potential of 
the target is swept from 20 kv to —20 kv by a 10-cps 
‘‘saw-tooth”’ high-voltage source. A single energy setting 
of the Van de Graaff is all that is necessary, in principle, 
to cover a 40 kev range of the yield curve. Correlation 
of a particular gamma ray with the energy of the proton 
which caused its emission is done by amplitude modula- 
tion of the pulses put out by the single-level, pulse- 


height discriminator in the gamma detection system 


* Supported in part by the National Science Foundation 
L. W. Seagondollar, J. A. Woods, H. G. de Souza, and W. A 
Glass, Bull. Am. Phys. Soc. 2, 304 (1957). 

2M. R. Seiler, J. N. Cooper, and J. C. Harris, Phys. Rev. 99, 
340(A) (1955). 

*S. P. Tsytko and Iu. P. Antuf’ev, J. Exptl-Theoret. Phys 
(U.S.S.R.) 30, 1171 (1956) [translation: Soviet Phys.—JETP 3 
993 (1957) ] 

‘L. Cranberg, W. P 
and J. S. Levin, Rev. Sei 


Aiello, R. K. Beauchamp, H. J 
Instr. 28, 84 (1957 
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The modulated pulses are then analyzed in a multi- 
channel pulse-height analyzer. 

In the present work, protons were accelerated in the 
University of Kansas Van de Graaff generator, sepa- 
rated from the heavier hydrogen ions, passed through 
an electrostatic analyzer, and allowed to bombard thin 
targets. The electrostatic analyzer was a 1-meter radius, 
127-degree deflection unit used as a relative instrument. 
It was calibrated by observation of the gamma reso- 
in the aluminum yield 
curve. Linearity between the voltage across the ana- 


nance at 992-kev proton energy 


lyzer gap and the generator voltage was verified by 
observation of many of the resonances in this same 
yield curve. 

The thin targets were prepared by evaporation onto 
outgassed tungsten disks in a radio-frequency induction 
vacuum furnace.* Ultra-high purity silicon’ was used 
to form targets of several-kev thickness. Several silicon 
targets, calibration targets, and a viewing disk of 
quartz were simultaneously mounted in a multiple- 
target chamber which was so designed that a 3 in. X 3 in. 
NaI(Tl) gamma detector could be placed within 4 inch 
of the disk being bombarded. A corona-reduction shield 
surrounded the target, chamber 

The method of varying the potential of the target 
was identical to that developed by Cranberg et al. but 
a somewhat different system of pulse amplitude modu- 


*R. O. Bondelid and C. A. Kennedy, U. S. Naval Research 
Laboratory Report No. 5083, 1958 (unpublished) 

*R. A. Moore, L. W. Seagondollar, and R. B. Smith, Rev. Sci 
Instr. 30, 837 (1959) 

’ Hyperpure Silicon, Semiconductor Grade I, was purchased 
from Pigments Department, E. I. Du Pont De Nemours & Co., 
Wilmington, Delaware. Impurities were only a few parts per 
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Fic. 1. Part A shows the 992-kev resonance in the aluminum 
yield curve. It was measured using a 10-kv peak-to-peak target 
potential modulation. Part B shows the 620-kev resonance due 
to Si*. Parts C and D show the resonances believed due to Si® at 
1204 and 1570 kev. The silicon data were taken using approxi 
mately 40-kv peak-to-peak target potential modulation. All the 
points plotted are the sums of five adjacent channels 


lation was used.’ The amplitude-modulated pulses were 
analyzed by a 256-channel analyzer. At least 20 chan- 
nels (and often more) on each end of the pulse-height 
distribution were ignored on each run. In the target 
potential modulation system, it was impossible to avoid 
some curvature of the sides of the “saw-tooth” poten- 
tial form and this curvature was most pronounced at 
the extreme points of the form. Since care was taken 
that the amplitude-modulation form was almost iden- 
tical in shape and in phase with the target potential 
form, such curvature did not introduce error in the 
correlation of a given gamma ray to a specific proton 
energy, but it did cause some deviation from linearity 
in the amount of time spent in each proton energy 
interval. The amount of deviation was checked by a 
random count run made with the target potential 
modulation and pulse amplitude modulation systems 
functioning but with no protons bombarding the target. 
The gamma rays in such a run were furnished by a 
Cs'*7 source and thus were non-time-synchronous with 
the modulating systems. Random count runs taken 
many times during the course of the experiment showed 
that fictitious resonances would not be introduced if 
data near the ends of the distributions were ignored. 
During the random-count runs, gamma rays with 
energy of 600 kev or greater were counted. To avoid 
1.43-Mev gamma rays present as background in the 


Kasturi 
Instr 


*G. I. Harris, L 
Seagondollar, Rev. Sci 


Rangan, R. Stump, and L. W 
to be published 
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laboratory, only gamma rays of greater energy were 
counted in the silicon runs. 

The target potential modulation technique appears 
to be an excellent one for careful search for sharp reso- 
nances of almost any size over a wide range of bom- 
barding energies. Figure 1 shows that details of reso- 
nance shape and size are easily obtained by this tech- 
nique where the resonances are large compared to 
background, but when the resonance size is not large 
with respect to the counts per channel between reso- 


nances, observation of such details is poor. 


’ 


To determine the point in the pulse height distribu- 


tion corresponding to zero volts on the target, a 
‘‘marker’’ was placed upon each distribution as follows. 
After a run had been made and the data printed, the 
input to the pulse amplitude modulation system was 
grounded and more data taken. All these marker pulses 
were recorded in a narrow band of channels and thus 
caused a superposed peak in the distribution. In order 
to evaluate the displacement in proton energy of a 
given resonance from the marker, sweep calibration 
runs were made. The calibration was made by observ- 
ing how much a given resonance was displaced when 
the Van de Graaff 
small known amount 


The resonances observe d are 


} 


generator voltage was changed a 


I able 4 The 


within 


listed in 
proton energies are believed to be accurate 
+2 kev. Most of the 
spond to resonances seen in work done at other labora- 
tories on enriched Si* and Si® targets.*-© The peaks at 
369, 1096, 1134, 1204, 1290, 1382, 1472, 1484, 1507, 
1570, 1598, 1617, 1625, 1630, and 1653 kev were not 
seen in the work on the heavier 


resonances are believed to corre- 


silicon isotopes and 
thus are presumed due to Si**. As shown in Fig. 1 and 


in Table I, all the 
small. The heights and widths of all peaks near the 


natural silicon resonances were 


[lo minimize non- 
ends of runs were 


centers of data runs were measured 


linearity corrections, peaks near the 
not measured for other than proton energy. Peaks were 


considered superimposed on a base line background 


and this background was subtracted visually. Target 


thicknesses were not the same for all runs. Height 


measurements were arbitrarily normalized to a certain 


*P. M. Endt, J. C 
95, 580 (1954 

1S. Milani, J. N 
645(A) (1955). 

"CC. Broude, L. I 
Rev. 101, 1052 (1956 

2C. Broude, L. L. Green, J. ¢ 
Physica 22, 1139A (1956 

3 Flectromagnetically Enriched Isotope 
edited by M. L. Smith (Academic Press 
p. 131. 

4 Unpublished data from the M.S. Theses of R. F. Wiseman 
and N. K. Green, U. S. Naval Postgraduate School, 1957 (un 
ublished). Further work on separated isotopes of silicon by E. A 
Milne and his associates is in progress at the U. S. Naval Post 
graduate School. The authors are indebted to E. A. Milne for 
communicating these preliminary values 

18 J. Vorona, J. W. Olness, W. Haeberli, and H. W 
Phys. Rev. 116, 1563 (1959 
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TABLE I. Resonances in the gamma yield from natural silicon + p 


Mean value 
of peak 
counts per 
ywa-min 


"o> dev 
from 
mean 


E p (lab 
in kev 


325*"4 
369 
414° °° ‘a4 
496° «4 
620° «4 
669" «4 
696". '« 
72% cla 
759» «4 
775 «4 
835>« 
917*« 48.) 
942.i 
956>« 
958". .«.! 
980° « 
QRS» 4.1 
1096° 
1111*-! 
1134° 
11765)! 
1204¢ 
1213*.' 
1290" 
1303>.' 
1305>.' 
1307: 
1325>.' 


0.6 
0.3 
35 
2.0 
22.0 
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* Resonances also seen in Si® work at other laboratories 
» See reference 9 

¢ See reference 10 

4 See reference 13 


Mean value 
of peak 
counts per 
pa-min 


> dev 
from 
mean 


13 
11 
19 
14 
14 
38 


E» (lab) 
in kev 


13338 
1374" 
1382° 
1394»! 
1402" 
1426" 


ewe ew 


1472° 
1479. 
1484° 
1491> 
1507¢ 
1512* 
1519*. 
1530" 
1570 
1598 
1606" 
1617* 
1625° 
1630" 
1643" 
1653*.) 
1693*.' 
1700" 
1752*.' 
1775" 
1833*.! 


9 
49 
17 

2 
28 
18 
35 
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* Resonances seen in natural silicon work but not seen in Si” or Si*® work and thus presumed due to 


! See reference 11. 

® See reference 12. 

» Resonances also seen in Si® work at other laboratories 
' See reference 14. 

i See reference 15 


target thickness by comparison of a single peak on 
different targets. The targets were run quite hot, some- 
times a dull red heat. It was found that the yield of a 
given target decreased with bombarding time. Height 
measurements were also corrected for this effect. The 
observed normalized heights are given in Table I along 
with a percent deviation from the mean value of each 
height. With the exception of one peak, all widths at 
half maximum (above the visually subtracted base 
line) fell within 1.7 to 3.3 kev. Since these data came 
from unnormalized runs on various thickness targets, 


it: is felt the widths are instrumental rather than 
fundamental. The mean value of the width of the peak 
at 1374 kev was 5.1 kev with an average deviation from 
the mean of 30%. : 

Note added in proof.—Difficulty with the power 
supply of the electrostatic analyzer prevented the 
obtaining of more than one good run of data above 
1700 kev. The peaks listed in Table I above 1700 kev 
were unmistakeable. Indications of resonances also 
occurred at 1717, 1729, 1763, 1817, and 1825 kev. 
Further work must be done to verify their existence. 
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The quantum mechanical joint position-momentum quasi-distribution funct 
shell model. By introducing approximate quasi-position and quasi-momentur 
bution function is converted into a non-negative (and hence nonquasi) distribu 
presented for one-dimensional and three-dimensional potentials leading ir 
nonindependent distribution vith a predominance of low momenta at the 
in contrast with the usual Thomas-Fermi model and in addition provide 
direct nuclear reactions involving an average over many states of a resi 


mentum as oppose to angular momentum its a relevant quantity 


I. INTRODUCTION or equivalent! 


NHERENT in the Thomas-Fermi statistical model 
for a many body ystem is the notion of the mo f(q,p 
mentum distribution of one of the typical particles 2rh J, 


of the system at a given spatial position. From the 


viewpoint of classical mechanics, the notion of a joint This joint posilion-mot i juasi-probability 


position-momentum probability distribution is not distribution function /(q,p ut, In contrast to 
particularly startling; however, from the point of view the corre sponding classic listribution function, as an 
of quantum mechanics according to which the simul expression ol the quantum mechanical incompatibility 
taneous measurements of position and momentum are ©! the simultaneous com] cnowledge of position 
incompatible, it may seem a little peculiar to discus and momentum, it sometimes tak n negative values, 
such a joint distribution. On the other hand, the use of | 8!Ving It a quasi-probab 
' If we take the Fourier 


the position probability distribution w(g)|*, where 
to p, we find 


¥(q) is the Schrédinger wave function, or the momentum 
probability distribution | ¢(p)\*, where ¢(p) is the 
momentum wave function, is very familiar. 

If we imagine such a joint probability function 
{(g,p) in one dimension, we would expect at least that 


+2 Since the variables g+w and ¢ va | dependent, we 
dp f(q,p), conclude that despite th uadratic’’ appearance of 

f(q,p), a kriowledge of f(q,; completely equivalent 
to a knowledge of ¥(q) [ by a similar argument 
in fact, it has been hown®’ that n formulation 
quantum mechanics can be develoy n terms of 
{(g,p) instead of the more conventional wave functions 

+} } 


construct 
{ , nea: In particular, 


juirements 


it ( 


quantity O(q,p) is gi 


aah J 
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above remarks ca carried over to a 





PHASE SPACE QUASI 
system consisting of particles with a wave function 


¥(q1,42,°**,Qn). The n-particle version of (3) is 


/(G1,Q2,° * *Qn,Pi,P2,°* * Pn 


2 
= 


+2 


f d ge d*y»: aay 


XV*(Gityi, Qet+ye, -: 


2i » 
exp LP a) 
h 


Xv (qi-Yi, 2-2, + °°, Gn—-Yn 
(gain we have the result that the expectation value of a 
measurable quantity O({q,}, {pi}) is obtained as 


() fea f eae e fenfap fer. . fer. 


xX fad (pPOoCay tp) 


which corresponds as does (6) to the classically antici 
pated result. 

The significance of the quasi-probability distribution 
for nuclear (or atomic) bound states arises because 
there are experiments which measure to a good approxi 
mation the momentum distribution of bound nucleon 
or electrons) in a region of space which is smaller than 
the whole nucleus (or atom). In general, such an experi 
ment falls into the category of a “direct interaction” 
experiment in which, to a good approximation, the 
incident particle interacts with only one nucleon (or 
electron), and at least for the nuclear case the entrance 
and exit channel wave functions are so distorted by the 
remainder of the nucleus, that interactions in some parts 
of the nucleus are more likely to be observed than those 
in other parts. 

Previously such nuclear experiments have been con 
sidered to give information about nuclear momentum 
distributions. The interaction of high-energy protons 
(the wave functions of which are only slightly distorted 
with bound nucleons is found to observe a 
distribution which approximates that 
transform of bound 
Anomalously 
momentum components are usually attributed to the 
effects of strong correlations. The interaction of A 


in nuclei 
momentum 
momentum 


obtained from. the 


single-particle wave functions.’ high- 


mesons with a heavy nucleus is well described by 
assuming that the interactions occur isotropically in 
the nuclear surface.‘ (Isotropically, here, means no 
dependence on the angle between the incident direction 
and the position vector of the collision point.) This 


assumption of isotropy is also made in the simple 


K. R. Greider, Phys. Rev 
1. E. McCarthy and D. J 


114, 786 (1959). 
Prowse (to be published 
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direct-interaction Butler’ and others for 
low-energy nuclear reactions, but the actual anisotropy 
of the distribution® is known to lead to errors.’ A low- 
energy (p,2p) experiment has also been considered to 
measure the distribution of nucleons 
localized in an equatorial belt on the nuclear surface.* 
In this case the momentum distribution was assumed 
to have a Fermi form. The Fermi momentum is practi- 


cally a meaningless concept since the severe localization 


theory of 


momentum 


leads to a spectrum which may have a completely 
different shape in the high-momentum region. 


II. POSITION-MOMENTUM DISTRIBUTION 
IN ONE DIMENSION 


Before we discuss the joint position-momentum 
distribution for the nuclear shell model, it is worthwhile 
to display the quasi-probability 


function f{(g,p) and to show how this quasi-distribution 


character of the 


can be related to an actual measurement. 

It has already been remarked that the function 
{(g,p) is everywhere rea! but not everywhere non- 
negative. We can remove this non-negative (‘‘quasi- 
distribution’) property by replacing the canonically 
conjugate variables g and p which cannot be simul- 
taneously sharp by two quasi-variables ¢ and 7 called 
quasi-position and quasi-momentum, respectively, such 
that £ and » can be measured simultaneously and can be 
interpreted as being very similar to g and p. In general, 
both € and y will depend on both g and p and also the 
measurement process, i.e., the coordinates and momenta 
of the measuring ‘‘apparatus.” In the case of a (p,2p) 
reaction, for example, the incident proton and its 
coupling to the target nucleons (the coupling range 
determines the amount of localization) make up the 
measuring “apparatus.” It is intended however that ¢ 
be “closely correlated” with g and n with p even though 
they are not the same dynamical quantities as g and p. 

We wish to show that a joint probability distribution 
(not quasi-probability) for — and n exists. This state- 
ment is equivalent to saying that the operators repre- 
will 
specify a Gaussian correlation function and the variances 


senting £ and » commute. For convenience we 


o*/2, 
(9 


h? / 20°, 
for which 


" Pp }? h ‘t (10) 


expressing an optimal measurement consistent with the 
uncertainty principle. We write the joint distribution 


re 


of ¢ and n as [compare to (6) 


*N. Austern, S. T 
350 (1953) 

* I. E. McCarthy, Nuclear Phys. 11, 574 (1959) 

71. E. McCarthy and D. L. Pursey (to be published) 

*I. E. McCarthy, E. V. Jezak, and A. J. Kromminga, Nuclear 
Phys. 12, 274 (1959 
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| iy f dp 
2rh J_, 


x exp 


in which {(q,p) is to be determined from the appropriate 

wave function according to either (3) or (4). Clearly, 

since the transformation (11) from f(q¢,p) to b(&n;¢ 

involves difference kernels, it can be readily inverted 

using Laplace transform techniques so that it is in 2ehf, (a,p) 
principle a well-defined process to go from the (non 

quasi) probability distribution 6(£,y;¢) to the quasi 

probability distribution f(g,p) and then to the wav 

function via (5) 

The choice of Gaussian kernels allows us to « ompl te 
the demonstration that 06(¢n;0) is non-negative 
Substituting from (3) into (11) and performing the 
integration over p by completing the square, we find 


2ehf,(q,p) 


2h 


We now let 


for which the transformation Jacobian is 4. This yields 
for b(n; 0 


2eht.\a.p) 


1un : 
yy udu . 14 
h 


Clearly, 620 independent of what y is assumed. Thus ¢ 


E 
and are simultaneously measurable,? and their joint 
distribution is given by (14). It is immediately clear 


from (14) that the quasi-momentum distribution which 
can 1n principle be me asured loca ly depends on the 
size o of the region of measurement ric. 1 
. ' . . distributior 
It is possible to de ribe the conventional snapshot listributio 
‘ ‘ mig momentum ¢ 
measurement of £ and ».? The term ‘snapshot’ i infinite square 
peen transiorn 
*W. Heisenberg, The Physical Principles of the Quantum Theory pa/h. The not 
Dover Publications, Inc., New York, 1930), p. 20 ff the uncertainty 
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Fic. 2. Plot of the joint probability distribution function 

g,~; R) for the first energy level in the one-dimensional infinite 
square well of Fig. 1 with the resolution constant R= 2/4. The 
variables g and p here are the quasi-position and quasi-momentum 
variables which are associated with the position and momentum 
variables of Fig. 1 in the measuring process. The resolution 
functions describing the measurement of position and momentum 
are optimal subject to the requirement of measurement consistent 
with the uncertainty principle. As a result of this consistency, the 
joint probability distribution function is seen to be always positive 
Note that the way in which the measurement is made may yield 
particles apparently outside the well 


appropriate if we replace the eye of the observer by a 
photographic film. Two measurements are needed to 
determine both £ and » for a particle in motion. To 
measure £ with dispersion o, we use light with wave- 
length A such that A~o. This gives a quasi-position 
measurement and disperses the momentum. We obtain 
the quasi-momentum 7 by taking a second snapshot 
at a later time with extremely high-frequency light so 
that in this (the second) measurement the position is 
precisely known. From the two position measurements 
and the known time lapse, we calculate an appropriately 
smeared quasi-momentum 7 to go with the smeared 
quasi-position £ obtained in the first snapshot. 

In order to learn about the features of f(g,p) in one 
dimension, numerical calculations of this function were 
carried out for the first four states of a one-dimensional 


infinite square well of width 2a centered at g=0. The 


Fic. 3. Plot of the joint probability 
distribution function of Fig. 2 with 
R=vz2. This value of the resolution R 
tends to smear out the distribution 
more than that of Fig. 2 
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wave function ¥,,(¢) appropriate to this problem is 


1\! nx (g+a) 
¥n(¢ sin 
a 2a 


(15) 


Combining this with (3) we find for the joint quasi 
distribution function 


>— mar) (1 


nm | sin{ (2/ 


in(q,P) ) 
2P | 2P—nr 
sin{ (2P+nr)(1 V}\)) 
(16) 
2P+nr 
/,(O.0) 
where Q=q/aand P= pa/h. 

In Fig. 1, plots of /,(g,p) are shown for the first four 
states in the well. The regions in which f takes on 
negative values are very much apparent. 

In Figs. 2-7, are shown plots of the joint quasi- 
position, quasi-momentum distribution function (14) 
for the potential used in Fig. 1 for various states and for 
different values of the position resolution R=a@/2a. To 
these figures, the wave function of (15) 
substituted into (14) and a numerical integration was 
performed. Beginning with these figures, quasi-position 


obtain was 


and quasi-momentum are indicated by g and p. 

In Fig. 8 the way in which the value of position 
resolution R= /2a affects the spreading of the function 
b(q,p; a) is indicated. This has been done by plotting 
b,(0,0; 0) as a function of R for the lowest state of the 
infinite square well. 


III. POSITION-MOMENTUM DISTRIBUTION 
IN THREE DIMENSIONS 


In the realistic discussion of the three-dimensional 
distribution we shall focus our attention on the joint 
(nonquasi) distribution b(q,p; 0)=6(q,p,x;0) where x 
is the cosine of the angle between q and p. The three 
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Fic. 4. Plot of the 
listribution fur 
R=2v2. Ever 
shown in Fig 


dimensional version of (11 with different m values so that 
bn13(q,p,x; 0) which represet 


P _ expL—(e—q bution over m values 
b(En; ff fevf f d’p a a : 
(3a*)! 


exp| —o?(n—p)*/h? ; 
f(q,p). (li 


. (rh? /o*)! 


By following procedures directly analogous to those 


leading te (14), we replace (14) by 


where 


b(q,p;o 
(2rh)® (xo?)! . 
T prim (9,P,X5 9 ff fe 


iu’p 


| fo exp v(u) , 
. a h q-—u 
AC xp 


where now q and p replace é andy as the quasi-variable 


and u) is the appropriate three-dimensional wave 
¥ pI I It is convenient 


function 
We wisl am 
j 


the nuclear shell model 


variables 
ne the distribution 6(g,p,x; 0) tor — 
Thus we consider a single 


particle state W»ijm specified by the quantum numbers 


V1 no 


and the expression 


distinguish between states 


I ntjm(Q,P,X3 9 


nl} In general, 


2ehd,la,piF j ; 
s ’ so that 


where R,, 
and U im is the appropriate 
In the case of no spin, 


V tm is a spherical harmon 
R=./2/4 
ee es Sd as {av Urexp -4U2)R,,(Uo 


one 


Fic 5 Plot of the joi proba 
bo(q,p; R) for the second energy level of the infinite 
dimensional square well of Fig. 1 with the resolution constant 
R=v2/4asa function of the quasi-variables g and p. The beginning 
of additional spatial structure is seen here as we us the shift of 
) ) 


the momentum peak t 1/h—~2 (a /2 


joint probability 
Fig. 2. with 


nearing than 


Lhe function 


ts an average ol the distri- 


tum function 
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Fic. 6. Plot of the joint probability 
distribution function 6:(¢,p; R) as in 
5 R=v2. This choice of 


Fig. 5 for 
resolution clearly smears out the 


distribution 


This leads us to introduce the complex vector @ such 
that 


¢~=—(P+:Q), 
tage 
r=P-Q/P0O. 


P?~ (P+ 2i1POx, 


In addition we define 
f4(U)=U? exp(-— bl *)R,(Uo). 


Hence the angular integration becomes 


f ax, exp(iU-@)V,,,(Q 


tr fa, DS i je (UC vm * (Q 


K Vem (Qe) V om (Qt ) (28 


By using the orthogonality of the spherical harmonics 


Fic. 7. Plot of the joint probability distribution function 
b3(q,p; R) for the third energy level in an infinite one-dimensional 
square well with resolution constant R=v2/4 as a function of 
quasi-position g and quasi-momentum p. The movement of the 
major momentum peak to pa/A~3(x/2) is clearly shown 


PROBABILI 


DISTRIBUTION 


dU fas(U)ij(UOY tm(Q). (29) 


Although dQ is a complex solid angle, the addition 
formulas usually stated for spherical harmonics still 


hold.) Carrying out the average over m yields 


1 mont | 
> Tate 


264.8 am 


16r° 


(30) 











Fic. 8. Plot of the joint probability distribution function 
5, (0,0; R) for the first energy level in the infinite one-dimensional 
square well evaluated at quasi-position g=0 and quasi-momentum 
p=0 as a function of the resolution parameter R=o/2a where 2a 
is the width of the well as in Fig. 1. The optimum value of R is 
seen to be R&}. Since the function },(g,p; R) is monotonically 
decreasing in g and ?, this plot gives a fairly accurate idea of the 
resolution dependence for a large g-p region 
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Combining our results we find in the case 


of no spin 


bn(O,P,x +2 


o°* 
exp(—-¢V 


r 


x fat U? exp(—4U2)Ry,(Uo) j,(UE) 


in which 


[ | P*+04—2P*07(1 


In the case of spin-orbit splitting, the result is 
identical to (31) provided the label n/ is replaced by 
nl}: 


bris(O,P.x5 0 


b,(O,P,x; 0), 


As we remarked 
distribution, it is 
three-dimensional 


where s denotes a shell model state. 


concerning the one-dimensional 


possible in principle using Fourier 
transforms to unravel the 


distribution 6 and then 


quasi-distribution f from the 
to proceed from f to the wave 
function. 

Under the circumstance x=0 
distribution special treatment of 32 or 3 1S 
needed for P—Q. By using the formulas for the 
spherical Bessel function Ut) for small 
nd the asymptotic 
Pi(C*-%/ 12 


c<ample, that (33 


tangential momentum 


argument 
since (— 0) a formulas for the 


Legendre function for large argument, 


it 1s possible to show become R 


bd. OPO 


in which ['(z) is the standard gamma function. 


ARTHY, 


AND PORTER 


The 


of the neutron wave functi 


functions 5,(q,p,x; ¢ ive been computed for all 
The 
for an Eckart 
Mark, and 


wave 
functions that were used wert 
potential” using the paramet 


Lawson." This potential is 


with 


$12.8 Mev, 


a=0.69 10 
in which A signifies atomic 
over the 


made summed 


In Fig. 9 plots are 
neutron states and averaged over the angle between 


q and Pp, i.e., of 
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Fic. 9. Plots of the three robability distri 
bution function for carbon summed over the and 2) states and 
averaged over the cosine of the ar vectors q and p 
Phese calculations are based btained from ar 
Eckart potential (reference 
2.98 10-" cm, a surface diffuse 
and a depth of 42.8 Mev. Two differe 
width o are shown with plots 
o value) being made versus quasi-n im nt 
quasi positions qg in the nucleus. The dashed curves show the 
shapes (arbitrarily normalized to the soli rves at =0) of the 
momentum resolution functions responding to the space 
resolution width «. The purpo I is to show that 
additional information beyond the shape of the resolution function 
can be obtained, and to indicate that momentum values are 
found near the edge of the nucleus 


parameter ol 


f 0.69 10 


arbitrarily normalized for each 


nt 


” C. Eckart, Phys. Rev. 35, 
"A. A. Ross, H. Mark, a 
1617 (1956 
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normalized so that the left-hand scale has only relative 
meaning within each o set. Dashed curves representing 
arbitrarily normalized Gaussian momentum resolution 
functions with width h?/20 [see (9) ] are also shown to 
emphasize that more than just the shape of the reso- 
lution function emerges from the computations. Since 
the radius of carbon used here is 2.98 10-" cm and the 
spatial resolution is 2-3 10~" cm, the positions chosen 
in Fig. 9 are “in the edge” (g=4X10-" cm) or “out 
in the tail” (¢=6X10~" cm) of the potential, respec 

tively. The computations clearly indicate a preference 
for low momentum values in this region. 

In Fig. 10 a plot has been made of the ratio of the 
two solid curves with o=2X10-" cm from Fig. 9. It 
might be thought (in the spirit of the Thomas-Fermi 
model) that the resulting distribution plotted in Fig. 9 
would be composed of two independent distributions 
of g and p separately. Fig. 10 provides a counter- 
example, i.¢., 


+1 


(2xh)* > if dx b,(q,p,x;0)Aa(g)8(p). (38) 


1 


It is also possible to ask if the distribution functions 
depend in a significant way on the rounding of the edge 
of the well. To answer this question computations were 
carried out for a square well very similar to that of 
Levinson and Banerjee.” The potential well used was 


V (g)=—Vo, gS R, 
V(q)=0, g>R 


(39) 
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Fic. 10. Plot of the ratio of the two solid curves in Fig. 9 for 
o=2X10 ™ cm against quasi-momentum. This plot demonstrates 
that even after angular averaging the quasi-position g and quasi 
momentum ? are not independently distributed; for independent 
distributions (e.g., the Thomas-Fermi model) the ratio would be 
constant for all quasi-momentum values 

2 ( 


4. Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1958 
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Fic. 11. Comparison of square well calculations with Eckart 
rounded) well calculations for the 1p state of carbon. The square 
well (radius 3.66 10~" cm and depth 28.7 Mev) is very close to 
that used by Levinson and Banerjee (reference 12) in an inelastic 
scattering calculation. The Eckart well represents a choice based 
on best fits to energy levels over the periodic table according to 
Ross, Mark, and Lawson (reference 11) and is the same as used in 
Fig. 9. The g=4X10™" cm. Curves for each well are arbitrarily 
normalized to the same number on the vertical scale. This plot 
indicates that only a small effect in the momentum distribution 
results from very different potentials 


with 


Vo= 28.7 Mev, 


) (40) 
R=3.66X i0-" cm. 


There is no spin-orbit term. The results shown in Fig. 11 
are for the 1p state of carbon together with the rounded 
well (Eckart) which is the same as that used in Fig. 9. 
Although the potentials used are quite different, very 
little change is seen to occur in the distribution. It is 
tempting to infer from this plot (although an actual 
calculation should be made as a check) that using a 
distorted (nonspherical) potential would not produce 
very significant changes in the distribution. However, 
there is the more likely possibility that the angular 
dependence of the distribution which has been averaged 
out here might be changed in an important way by 
distorting the potential. 

Beginning with Fig. 12, we examine the angular 
features of the distribution b(g,p,x; 7). It is particularly 
radial and tangential com- 


convenient to define the 


ponents of the vector p 
P= (P-aQa/ 7, 
P= P—P, 
aX (pXq)/¢’. 
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hic. 12. Plots of the tangential =()) and radial (x=1) quasi 


the 1 2s, and 1/ “ 
with the quasi-position g=210°~" cm and the resolution width 
a=2XK10"! The parameters used here for the Eckart well 
reference 11) are a radius of 4.44 10°" cm and edge diffuseness 
of 0.69 10°" vell depth of 42.8 Mev, and a spin-orbit 
parameter A of 39.5. Scaling factors for the various curves are 
indicated on the plot 


momentum distributions for states in Ca 
cm 


cm 


In terms of the variable x, these are 


p-= xpq/ 4, 
qx (pxq 


qX (pXq) 


Clearly 
p= pP+ pi, site 
P= Pr P:. 

We are particularly interested in the angular mo 


mentum L of the particle; this i 


L=qX<p=4qXp., (44) 


since qX p,=0. But we can write 


PXq) ¢=(qXp)Xq 
Lxq/¢’, 
or 


pr (LX q)/q', 


(46) 


since q-L=0. 


rhe energy of a particle in 


a potential J {q) is 


2M+V (q), 
2M q°+ V (q), 


orbital angular momentum, 


l+1 

48 
2M 2Mg 
Phis equation enables us to get an idea of the expectec 
value of p, at some radial position g. The expec ted value 
of p; is given by (46 

We can obtain typi 

nucleon by considering / 
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g=3X10~-" cm, and /=1. This gives 


p-™~1.08 X 10 


cm 
p ~0).33 * 10" 
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> Pr; for low angular 
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Each figure corresponds to a different radial posi 
The potential that was used for these calculations is 
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used in the machine computations ar¢ 
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evident in Figs. 13 and 14. The large amount of tan- 
gential quasi-momentum associated with the 2s state 
at g=2X10-* cm may be from uncertainty in direction 
for such small g values. 

In Fig. 15, the definite non-isotropic character of the 
distribution is indicated by fixing the magnitudes of q 
and p and plotting the distribution against x, the cosine 
of the angle between q and p. This plot contrasts with 
the usual viewpoint of the Thomas-Fermi model which 
would predic tan isotropic result. 


IV. COMMENTS AND CONCLUSIONS 


Che usual direct interaction theories® for reactions 
leading to low excited states of a residual nucleus plac 
overwhelming emphasis on the importance of the 
angular momentum transfer involved in the reaction. At 
first sight, this may seem to be in conflict with the 
viewpoint (emphasizing linear momentum) of this 
paper. The reconciliation of these two points of view 
is achieved by noting that the arguments presented here 
are not to be applied to reactions leading to a single 
final state (with well-defined angular momentum) of 
the residual nucleus; only when the reaction measure 
ment averages over many final states can the notion of 
linear momentum come into play since a state of well- 
defined angular momenium is a superposition of many 
states of well-defined linear momentum and vice-versa. 
One immediate consequence of these statements is that 
it might be rather suggestive to examine joint quasi 
angular-momentum and quasi-angle distributions to 
see what insights can be obtained into the usual direct 
interaction theories. 

The large effect of the localization of a reaction on the 
measured momentum distribution may explain the 


inability of plane wave direct interaction theory t« 
account for the fact that a diffraction 
generally not observed in nuclear inelastic scattering 


pattern ts 


when the particles are sharply focused by the optical 
potential. A simple JW KB calculation” which does not 
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Fic. 14. Plots of the same functions shown in Fig. 12 for quas 
position g=6X10~" cm. Comparison of this plot to those of Figs 
12 and 13 shows the relative predominance of lower quasi 
momentum values at the surface of the nucleus. Both Figs. 13 and 
14 indicate a mean radial quasi-momentum larger than the mean 
tangential quasi-momentum 
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lic. 15. Plot of the angular variations (« is the cosine of the 


ingle between g and pf) of the probability distributions for fixed 


values of o, g, and p: 7=2K10™" cm, g=4X10™ cm, p=0.5 

x 10°" cm". Scaling factors for the curves are indicated on the 

nlot which is based on the wave functions used in Fig. 13. The 

character of this dependence is in contrast 

to the Thomas-Fermi model. The distribution is symmetric about 
0, i.e., about the angle between q and p equal to 90°. 


take into account localization, predicts that the 
diffraction ‘‘wiggles” in sharply focused nuclear inelastic 
scattering should be more pronounced than for strongly 
absorbed alpha particles for which the focus is not 
significant. This is opposite to the experimental facts. 
Where a restricted part of the nucleus is sampled, the 
momentum spread largely eliminates the diffraction 
pattern arising from the interference of exit channel 
waves coming from opposite sides of the nucleus and 
characterized by a length of the order of the nuclear 
radius. This concept will be developed in a future 
publication.’ 

The sharp differences between the joint distribution 
considered in this paper and the Thomas-Fermi model 
have been pointed out: the directionally averaged joint 
distribution is not a composite of independent distri- 
butions of quasi-position and quasi-momentum, and 
the unaveraged distribution is not isotropic. In addition, 
the prevalence of low quasi-momenta at the nuclear 
surface has been emphasized as well as the predominance 
of the radial over the tangential quasi-momentum there. 
These features result in a simple picture of, for example, 


a p,2p 


chipping”’ 


reaction.“'® The reaction is viewed as a 
reaction occurring primarily in an equa- 
torial belt of the target nucleus located in a plane 


perpendicular to the direction of the incident beam. 


“R. J. Griffiths and R. M. Eisberg, Nuclear Phys. 12, 225 
1959); T. J. Gooding and H. G. Pugh, Nuclear Phys. (to be 
iblished 
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The main momentum (radial) of a 


nucleon in the target nucleus in this equatorial belt is 


component 


perpendicular to the momentum of the incident particle. 
Arguments for a 90° collision between two unbound 
particles would lead to a final sharp angular correlation 
between them centered at 90°: however, the non-zero 
binding energy of the nucleon in the target shifts this 
to an angular correlation centered near 60° in closer 
accord with experiment. The actual formula for the 
angle @ between the two final protons is 


ws 
w 


cos6= | V | /2( ky ,E 2, 
where /,, and Ee, are the final kinetic energies of the 
two protons and V is the strength of the potential 
binding the bound proton at the point of collision. The 
sharp character of the angular correlation peak is ac- 
counted for by the small tangential (as compared to 
radial) momentum component since only this com- 
ponent broadens the peak. In addition, the momentum 
distribution corresponding to the bound nucleon favors 
low momenta and has a shape more characteristic of 
the localization than of the structure of the wave func- 
tion of the bound nucleon 

It is, of course, very tempting to consider the appli- 
cation of the techniques discussed here to atomic and 
molecular reaction problems. The extent to which a 
screened Coulomb potential may alter the preceding 


discussion is presently not well understood. 
The formalism discussed here is clearly generalizable 
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to a joint distribution for more than one particle as 
indicated in (7). Generalizations of this sort could prove 
useful for discussing reactions involving composite 
systems. 
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A study of the reaction ++ —> K*++K* is suggested as a possible means of determining the parity of 


the cascade hyperon relative to the nucleon. 


I. INTRODUCTION 


ITH the advent of intense and very energetic 

beams of antiprotons, it will likely become 
possible to produce with a reasonable frequency hyperon- 
antihyperon pairs via two-body reactions of the follow- 
ing kind: p+p—Y+Y¥.' Here Y and F denote a 
hyperon and an antihyperon, respectively. Such re- 
actions may be the most ready source of such particles 
as the cascade and anticascade hyperons. A particular 
reaction producing these particles would be 


p+p—-= +5 (1) 


with a threshold at ~1.8 Bev antiproton laboratory 
kinetic energy. In the present note, and in a subsequent 
note,” we examine two particular reactions that may be 
initiated by the + interacting with hydrogen. We 
study here the annihilation reaction, 


Et++p— Kt++Kt. (2) 


We note that we may be able to infer the relative 
cascade-nucleon parity from the features of this reac- 
tion. A study of the interactions of Z~ in hydrogen to 
obtain information on this relative parity has also been 
carried out.* 


il. ANALYSIS 


In Table I we list the possible transitions involved 
when reaction (2) is initiated by low-energy 2+ incident 
upon hydrogen, for the two cases of even and odd rela- 
tive cascade-nucleon parity. The center-of-mass angular 
distribution characteristic of each transition is also 
given. It is assumed that the cascade hyperon has spin 
$. It is further assumed that the two K+ mesons are 
identical, spin-zero bosons. This latter assumption 
allows us to conclude that the Bose statistics rules out 
the presence of final states with odd orbital angular 
momentum. Indeed, a test of the identity of the two 
K* mesons is provided by an experimental search for 
terms proportional to an odd power of cos@ in the 
center-of-mass angular distribution of the final state. 

We now note that, if the 2+ are of very low kinetic 
energy, say <5 Mev, we might expect the initial S-wave 


1S. Barshay, Phys. Rev. 113, 349 (1959). In this paper there is 
a misprint. The first two terms on the right-hand side of the third 
equation in (4a) and the third equation in (4b) should be multi 
plied by R and R’, respectively. 
?'S. Barshay, following paper [Phys. Rev. 120, 267 (1960) } 
*S. Treiman, Phys. Rev. 113, 355 (1959) 


interaction to predominate. Then the combined con- 
servation of angular momentum and parity forbids re- 
action (2) if the cascade-nucleon relative parity is even. 
For odd relative parity the reaction will proceed with 
an isotropic angular distribution in the center-of-mass 
system. It is difficult to estimate the frequency of the 
annihilation mode (2) relative to the modes with one 
or more pions emitted in addition to the two K* 
mesons. We only note that the mode (2) takes up into 
the two K*+ masses a fraction of the available mass 
which is quite comparable to that fraction taken up by 
the 5 or 6 pions emitted in the dominant annihilation 
modes of low-energy antinucleons incident upon nu- 
cleons.* This distinction between the reaction proceed- 
ing at very low energies in the case of odd relative 
parity and being forbidden in the case of even relative 
parity provides, in principle, the cleanest determination 
of the parity of the cascade hyperon. 

In practice, even with low-energy =* we should 
allow for the possibility of higher orbital angular mo- 
menta in the incident state. We note from Table I that 
if there are S and P waves in the incident state, reaction 
(2) will proceed for either relative parity. However, in 
the case of odd relative parity, the center-of-mass angu- 
lar distribution, F(x), will be isotropic; in the case of 
even relative parity the angular distribution will, in 
general, have the form F(x) =a+52*. Here, the coeffici- 
ents a and b are related to the amplitudes A and B, 
describing transitions from the *P» and *P, states, re- 
spectively, by the equations 


a= 18) A |*+ | B\?+6v2 ReA*B, 


(3) 
b=3|B|?—18v2 ReA*B. 


Tas_e I. Possible transitions and angular distributions 
for the reaction 2*+p —- K*+K* 


Final orbital 


Relative angular F(x)=center-of-mass 
=—p parity Initial state momentum angular distribution* 
1S, 0 1 
'Ds 2 1 —62x°+924 
*Ds 2 x — x4 
4 *P. 0 1 
4 1p, 2 1+324 


*x=cos, where @ is the center-of-mass angle of the relative momentum 
> = 
of the two K* mesons measured relative to the incident £* momentum 


*W.H. Barkas ef al., Phys. Rev. 105, 1037 (1957) 
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ase b 
clean distinction between even and odd relative parity 


Thus, except in the « Q), it is possible to make a 
by a study of the angular distribution in reaction (2) 
Observation of an anisotropic distribution would indi 
cate even relative parity (under the assumption of only 
S and P incident 


distribution 


waves). Observation of an isotropi 
parity, or 
In order to rule out the 


latter possibility, we would have the 


suggest odd relative 


would 
even relative parity, then } 
to observe Vaflla 
kinetis 


tive parity there 


tion in the frequency of reaction (2) as the 2 


energy is lowered to zero. For odd rela 
should be essentially no variation over a small energy 
interval. For even relative parity, the frequency of (2 


should go to zero as the selection rule forbidding the 

reaction from incident S waves comes into play. 
Finally, we consider the possibility that reaction (2 

is observed to go with an anisotropic angular distribu 


tion at =* kinetic energies such that it ts possible that 
In the ¢ of odd 
(2) would proceed from a 
mixture of incident states, \So, 'D., and *D., with am 
plitudes C, D, and E, The center-of-mass 
angular distribution will, in general, have 
F(x) 


given | 


incident D waves are contributing 
relative parity 


ase 


reaction 


respectively 
the form, 
coefficients, c, d, and ¢ 


c+dx*+ ex’, where the ire 


n terms of the above amplitudes by 
6H ¢ + 
6 D 

9 Pp 


D 
+6 E 
OE 


-12 ReC*D, 
+36 ReC*D, 


\ nonzero value for the ot x 


for which F(a 


cocthcient would rule out 


the case of even parity a+hbna 


For 
would allow us to 

cascade-nucleon parity Is odd, 
and D } 
=*—p system which is greater than the 
In the 
4, we would infer that the relative parity is even, pro- 
vided that 


example, a 
that the 
further, 


negative coethcient tor a 
relative 


it 


infer 


t} there is a interaction in the 


Dz, interaction 


event of a near-zero value for the coefficient of 


we could obtain some confirmation of the 


2 
? 
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assumption that lent D-wave are 


small. This confirmation might come from a study of 


incl interactions 


the elastic scattering reaction 


p—+=zt+ph 


} j (5) 


at the same energy For and P-wave 


distribution 


predominant S$ 
interactions, the center-oft 


will be of the 


angular 
forn a+ B8x+7 

In the special case of ngle dominant interacting 
of th 


obtained from reaction (2 


state, further 


lo 


intlormation n the ture is State, 


supplement that might 


be obtained by comparing the observed angular dis- 


tribution in the elastic scattering with the distributions 


predicted for certain definite transitions. These are 


ase Il 


some Poss Dle 


for the rez 


= center-ol-mass 


Initial state ilar distribution 


g 
P 
P 

De 

Ds 


listed in Table II for the incident states involved in 


lable I. 


Ill. CONCLUSIONS 


he above nalysi indicates tha 
number of low-« 

in hydrogen, a 

reaction 2 l 
tinal A* pair can 
of relati ‘ 
the identity of the A* 
dicted absence of odd power 


determina 
parity \ ol 
provided by the pre 
e center-ol 


tion tne ve cleon test 


cosg 


mass angular distributior 
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Interaction Between a Pair of K+ Mesons 


SauL BARSHAY 
Physics Department, Brandeis University, Waltham, Massachusetts 
(Received April 25, 1960 


An analysis is performed for the reaction 2* +p — K*+K*+-y, with subsequent materialization of the 
photon into an electron-positron pair. In the circumstance that (a) the annihilation of low-energy Z* pro 
ceeds largely via the reaction =++p —» K*+K* and that (b) the elastic scattering of the 2* on hydrogen 
is largely a diffraction effect, a study of the radiative reaction provides, in principle, a means of determining 
a function related to the phase shifts for the scattering of a pair of K* mesons. Under assumption (b) alone, 
an absence of al] meson-meson interactions among pions and K mesons could be inferred from the vanishing 


of a certain angular correlation term in the radiative process 


I. INTRODUCTION 


HE interaction between a pair of mesons, be they 
pions, K mesons, or a pion and a K meson, has 
been the subject of many recent theoretical and phe- 
nomenological studies.'? One of the problems involved 
in this subject is the difficulty in devising analyses of 
experimental results which would yield direct informa- 
tion on the presence of interactions between mesons. A 
number of analyses have been suggested which might, 
in a favorable set of circumstances, yield semiquanti- 
tative information on a pion-pion interaction.*~* These 
attempts have appealed to the possibility of isolating 
the physical effects of that part of the matrix element 
for the process r+.V —+x+2+WN which is due to the 
interaction of the incident pion with a pion in the cloud 
of the target nucleon, under the assumption that this 
is an important contribution and a strongly varying 
contribution for small values of the laboratory three- 
momentum transfer to the target nucleon. Character 
istic effects of the absolute square of this part of the 
matrix element,’ or of its interference terms with the 
residual part of the matrix element,’ may be compared 
with experimental results. Some information on the 
interaction between a pion and a K meson might be 
obtained from similar analyses applied to the reaction 
K+N — K+nr+. A study of the interaction between 
a pair of K mesons may be considerably less susceptible 
to this type of analysis, owing to the greater mass of 
the K meson and the consequent larger range of mo- 
mentum transfer involved. 
In this note we consider an analysis, which, given a 


favorable set of circumstances, could, in principle, yield 
information on the interaction between a pair of K* 
mesons. We are aware of the considerable experimental 
difficulties involved in the analysis,* as well as of the 


'G. F. Chew, University of California Radiation Laboratory 
Report, UCRL-9028 (unpublished). 

?S. Barshay, Phys. Rev. 109, 2160 (1958); 110, 743 

*C. Goebel, Phys. Rev. Letters 1, 337 (1958). 

*G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 

*S. Barshay, Phys. Rev. 111, 1651 (1958). 

*F. E. Low and D. H. Frisch (private communications) 
Professor Low has emphasized that there is a considerable diffi- 
culty in reconciling the conversion of the photons into pairs in a 
high-Z material and the subsequent distortion of the plane of the 
pair by multiple scattering effects 


1958 


1959 
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likelihood that the favorable conditions necessary may 
not be met with in reality. We present the discussion in 
the spirit of an example as to how, in principle, one 
could obtain information on the interaction in a system 
which, in most circumstances, appears in a hopelessly 
complicated system of strongly interacting particles. 


Il. ANALYSIS 
Consider that we have produced Zt via the reaction 
P+p 
The + will, in general, have some polarization along 
the normal to the production plane, which we denote 


by the unit vector n. The existence of some polarization 
induced by the production reaction (1) would be con- 


>= +2". (1) 


firmed by the observation of an up-down asymmetry 
with respect to the production plane in the subsequent 
decay process 


(2) 


We consider now the following rare reaction induced 
y a very low-energy (essentially S-wave), polarized 
=* interacting with a proton: 


t+ p—+Kt++K++y7 (3) 


We denote the momentum and polarization of the 
photon by k and e, respectively ; we denote the relative 
momentum of the K* pair by q. The analysis involves 
the observation of the photon via its materialization 
into an electron-positron pair. We may then observe a 
distribution in the angle ¢ between the plane of the 
electron-positron pair and the plane defined by its 
normal, qXk. Amy term in this distribution propor- 
tional to sin2¢ would indicate a nonvanishing interac- 
tion between the pair of K* mesons, provided that the 
following circumstances were observed to hold: (a) the 
annihilation of low-energy Z+ on hydrogen proceeds 
largely via the reaction ++ p—+ K++ K*, and (b) the 
elastic scattering of low-energy Z+ on hydrogen is 
largely a diffraction effect. In this case, for sufficiently 
large values of k such that S and D waves are the 
dominant partial waves in the two-K* system (Bose 
statistics rules out odd orbital states), the coefficient 
of the sin2¢ term in the distribution would be propor- 


_ 


/ 
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tional to Ime'’”“-*s’, where 6s and dp are the S- and 
D-wave phase shifts, respectively, for the elastic scatter- 
ing of a pair of K*+ mesons at a relative momentum 
q|. For values of |q| below the threshold for the pro- 
duction of pion in a K*— XK? collision, this coefficient 
will be proportional to sin(ép—és), with ds and 4p 
(b) the 
absence of all meson-meson interactions among pions 


real. Conversely, under assumption alone, 
and K mesons could be inferred from the vanishing of a 
correlation term proportional to the sin2¢. 

We now give the derivation of these results. Consider 
the case of even relative cascade-nucleon parity. The 
derivation for the odd case is identical, with a small 
modification in the final formula that will be noted in 
conclusion. The transition operator for reaction (3) may 
now be written as follows 


{ ag xe k+8e-e. 


where a and 8 are complex functions of |q|?, | k{?, and 
q:k, and @ is the spin operator. For simplicity and 
explicitness, let us consider a range of values of |k 
from the maximum value, |k,,x|, to a lower limit, 
kin}, corresponding to a value of |q| just below the 
threshold for pion production in a K+—Kt* collision; 
we then approximate the two-A* interaction by real 
S- and D-wave phase shifts. Redefining a and 6, we 
rewrite the transition operator 


‘=aq: kqXe-k+fe-e 


lhe first and second terms correspond to D- and S-wave 
production, respectively, of the two-K*+ system. We 
may now expand the state vector for the photon in 
terms of a complete set of photon polarization states, 
with coefficients given by Eq. (5) 

(iaq: kg, + (iaq: kg_+8o,)\e_). (6) 


bo 
The je,) and |e denote states of right and left cir- 
cular polarization, respectively; g,= (gittge)/V2; o4 

(o;tio2)/V2. The is described by a 
density matrix given by 


incident St 
p i+Pe-n 1 (7) 


where P is the polarization of the particle along n. We 
assume that the particle has spin }. The 
density matrix for the final state is given by 


Cas ade 


p= \y)(1+Pe-n)(y 


}(1+ 4-2) (8) 


In this equation, the components of ¢ are the Pauli 
matrices, and % is the Stokes vector for the photon 
whose components are given by the following equations: 


A, =4(Ar+ ide) = (iaq: kg_+fe,) 


X (1+ Pe: n) (—ia*q: kg_—*e,), 
A_=4(A1—1A2)= (iaq- kg, —Bo 
xX (1+ Pe-n = ia*q- kg, +-8*¢ 


ARSHAY 


Aa= (iaq: kg, —fo_)(1+Po-n ia*q: kg_—p*o, 


— (iaq: kg_+8e,)(1+Poe-n ia*q: kg, +8*e 


where the * denotes complex conjugation 

The result of an experiment which determines q and 
also k, via the materialization of the photon into an 
electron-positron pair, will be given by 


R UI py F 10 


where A=r(1++-u) is the density matrix which de 
scribes the pair formation; r is therefore related to the 


rate for this process, and wu is a vector with components 


) 
COSZ YY, 


uy; u 
Uy u sin2¢, 

u 0 11) 
Here, ¢ 
the plane defined by its normal qXk; |u 


is the angle between the plane of the pair and 
<1 is again 
a quantity determined by the mechanism of pair forma- 
tion. We may define our coordinate system with k as 
the 3-axis, qXk as the 1-axis, and kx (qk) as the 
2-axis. A straightforward evaluation of Eq. (10), with 
the trace being taken over both @ and +, then gives 


R=2r[1+ | uw! {— |a|?|q\*| k\*} sin?2¢ 
P| q|?|k|, sin26 Rea*8} cos2¢ 


+} a! {—P|q)*| k! m sin26} Rea*f sin2¢], (12 


where m, and. m, are the 1 and 2 components, respec- 
tively, of the vector n, and @ is the polar angle between 
q and k. This is the essential result of the 
We now supplement the result with the 
that under the conditions (a) and (b 
previously, for values of k with |k 
time-reversal invariance requires that 


calculation. 
observation 
enumerated 


| < | Kmax|, 


Rea*s 8) sin —éx), (13) 


where |a| and || are the absolute values of the pro- 
duction amplitudes into D and S states, respectively, 
for the two-K* system, an¢ 
shifts for elastic A*— K* 
mentum |q 


1 dp and ds are real phase 


scattering at a relative mo- 


In the case of even relative cascade-nucleon parity, 


the transition 
given by 


operator corresponding to Eq 5) 1S 


aq: kq:e+8eXe-k (14 


The formula corresponding to equation (12 
obtained by letting a—>+ a, 8—> 8, and by multiplying 
the coefficient of the cos2y term by —1. We have here 
a means of determining the relative cascade-nucleon 
parity, provided that the interference term between 
a (&) and 6 (8) is negligible and provided that the D 
wave production amplitude, a (&), is nonzero. For then 
the coefficient of cos2¢ is negative definite in the case 
of odd relative parity and positive definite in the case 
of even relative parity. This is reminiscent of the situa- 


is simply 
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tion in the analysis of the correlation between the 


planes of the Dalitz pairs in x° decay.’ 
Ill. CONCLUSIONS 


Under the conditions (a) and (b) enumerated above, 
the observation of a nonvanishing term proportional 
to sin2¢ in the distribution in the angle between the 
plane of the pair and the plane defined by its normal, 
qXk, would indicate a nonvanishing interaction be- 
tween a pair of K+ mesons. Under condition (b) alone 
(which is perhaps the more likely of the two conditions 
to be fulfilled in reality), the absence of any correlation 
proportional to sin2¢ would imply that all meson- 
meson interactions were of negligible influence.”* This 
follows from the fact that time-reversal invariance re- 
quires Rea*8=0 in the event that the low-energy 
=+—p elastic scattering is largely a diffraction effect 
(i.e., vanishing of the real part of the phase shifts) and 
that there are negligible meson-meson interactions in a 
system of pions and K mesons. This conclusion would 
not hold in the unlikely circumstance that only a 
single partial wave were produced in the two-K* sys- 

'R P lano et al, Phys. Rev. Letters 3, 525 (1959) 

7* Under a similar condition, this statement could also be made 


with reference to a study of the reactions P+) — 2x+~7 and 
p+p—-K+K+ 
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tem, for all values of 


q,, or in the circumstance that 
many partial waves conspired to give an accidental 
cancellation in the interference between the amplitudes 
a and @ in Eq. (4), again for all values of |q|. 

Finally, we note that reaction (3) involves four 
positively charged particles, two with magnetic mo- 
ments, and the possibility of the emission of a very 
energetic photon. All of these may contribute to an 
increased probability for this radiative process. 
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High-Energy Electron-Electron Scattering* 
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The radiative corrections to the electron-electron scattering to order a* are calculated for (1) the colliding 


beam experiment and (2) the experiment in which the target electron is at rest initially 


The contributions 


from high-energy real photons are included. The two-photon exchange diagrams are found to give only 


negligible contributions to the cross sections after infrared cancellation. 


The effect due to the possible 


breakdown of quantum electrodynamics is discussed. A preliminary study on the electron-positron colliding 


beam experiment involving various interactions is made. 


The vacuum polarizations involving heavier 


particles than an electron pair in the closed loop are investigated. 


I. INTRODUCTION 


ANY experiments’ have been suggested to test 

whether the electron has any finite size or if 
quantum electrodynamics (QED) is valid at small 
distances, say at 10-“ cm. Among them the interactions 
tt+e-, and yte > y+" 
are pure quantum electrodynamical? or, in other words, 
they do not involve the structures of other particles 
whose effects are often difficult to distinguish from the 


+o —¢ +e, te —€ 


= Supported in part by the U. 
Force Office of Scientific Research 

1S. D. Drell, Ann. Phys. 4, 75 (1958). 

* Vacuum polarizations due to heavier particles than electrons 
are discussed in the Appendix. Their contributions to the cross 
sections are found to be negligible 


S. Air Force through the Air 


effect due to the breakdown of QED at small distances. 
In this paper we are primarily concerned with the 
evaluation of cross sections for two specific experiments 
on electron-electron scattering by using the standard 
technique of QED to order a’. Any significant deviation 
of the observed cross sections from the present calcula- 
tion must be attributed to the breakdown of QED at 
small distances. The effect due to possible breakdown 
of QED at small distances is discussed in Sec. IV. The 
two experiments which we will proceed to discuss are 
as follows: 

Experiment I. Electron-electron colliding beam 
experiment with two intersecting 500-Mev electron 


beams. The detectors for the scattered electrons are 
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for the electron-electro 


Cerenkov counters facing each other with equal 


circular apertures subtending the same solid angle and 
arranged for coincidence (see Fig. 1). Angular distribu- 


tions (but not the from 35 to 


absolute cross sections 
90 degrees are taken 

Experiment II. Electron-electron scattering with the 
target electron at rest and the incident electron having 
energy EB, S00 bar to denote the 
in the laboratory system for Exp. II). One 


outgoing electrons is 


Mev (we use a 
quantities 
of the 
electron is selected by a rectangular entrance s 
then entered 


undetected and the other 


lit and 


into a spectrometer which selects the 
energies (see Fig. 6 

he first experiment is in progress at Stanford and is 
conducted by O'Neill, Barber, Gittelman, Panofsky, 
It is designed to test the validity of QED 
at small distances down to ~0.510-"“ cm. The second 
experiment is also being carried out at Stanford, by 
Edgar B Dally The effect due to the breakdown of 
QED (if any) should not be observed in Exp. II due 
to the smallness of momentum transfer involved in the 


and Richter 


experiment. This calculation was originally started in 
order to calculate the cross section for Exp. I. However 
realized that the previous calculations on 
scattering made by Redhead’ and 
Polovin‘ do not apply to Exp. Il; thus the calculation 
on Exp. II was included in this paper. 

calculated the radiative 
e scattering with the target electron 
at rest in the laboratory system with the assumption 
that the f the photon iis (we use 
units in which #=c=1) which can be emitted is the 
same for all 


it was 


| 
electron-electron 


Redhead and Polovin 


corrections to ¢ 
maximum energy 


directions ifter we use the word 


“isotropic” in this sense) and is much less than m. 
However, in Exp. II the photon can steal almost all 
the energy from P,’ (see Fig. 6) which is undetected; 
hence in the direction of P,’ the maximum energy of 
*M. L. G 
1953) 
*R. V. Polovin, J 


1956) [translation 


Redhead, Proc. Roy. Soc. (London) A220. 219 


I XT tl Theoret vs J ; 31, 449 
Soviet Phys.—JETP 4, 
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the photon K ax is ¢ jual to a elastic: whereas in the 
backward direction it can be shown that A,,.x.=mA9 
Beiastic (See Fig. 6). Thus Kinex is neither isotropic nor 
<m. 

In contrast 1 ‘lectron-nucleus 
inelastic part of 


SC attering (the same can be s: 


scattering, the 

orrections to e—-e 
id about the Compton 
scattering) depends very critically u the geometry 
(This is why we have specified the 
experimental conditions in such ailed manner at the 
beginning of this section cecall that in the 


of the experiment 


usual 
calculations of the radiative corrections to electron 
nucleus scattering the followi conditions are 


assumed implicitly 


1. Due 


photons emitted by the nus 


to the eavy mas 
z The energies ot the ela 
are not sharply dependent 


3. The momenta of measured 


From these thre deduce the 
condition that the hotons emitted 
is approximately isotropic irrespectir f the shape 
and is 


ing system 


and the size (if it is s of tl itrance slit 
equal to the ene 
AE. (AE= E.) 
of the 
not satisfied in el ro! lectr catlering, el in 
Exp. I or Exp. II. In Exp. I the detecting system does 


not have any energy res 


threshold 


detecting systen three qitions are 


ce Cerenkov counters 


Mev 
Mev) can be mitted along t directions of 


cannot distinguish bet 
=10 Mev 500 
(= 500 
final electrons. The maxi 


energies, Say 
and ard photons 
hotons which 
can be emitted in other 
function of the 


complicated 
geometry and will be 
discussed in detail in Se » final expression for 


the cross section depend upor I half-angle of the 
detecting system A@ (see Fi; 


resolution of the 


xp II the « nergy 


spe tromet very small and 


it will be shown later that the radiative corrections 
for this experiment lantity A@ (see 
Fig. 6) rather than the nergy resoiutior the spec- 
trometer AE,’ 


Similar to 


depend 


Brown and Feynma ult on the 
radiative correctio ( ymptor cattering, Redhead 
and Polovin’s results 

(compared with unity 


to € 


radiative corrections 
large-angle pair produ tl 
very undesirable becauss 
If this kind of 


indeed very serious sinc 


energies. 


expansion of the cross sé 


‘LL. M. Brown and R. P. Fe 

*H. Suura, Phys. Rev. 99, 1020 

7 J. D. Bjorken, S. D. Drell, a 
112, 1409 (1958 
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valid even at energies with which we are concerned 
here. Fortunately we found that the existence of terms 
like a In?(—g?/m?) in references 3, 4, and 5 is due to 
those authors’ special assumptions on Amex. In fact 
under the experimental conditions of Exp. I and Exp. II 
it will be 


shown later that these terms are associated 
with the infrared contribution and that they cancel out 
comple tely after addition of elastic and inelastic cross 
sections. 

Ihe notations used in this paper are similar to those 
used by Schweber ef al.* The units #= c= 1 and e? 
are used. The relativistic notation used is such 

(ao, A), a,yy*=a, (a-b)=aobo— A- B, y+ 4= 28 y0, 
where g — 21) - £20 -g33=1 and all g,,’s 
are zero. p; and p» refer to 4-momenta associated with 
incoming electrons and p,;’ and p,’ those with outgoing 


br =a 
that 


other 


electrons 

The calculation of the cross sections can be separated 
into two parts: elastic and inelastic. Elastic parts refer 
to those diagrams which have two final electrons but 
no final photons. Inelastic parts refer to those diagrams 
which emit a photon in addition to the two outgoing 
electrons. Elastic and inelastic parts do not interfere 
other they have different final 
observable cross section is obtained by 


with each because 
T he 


adding the elastic and inelastic cross sections. 


tat 
SLALOS, 


We assume that a photon has a small mass A whenever 
we deal with the processes which involve the emission 
of very soft (real or virtual) photons. This is just a 
device to avoid the so-called infrared divergence. In 
our calculation this method of infrared cutoff has many 
alternative method which uses a 
noncovariant energy cutoff Kymin. If Kmin is used as an 
infrared cutoff, the calculation for the inelastic parts for 


advantages over the 


Exp. I can be slightly simplified, but the calculation 
for the elastic parts becomes extremely cumbersome 
Moreover since K n is 
venient for performing a coordinate transformation 
For example, had we used K,,;i, instead of A, we would 
have to calculate the elastic cross sections for Exp. I 


noncovariant it is very incon 


and Exp. II separately instead of obtaining one from 
the other by just a simple substitution. 

When the fictitious photon mass A is used as an 
infrared cutoff, the quantity A always appears in the 
form In(m/X) in the self-energy diagrams (M,) and in 
the forms po(¢ » Me q? , Me(— s* in other elastic infrared 


diagrams, is defined as 


al 
ue Gg” | 


where the function po(¢ 
dy \n[m*d 


-y(1—y)g°A 


m’*— y(1—y)q*?—1e 
—q m 
In 
2 A* 


Bethe, and F 


Peterson and Company, 


*S. S. Schweber, H. A 
and Fields (Row, 
1955), Vol. I 


de Hoffmann 


Vesons 
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In the inelastic cross section one always finds similar 
terms but with a different sign. [In fact in our case 
the quantity A appears in the direct two-photon 
exchange diagrams M, and Mz, as wo(s*) rather than 
be s*), but this does not affect our argument since 
the imaginary part does not contribute to the cross 
section and we have neglected the nonlogarithmic terms 
in the calculation of two-photon exchange diagrams 
anyway. | Thus these terms cancel each other when 
elastic and inelastic terms are added together. Hence 
we shall call like In(m/X), uwe(g*), we(gi?), and 
po(—s*) infrared terms 

In Sec. VI a preliminary study was made on the 
electron-positron colliding beam experiment. In the 
Appendix the vacuum polarizations involving heavier 


terms 


particles than an electron pair in the closed loop are 


investigated 
II. ELASTIC SCATTERING 


Let us define g=(pi-—pi’), q’=(pi- py’), 
s=(pit+pe), where p,’ and p,’ refer to 4 momenta of 
outgoing electrons in the “elastic s« attering.”’ q and q’ 
are space-like vectors and s is a time-like vector. For 


and 


Exp. I we have 
—4(E*—m?*) sin? (6/2 
4 (2 — m?) cos?(6/2) 

LE, 
where E=E,=E,=E,'=E,'. For Exp. I 


(denoting the laboratory quantities by a bar) 
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following relations are useful 
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only for elastic s since in 
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‘ j 


scattering p and 


ittering, 
depend upon the 
momentum &. 

In either Exp. I or Exp. II we have s*, — ¢ 
Thus in our 
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q*7>m 


calculation we neglect terms of order 
compared with 1. For simplicity 


We shall call this kind 
approximation. 


m?/s*, m*/q, and m*/q’* 
we refer to them as O(m?/¢ 
of approximation the high-energy 
With the high-energy approximation the calculation 
can be simplified enormously. For example, the projec- 


be replaced by ~/2m 


tion operator (p- m)/2m can 


and pu(p) = mu(p) =0 
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the vertex diagram Ms, before the 
nd In(m?/d in Eq. (6) comes from 
nergy diagrams 
infrared terms cancel 
the 
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infrared terms from 


if If ired cance llation 
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and M; are 
diagrams. We 
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evaluation of the 
diagram M.- is 


two 
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to s° « >q’ Equation 12) is easier to calculate than kq Buc pit pe o\(Pitp '),K- Pir P2 )o\ Pir Pi al 
(10) since there is no real intermediate state in M3, hence , r z r 

: ‘ . of ° . 1 a _-+ (d+ | { Os + 9 k 
no poles in the region of integration in Eq. (12). We L\} P { i Pa 10° 5¢7 
have calculated Eq (10) and (12 independently and where 
the results verify the above observation. In applying 
the above substitution we notice the following Suppose Wl 1 ] 
in Eq. (12) we obtain a juantity like In q’ m A , u 

, d ”? 
After the substitution p.’ «<> — po we get In(—s*/m 
In(s?/m’)+7i. The sign of the imaginary part cannot 
be determined unle we actually carry out the integra ' Y, 
tion of Eq. (10). However, the imaginary part does not 
contribute to the cross section due to Eq. (1), hence / \ . 
. . . T 7s 
the ambiguity in the sign of the imaginary part does 
not give any trouble. Due to the complexity involved in 
the integrations of Eq (10) and (12 we neglect ] rif l 
er . , i y4 
nonlogarithmic terms in the calculation. Using the : Mild . 
. mr 
method similar to the one used in reference 3, we can 
evaluate (c: ¢ —_ ind the results are as follow \ - 
- ( | ) 
ar ) | 
| 
q A yp 7 
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Phe fact that M; can be decomposed into a linear combination of only 4 spinor matrix elements" greatly simplifies 
the calculation. For example, in the calculation of spin sum of M'M MM I 1), one to take only 8 
traces instead of 42 trace Si iriv, the matr x element M. can be writter 

e* mn 2s s?(g?— 2q’?) 5 2(qg S 
Vf Yay" uo(S In? + 
2r)* (Fy, Ek y'I q°q ‘ -g 7"q 


Chis was pointes t to the author Professor D. R. Yennie 
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The resemblance between Eas. (13) and (14) should be noted. In fact all the coefficients of th spinor matrix 
elements in the two expressions are related by the simple substitution po’ «+ — p, or g? +> s 
After taking the spin sum we obtain the following expressions 


) 
at 5 
> 2Re(M{M.—M'M, > [Mi'M, MM, u 
pir W spir ) 
a [pes rg ~ y | " 
+ In In . £35) 
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> 2 Re( MM;- MM x [Mi'M, MyM, j Mealy 
T spin 2 
po ' + In t In . 
2k bok k t 2q' 2q°q ; g° g*q’ gy’ 
fol —s* and pe(q’ ) are associated with infrared and it will be shown later that thes cancel out with the similar 
terms in the soft real photon cross section. Substituting Eqs. (5), (6) (with M4 neglected), (15), and (16) into 


i q 1 R and using (3 , we can write the expression for the elastic cross section for Exp I as follows 
ry? m* si+q'4 s4 4as23 11 q’ a 
do! eiastic dQ,’ + i-- -—In +texchange+—f f(x)+ f(i—x)]} 
8 EF? q' g*q* 18 12 m°* - 
a m 
+da! Motier—] 4 In -~}+s*u 5?) +q"u2(qg?)+q""ue2(g’?) |, (17) 


T A 
where 


3+ (1—x)? | 1 1—x 1 
~~ + In?{ — J+ In ) 


x sin? (0/2). 
2 

v) + f(1—x) is the contribution from the two-photon — infrared terms which cancel out with the infrared terms 
exe hang diagrams afte r infrared cancellation It IS of the soft real photon cross section l see Eq. (22) |. 
very important to notice that its contribution to the The elastic cross section da lor Exp II can be 
cross section is negligible, namely 0.1, 0.03 and 0 obtained from Eqs. (3), (4), and (17); and we have 
ercent, respectively, at 6=90°, 35°, and O°. It is also . ty re 
ii es ry? mM aAdk ( sst+q'4 54 
interesting to notice that from Eq. (15) and Eq. (16) gu a 
the noncrisscross and crisscross two-photon exchange ? E D Sine un ‘ y*g? 


terms do not go to zero separately in the forward or 1 
. ° . “Sey ° - + 2) ( 
backward direction. However their sum, aside from the m0 ( n( ; 
nfrared terms pe which cancel out eventually, does have wr \18 12 m? 


this desirable feature. In fact M. or M; alone is not 





( 
gauge invariant but their sum is. The property of t exchange { f(x)+f(1—x)]| 
gauge invariance can be demonstrated easily by 7 
replacing y, in M, and M; by k’y,. Thus one would not a - 

expect the noncrisscross or the crisscross two-photon +da" Motier—| 4 In ) + $7 o(—s? 
exchange terms separately to have any physical meaning ' . 

but one should expect their sum to be meaningful oe " 


The terms in the last bracket of Eq. (17 represent the 
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A. Soft Photon Cross Section 
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integratic vith respe states is different 
for different experin il « litions. In this section we 
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6 function in Eq. (21) and the dition of coincidence of 


pi’ and py’, it can be shown that the n 
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im energy ot 


he directions 
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the half-angle of the Cerenk S irly along 
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the electron E, nce we ve med that the Cerenkov 
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The cross section given by Eq. (24 is 
0.17°, smaller than th; (2 
to 90° and respectively. It is interesting to notice 
(24) and the Schwinger 
In fact 


it given by Eq. 
35 


he resemblance between Eq. 


radiative corrections” to potential scattering 
f we replace In(q*g”/ s°m*) in Eq. (24) by In(—q/m 
the radiative correction terms in E |. (24) are exactly 


the same as hwings r’s formula with the contributions 


from bremsstrahlung and vertex parts doubled but the 


vacuum polarization term undoubled. This is becaus« 


Schwinger’s corrections the radiative corrections to 


he proton current are neglected, whereas in electron 


scattering the radiative corrections to either 


{ the electrons are equally important. This argument is 


ron 


valid because we have proved that the two photo 
exchange diagrams contribute negligibly to the cross 
( on after the infrared cancellatior 
B. Hard-Photon Cross Section 
In Sec. III A we have taken care of those photor 

A have energy smaller than AE and the infrared 
cancellation between elastic and inelastic cross sections 
Hert w € consider Lnose photons which have energy 
greater than AE and are emitted by the outgoing 


and po’. The exact evaluation of the hard 


electrons pi 
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phot 


cross section is extremely complicated for two 


re ( First, since & in the numerator of Eq. (20) 
no longer be neglected, one has to take more than 
100 traces of the y matrices with each trace yielding 


of I 


ilf a dozen terms or more; secondly, & in the 6 function 


21) is also no longer negligible, thus the max 
of the 


no longer isotropic but depends very critically upon the 


imum energy photor which can be emitted is 


direction in which they are emitted, and the magnitudes 
4 momenta of outgoing electrons 


| upon the 


and directions of the 
pi’ and py’ 
direction of k. However, if we 


a lt \ Ee 


also depen magnitude and the 


neglect terms which are 
and a Int(E AE), we 


small compared wit! m 


can simplify the calculation enormously. We shall call 
terms small compared with @ In(42/m*) and a In(E/AE) 
nonlogarithmic terms and we shall neglect them in the 


calculation of hard-photon cross sections. Since most 


photons tend to be emitted along the directions of 
motion of the electre from which they are emitted, 
we can infer that hard photons are emitted mainly 


Irom the final electrons p; and po lor reasons mentioned 


in Se II] A. Thus we divide the hard-photon cross 
section into two parts, hard-photon emissions by py,’ 
and by p:’. The two parts should be equal by the 


geometrical symmetry of the experiment. If photons are 
emitted by p,;’, then the most significant terms in the 


matrix element are those terms with a denominator 
pi -k, and all other terms can be approximated by 
issuming that photo re emitted } the direction of 
»,". Thus we ha 


(26) 
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kinds of t 


t to determine what 
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photon polarizatl ms, we Wal 
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to logarithmic terms after the integration ce terms wit! 


we first simplify the expression logarithmi 
ae : : order O(m 
cr d*p; d*p d ke ‘ write 
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> MM, 
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range ol thi integratio l that the directions ot pi 
, , ' ' 
and Pp: must be wit 1e solid angles of the res 


tive counter \fter the integration with respect to 


pi’ and p by using the 6 function, this ¢ xperimental 
condition is transformed into a restriction on the range 
of & integration. In the following we appeal to intuition 
and geometry to help determine the range of the k 
integration. We consider what kind of photon can be 
emitted by p,’ such that p,’ and p,’ are simultaneously 
detected by the r ive counters. Figure 5 shows the 
geometry needed to determine the range of & integra 
tion. Suppose a photon & is emitted with an angle ¥ 
irom pi’ such that is bare ly accepted by the counter 
2, hitting a point ; mn the periphery of the counter 
and p;’ hits a point ¢ on the surface of the counter 1, the 
distance of FE from tl nter of the counter surface 
being a. &, p di ind j ‘ should be on the same plane by 
the conservation « iomentum. The point A on the 
surface of the counter 2 is obtained by extending the 
line EO. ¢ the angle between AB and C.A, C. being 


the center I of the counter 2. The angle 


and ¢. Using energy 


integration, 


by assuming that el > (M,'M 
hitting tl | f counter 1 are uniformly dis 
tributed h | ) can then be written as 


IL 


sinrdr 
1—cosr 


The term 
1S arge 
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From Eq. (2 ve can determine what kind of terms 
in the integrand of contributes the log 
arithmic terms after the integratior nsi W,'M 
using Eq. (25 s who lenominators are in 
dependent of Rk cat I | I term E,'=E- 


in some of the denom not g any additional 


& 


logarithmic term ir there are always equal or 


more powers of pi’ , ‘in the numerators. Onlv those 
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Substituting Eqs. (29) and (33) in Eq. (21) and 
multiplying by 2 to take into account the emission of a 
photon by 2’, we obtain the cross section for the 
emission of hard photons, 


2a E dw 29 r 2a l 
da' nar | da! Moller f = [ dy -da dx 
T SEW ¥_¢( “9 a cosy 
—m? 
, (34 


pi’ Ey’. After 
the integration, neglecting the nonlogarithmic 
we obtain 


2a 
da! Moller | 


T 


(E—w) 
4E7(1—8,'x)? 2E(1—8,'x 


where cosy is given by Eq. (28) and 8,’ 


terms, 


s? 16F 
Chto 
m? (AE)? sin?6 
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where AE=2EA@/ (sinf+ A). From Eqs. (24) and 
we can obtain the cross section do! for Exp. I. Let 


I 
da hard 


da! = (da! jastict do sott) +do' nara 


da! votier| 1 +S soft (8) + Suara (8 


where é.o% and dperq are radiative corrections to the 
Mller scattering from do! gjastictde'sore and do bara, 
respectively. Assuming E=500 Mev Ad= 3.5°, 
we have 


and 


6' (90 5! note (90°) +84 hn ra(90°) 


(—13.8+4.3) kK 10-? 9510 


5 pote | 35° +5 hara(35°) 


(—8.24+2.2)«10-?= —6.0«10~ 


The error is estimated to be less than 2% of the cross 
section which arises from nonlogarithmic terms which 
we have neglected in the calculation of inelastic and 
two-photon exchange diagrams. 

The fact that the angular dependence of the radiative 
corrections is rather small is very important experi- 
mentally. It shows that the effect due to the radiative 
corrections does not mar significantly the measurement 
of the effect due to the possible finite size of the electron 
which the experiment 
investigate. 


was originally designed to 


IV. EFFECTS DUE TO POSSIBLE BREAKDOWN OF 
QUANTUM ELECTRODYNAMICS 


rhe effects on various physical processes due to the 
possible breakdown of QED have 
extensively by many authors.'"* We discuss here how 
this breakdown in QED may manifest itself in Exp. I 


been dis ussed 
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Ravenhall, Rev 
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There are two possible sources which may alter the 
Mller formula at high energies. First, an electron may 
not be a point particle, but may have some kind of 
charge distribution. In this case we may associate with 
each vertex a form factor F,(g*) analogous to the charge 
form factor F,'(g*) used in the analysis of electron- 
proton scattering.” [The magnetic form factor used in 
electron-proton scattering can be neglected in our case, 
since we have shown that the contribution to the cross 
section from the anomalous magnetic moment of the 
electron is of order o'yigtier(am’/rg*) In(—g*/m*). | 
Second, the Coulomb law may not hold at small 
distances. This is equivalent to changing the photon 
propagator, 1/g*—+ C(q*)/g*. Since each photon prop- 
agator is connected with two vertices we may use the 
substitution 1/¢—+C(¢)F2(¢)/¢. We may assume 
C(q*) to be in the form of the Feynman regulator for 
the photon propagator,’ C(g*)=(1—g¢*/A*)* and" 
F.(¢@*) = (1— (r2)¢*/6)"". AW? represents a measure of 
the distance at which the Coulomb law breaks down 
and (r2) is the relativistic generalization of the mean 
square radius of the static charge distribution of the 
electron. We notice that it is impossible to determine 
C(¢@) and F,(¢@) separately by Exp. I. In fact, no 
experiment involving only electrons and photons can 
do this, since they always appear in the form C(¢) 
xX F 2(q¢). Thus we choose a simpler form and define 


] 
G(q?)=C(q*)F .7(q") -, (36) 
1- q’ K? 
where 
3+ 1/A?. 


1/K?= (r,”), (37) 


Replacing 1/¢* by G(q*)/¢*, Eq. (3) can be written as 


-G(q?)G(q"? + 
q*q 2 g 4 


Ds ; 
G'*(q 2) ° (38) 


Table I shows the effect of G(¢@) on the counting rate 
per unit solid angle at 90° and 35° for various values 
of K~'. The counting rates are arbitrarily normalized; 
they represent the numerical values obtained from the 
terms inside the bracket of Eq. (38). 

K 0 or G(g@)=1 represents the case of no break- 
down in quantum electrodynamics. K~'=0.05 fermi 
represents the smallest distance which Exp. I can 


PaBLe I. The effect of Gi¢ 
sections at 90° and 35° for the 
Ee =500 Mev 


on the relative differential cross 
clashing-beam experiment with 


K-”, fermi G6=W 9 = 35° 
248.8 
248.8/1.67 


248.8/1.017 


0 18 
0.33 18/5.73 
18/1.075 
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yresumably probe. From the electron-proton scattering 
K 

we have 


F .(g*)C (q*) F »'(q?) 


(39) 
(0.8 fermi)*g?/6 


Notice in this case F,(g*) and ( (¢° 
the form C(g*)F2(¢@) as in Exp. I. 
proton torm factor F,'(q 
the results of Exp. I and electron-proton scattering 
In order to determine F,'(¢ 
and C(g*) separately and it can be shown easily that 
it is impossible to design any experiment to do this. If 
hk p (¢ C(¢°) : 
obtains K 


do not appear in 
Thus the true 
cannot be obtained from 


), one has to know F,(¢’) 


then from Eqs. (36) and (39) one 
0.46 fermi which is the upper limit on 
K-' given by electron-proton scattering. Similarly if 
F,'(¢*) F,(q*) 1, then one obtains A-'=0.33 fe rmi, 
whose effect on the cross section is shown in Table J. 
In conclusion, we should mention that Exp. I gives 
for space-like g. The electron 
positron clashing beam experiment which is also being 


information about G(q¢ 


planned at Stanford will give information about G(q*) 
for time-like g. (See Set VI.) 
of the photon propagator when 


Similar to the modification 
g° A) one might 
expect modification of the electron propagator (p— m) 
when ? is far from its mass shell, ie., |p 
test 


has to pe rform expt riments such 


>m?. To 
the modification of the electron propagator one 
is Compton scatter- 
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ing, pair production by electrons'* or 


pi otons’ in the 
pi 


proton field, or e*+e > LY 
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It is most convenient to calculate this cross section 
in the center-of-mass system.'® In order to do this, we 
have to transform all the experimental conditions for 
Exp. I 


system. All the quantities 


into the conditions in the center-of-mass 
in the laboratory system are 
denoted by a bar on top of each quantity. The geometry 
for Exp. II is shown in Fig. 6. The entrance slit S; 
final scattered into the solid 


final slit S» selects those 


selects those electrons 


angle subtended by it. The 


45-6 


slostic™ 


1G. 6. Geometry for Exp. II 
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‘6 The author is grateful to Dr. J. D. Bj for several 
suggestions on this sectior VII D.) 
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have a definite value. For tl 


7 range 1s 


very small compared 
(about 0.25%), thus we may assume EF,’ to 
e elastic scattering, there 
is a one-to-one correspondence between BE 

Thus we d this 


are the m 


and the 
A attering angle 6 
Amax and 6,, 


defined by the entrance lit S is shown 
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ind minimum angles 
in Fig. 6 
It will be shown later that with scattering 


angle greater tl speaking the 
which correspon 

go into Ss, and the radiative c depends upon 
the quantity AG= Oeiastic— 9 i r than the energy 
resolution of the spectrometer O j : E,’ if 
AE,’ is much smaller than the 
two elastically scattered el 
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and 

elastic- 

Now let us tran 

tions 
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mE 
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and have 


angle 6 and t 
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(pi- Po) (pr'- pr 
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Krom Eq. (41 
minimum angles 
system; we obtain 


tan 
+4 


From Eq. (42 
minimum 
center-of-mass system 


mE,’ 
E,’ nh mE,’ 


maximum and 
energit S of 


lectrons in the 


From energy-momentum 
E|'<E 


We plot the boundary obtained 
on a (0,E,’) plane (see Fig. 7). TI 
detected must be in the shaded area as 
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Fic. 7. Geometry for 
Exp. II expressed in terms 
of the quantities in the 
center-of-mass system 


Thus we have accomplished transforming the experi 
mental conditions for Exp. II into those in the center-of- 
mass system. Since the majority of the electrons have 
energies very close to E,, we may approximate the 
number of electrons going into this shaded area by the 
number of electrons going into the area ABCD. The 
width a of the entrance slit S; in Fig. 6 is not changed 
by the coordinate transformation. Let us denote the 
lengths of AB and BC by AE,’ and Jé@, respectively 
rhen our consideration shows that Exp. II is equivalent 
to an experiment in the center-of-mass system with a 
single counter which has an energy resolution AZ,’ 
and a rectangular entrance slit defined by a and A@ 
AE,’ and Aé@ can be calculated easily from Eqs. (43 
to (47). We obtain 


A6= mAE|'/E? sind, (48) 


E, AEY’ [ , — ¢*) ]Ocinstic 2A0. 19 


Under the condition of Exp. II, A@ is about 1/400 
radian. The maximum energy of photons which can be 
emitted in the direction of p;’ is AE,’, thus from Eq. 

$9), the quantity AZ,’ which comes into the radiative 
correction is dependent upon A@ rather than the 
energy resolution of the spectrometer AE’. This is one 
of the essential differences between the radiative 
corrections to e—e scattering and e—>p scattering as 
mentioned in the introduction. Let us denote the 
maximum energies of photons which can be emitted 
along pi, p2, and p,’ directions by AE,, AE:, and AE,’ 
respectively. We can calculate AE,, AE:, and AE,’ 
easily from energy-momentum 
results are 


conservation. The 


E q' *Oeiastic | Oe Ociestic Ey 
Pets —, =—— and ; 
AE, @°246 AE; AE,’ 


248 


Unlike the situation in Exp. I, in this case AE, and 
AE, are independent of A@. This is because in this case 
firstly 46 is very small and secondly we have a single 
counter instead of two coincident counters as in the 
case of Exp. I. It is interesting to observe that approxi- 
mately 6/246 in Exp. II plays the role of E/AE in the 
center-of-mass system except for the photons emitted 
along the direction of p,’ where the photon can steal 
almost all the energy from p2’. Under the experimental 
ondition @.1esie>246, we have AE, SE, AE;’<E). 
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Let us define 
AE= (AE, AE,AE)’)'. (51) 


We first integrate the photon momentum K from 0 to 
AE assuming an isotropic Kinax=AE. Denoting this 
cross section as do"'_§.., we have from Eq. (22) 


4a E q’q”? 
— da" Motier | in ~ | n( - .) — | 
sg AE s*m? : 
1 m 
+ f in )4 s7u49(— 5?) 
4 r 


+ *u2(g*) + ruta")| . (52) 


da" sore 


his cross section represents approximately the inelastic 
cross section in which the maximum energies of photons 
emitted by pi, po, pi’ and py’ are AE,, AE,, AE,’, and 
AE, respectively. This statement is quite plausible in 
itself; in fact we have used a much more elaborate 
method [the coordinate system in which (&+p.’);=0, 
where j=1, 2, 3] to calculate the same cross section 
and the results indicate that our statement is true. 
Since the maximum energy of photons which can be 
emitted by py.’ is E,, we must add to Eq. (52) the cross 
section for the photons emitted by p,’ with energies 
from AE to £;. We call this the hard photon cross 
section for Exp. II and denote it by doy... This 
cross section can be calculated by using Eq. (34) 
(divide it by 2, since we are considering the photons 
emitted by p,’ only). The maximum angle y between 
k and p,' in Eq. (34) is a very complicated function of 
the magnitude of F,’ and the vector K. In general y is 
smaller for larger K and £,’ and vice versa. Since most 
photons emitted by p,’ are along p,’ direction and the 
number of soft photons emitted is usually much 
greater than that of hard photons, the result is not very 
much dependent on ¥. Thus we will approximate y by 
and obtain 


2a Ey dw 
do" asa = do"! yi gtier - dx 
Tse WwW “¢ 


m 
x| t 
4F,?( 1 — Bo'x ’ 


n/2, 


(E,—w) | 
2E, (1 — B,'x) 
(5) 

am? 

ky a | 
xin(. )-in( ~) . 
AE 2m? 


the relation 8,’= p,’ ‘EE, and 


(53) 


Here we have used 


E,' = E,—w. 
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From Eqs. (18), (52), and (53) we obtain the cross 
section do" for Exp. I 


da"! da" -isstio T da" son T da" yard 


ro? m aE,’ st-+-q/4 


2 E;? D SIND. | astic q* 


2 : g° 


| 
x¢ pane 


(54) 
Ak 2m? 


We have neglected the terms f(a (1—x), 
6>90°, we 


since they 
For 
approxim itely as 


are negligible. may write Eq. (54) 


da'' 


do's, - 1 + 6(@) |, 


where 


<1} In 


6(6) is the radiative correction for Exp Il. It should 
be noticed that there is no term like a |n?( g m*) in 
Che quantities AE in Eq. (55) 
can be expressed in terms of the laboratory quantity 
Aé@ by using Eqs. (49), (50), and (51). The numerical 
values for 6(@) for various values of @ and Beinstic/2A0 
Table II. The 


estimated to be less 


our expre ssion for 6(@ 


are given in error in our calculation is 
than 2% of 
nonlogarithmi 


In Lhe 


the cross section, 
which arises from the 
have 


terms which we 


neglected calculation of two-photon 
exchange diagrams and the hard real photon contribu- 
lable II are 


tion. The experimental values given in 
preliminary results supplied by Dally. 


PasLe II. The for Exp. I 


Experimental 


SI | 


SAI 


VI. ELECTRON-POSITRON SCATTERING 


The workers associated with Exp. I are also planning 
to do the electron positron clashing bear experiment 
with the 100 and 500 Mev 


(possibly higher). In this energy range the following 


energy between 


range 


interactions are pos ible 


Interactions (b) throug} in a pure time 
like photon as an intermediate 1 he final 
states should have total energ momentum 


zero, total charge zero, nomentum one, 


Iwo 
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and three-r® states ; ibited | ise they 
even charge parity nly two 
spinless particles, the orbital 


_ in P state 


tum must 
be one, i.e Incidentally, 


the two-r’® state prohil ted aiso tron tatistics since 


two identical bosons car rt | n ti ite. Energet 
ically more pions than t in | oduced 
will not treat them here 
handle the problem 


but we 


ot know how to 


from the conditions that the 

and under charge conjug 

different kinds of pions produ: ust sat 
Xa -+ 9 


In the following, we calculate 


odd number of 
2n+1 


integers 


isfy 
)+/x°, where n and / are arbitrary 
cross sections for the 
processes from (a throug no r 
experimental de nd 
tions 

(a lastic and tl 
cross section to order a 


can be obtained from calcula- 


yur present 
tion for Exp. I by ubstitution law 
| 2 ad ; ind ps” ire the 
four-momenta ncident and outgoing positrons, 
respectively . ubstitutior i ‘ 
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eToss section wit 
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substitution or example, the Bhabha 


1S 
da ro 
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vious omissions are tl 
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where s*=(p,+p-_)?, G=(ps—ps’)*?, G?=(p4—p-)’, 
and G(g@) is defined in Sec. IV. This experiment gives 
information about the form factor with time-like 
momentum transfer G(s?) in addition to G(g*). The 
radiative corrections due to hard real photons cannot 
be calculated unless the experimental conditions are 
specified, as we have repeatedly emphasized in this 
paper. 

(b) The cross section for the process e++-e" — w*+yu 
to order a? with form factors can be calculated easily 
and we have (neglecting the magnetic form factor of 
muons 

da 


ro? m? (E?—m,”)*{ 1+cos* 


m,* 
+—— sin’@ 
2E? 


dQ(ut) 8 BK 2 


X | F.(s?)C(s?) F, (s?) (57) 
where m, is the muon rest mass and F,(s?) is the muon 
(charge) form factor normalized such that F,(0)=1 
This experiment gives information about F,(s*) for 
time-like momentum transfer. The radiative corrections 
to this process have not been calculated. 

c) The first-order section for the 

be , with form factors, can be calculated 
easily, and we have'* 


cTOSS process 


x’ +8 


me 


, 
dao 


(E?—y?)! sin? 


I 3 


x | F.(s?)C (s?)F, (s*) (58) 
where yw is the pion rest mass and F,(s*) is the pion 
form factor with time-like momentum transfer normal- 
ized such that F,(0)=1 (see the Appendix). It will be 
interesting to see if the pion form factor obtained 
from this experiment agrees with the ones advanced 
by various authors” in order to explain the isotopi« 
vector parts of the nucleon form factors. 

(d 
+7” will be more or less just a conjecture due to the 
uncertainty even in the form of the coupling (7,37 
Assuming the interaction between the photon and the 
three-pion state to be of the form?! 


r Odb.. Ob_ Ady 
Aint ie Jed, 
yw 


OX, OXq OX 
is the Levi-Civita symbol in four-dimensional 


The discussion for the process e*+e itn 


where € 


space and AX the coupling constant, we obtain 

er 
(O Iy(V ner r)=-— l Sw 4.W__w9) *EyraiPr Pa Ps 
bu 


Oo 


* Slightly different but similar results have been obtained by 
N. Cabibbo and R. Gatto, Phys. Rev. Letters 4, 313 (1960) 

‘9 W. Frazer and J. Fulco, Phys. Rev. 117, 1609 (1960) 

*” M. Baker and F. Zachariasen, Phys. Rev. 118, 1659 (1960 

4 B. Bosco and V. De Alfaro, Phys. Rev. 115, 215 (1959 

=P. Federbush, M. L. Go and S. B. Treiman, Phys 
112, 642 (1958 
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In the center-of-mass system we have 
twas pr’ Pp , ps 2E( P+ x P 


Thus the cross section can be written as 


» 


1 
(P+xP 


x f Prdarane fp dw dQ 


x F Us IC (s? 


* sin’é 


u’), (62) 
where @ is the angle between the incident electron and 

P+ P-). Assuming the experimental conditions to 
be such that dwt, dQ*, and dQ 


(pt +p 


are fixed, we have'® 


d’a , 1 
. (P, x P_)? sin’é 
dwtdQt da 
){2 
— (63) 
cos¢/P_) 


‘ae (S* 4 w 


+ Pw 


the momenta of two 
We have replaced A by 
to take into account the possible de- 
pendence of 7 on s*, w,, 
types of interactions than Eq. (59). From Eq. (63) it 
that the cross section is maximum when 
i.e., all incident and final particles are on the 
same plane, and the term (P, x P_)* becomes maximum, 
i.e., the area formed by the momenta of the three final 
particles is maximum. The information on F%4,(s?,w,, 
w_) obtained from this experiment is useful for account- 
ing for the isotopic scalar part of the nucleon form 
factors.!?:7*.%4 


where ¢ is the angle between 
charged pions p+ and p 
F ae (s?,w4 yw 
and w_ in more generalized 


is obvious 


6= 2/2, 


e), (f). Assuming A mesons to be spinless particles, 
the cross sections for producing K*+K~- and 
Ko+Ko can be expressed by Eq. (58) with the pion 
rest mass yw replaced by the A particle rest mass 
mx =~=494 Mev, and the pion form factor F,(s*) replaced 
by Fx+(s?) and Fro(s respectively. Fx*(s?) and 
F x(s are normalized that Fe+(0)=1 
Fx*(0)=0. The cross sections for these two processes 
are very small because E~ mx and thus the phase space 


then 


such and 


available for the interaction is 
seen from Eq 


very small as can be 


(58). However, the 


workers associated 
with Exp. I hope to be able to raise the energy Z up to 
about 650 Mev so that detailed investigations of these 


two processes may be feasible.” 


VII. DISCUSSION 


A. We have shown that the radiative corrections to 
Exp. I are rather small, namely —9.54+2 and —6.0242% 
G. F. Chew, R. Karplus, S 


Phys. Rev. 110, 265 (1958 
W. K. H. Panofsky and B 


Gasiorowicz, and F. Zachariasen 


Richter 


private communication 
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at 90° and 35°, respectively. Since only angular distribu- 
tions (not the absolute cross sections) will be measured 
experimentally, the angular dependence of the radiative 
corrections is the only thing which is important here. 
The radiative corrections depend upon ¢ and AE 
[see Eqs. (24) and (35), notice AE depends upon 6), 
both of which tend to make the radiative corrections 
larger at 90° than 35°. The two percent error shown is 
from the nonlogarithmic terms which we have neglected 
in the evaluation of two-photon exchange diagrams 
and the hard real photon cross sections, which we do 
not expect to be very angular dependent. Thus the 
error in the angular dependence of the radiative 
the 
section. The angular dependence of the contributions 


corrections is probably less than 1% of cross 
from vacuum polarizations due to heavier particles in 
the closed loop as discussed in the Appendix is for all 
pra tical purposes negligible (+0 39, corrections at 
most) 

B. Two-photon exchange diagrams are shown to 
have only negligible contributions to the cross section 
except the infrared terms which cancel out eventually 
with the corresponding terms in the inelastic cross 
section. It is interesting to see if this is still true for 
the radiative corrections for processes such as 


ide eed he 


C. One of the most important results which we have 
obtained in this paper is that there is no term like 
a In?(—g?/m?) (compared with unity) in the radiative 
corrections for high-energy e—e scattering, unless one 


&) 
assumes some unrealistic experimental conditions such 
as Ky As the energy and the 


accuracy of the experiments involving charged particles 


xx IS isotropic and <m 
increase, detailed calculations of the radiative correc- 
tions such as we have made in this paper may become 
more important in the future. For example, the radia- 
tive mentioned in Sec. VI 
will eventually be carried out using the method similar 


corrections to processes 
to the present calculation 

D. In the calculation of the inelastic cross sections 
for Exp. II, we used the center-of-mass system. This 
is by no means just because we wanted to use the 
result of the calculation of Exp. I. In fact we tried to 
calculate the cross sections in two other coordinate 
systems, the laboratory and the 
barycentric system of the two undetected final particles 
(the coordinate system in which p)’+k=0). Both of 
these coordinate systems are found to be impractical 


namely, system 


for dealing with high-energy processes involving hard 
photons. Using the laboratory system, we found that 
the calculation becomes impossibly complicated unless 
one assumes Kynax is isotropic and <m. (Incidentally, 
we confirmed Redhead* and Polovin’s* result in the 
limit under the assumption that 


high-energy and 


Sl I 


SAI 


| is isotropic and <m in the laboratory system.) 
The coordinate system in which k+p,’=0 was tried 
because in this coordinate system the photon angular 
integration becomes extremely simple. However, this 
coordinate system was also found to be inconvenient 
because in this coordinate system it is very difficult to 
determine what terms in the matrix elements (there are 


more than one thousand terms) can be neglected. 
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APPENDIX: VACUUM POLARIZATIONS 


The closed loop in the vacuum polarization diagram 
M, is assumed to be an electron pair in our calculation. 
But in reality it can be a pair of any other particles or 
even three or more particle states of various particles; 
for example a muon pair, a pion pair, a nucleon pair 
or three-pion state +*+2~+-7°. It is interesting to 
kinds of intermediate 
states in the photon propagator affect the cross section 


investigate how these various 
of e—e scattering. 


of structureless 
written as® 


a J 4 ] + 
M,(fermions) = M, : + (: + ) 
ri. 9 jx? «63 x 


2 (1+4/2*)'+1 
<(1- ) in( -) (Al) 
r? (1+4/x?)!—1 


The matrix element M, for a pair 


fermions in the closed loop can be 


where x*=—g’/M?* and M is the rest mass of the 
particle in the closed loop. Similarly the matrix element 
M, for a pair of structureless bosons in the closed loop 


can be written as® [see also Eq. (A8 


u 


a + } l } 
M, bosons Vi, T (: T ) 
- Q 3x? 6 x 


Assuming electrons, muut ind protons to be pure 


28 RN. Euwema and J. A. Wheeler, PI Rev. 103, 803 (1956 
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Dirac particles, we can calculate the contributions to 
the cross section for Exp. I easily by using Eqs. (Al) 
and (1). At 90° the contributions to the cross section 
are about +2, +0.35, and +0.02%, respectively, for 
electron, muon and proton pairs in the closed loop. 
Similarly for a structureless pion pair the contribution 
to the cross section for Exp. I at 90° is [from Eqs. (A2) 
and (1) | +0.089%. Thus the contributions to the cross 
section are negligible except for the electron pair 
which we have already considered in the text. 

Next let us consider the effect of the form factors of 
the particles in the closed loop. The form factors of 
various particles are still to be determined by the 
experiments discussed in Sec. VI. However there 
exist several conjectures'®” about the pion form factor 
F,(¢) so we discuss this case as an example.”* According 
to references 19 and 20, F,(¢*) is related to the r—x 
interaction which has a resonance in the J=1, J/=1 
state of two pions. Thus we want to investigate how 
this *—# interaction may enhance the cross section 
for e~—e~ scattering. The pion form factor F,(¢*) is 
defined as a vertex function consisting of one virtual 
photon whose four-momentum is g (which may be 
either space-like or time-like) and two “real’’ pions. 
It is normalized such that F,(0)=1. This simply means 
that we replace e associated with the above defined 
vertex in the perturbation theory by eF,(¢). Let us 
consider photon propagators with two-pion intermediate 
states as shown in Fig. 8(a) and 8(b), where the blobs 
represent the effects due to the pion structure. We may 
not replace e by eF, (¢) in Fig. 8(a) [eF,(s*) in Fig. 8(b) | 
because the pions in the loop are not necessarily real. 
[In fact they can never be real for space-like photons 
such as are shown in Fig. 8(a).] For a time-like photon 
as shown in Fig. 8(b), the two-pion intermediate states 
may become real when s*> 4y?, and the real intermediate 
states contribute to the absorptive part of the matrix 
element. Thus one may replace e by eF,(s*) in the 
absorptive part of the matrix element obtained by the 
perturbation method. We then use this modified 
absorptive part of the matrix element to obtain the 
modified matrix element by the dispersion relations. 
From perturbation theory, the matrix element for the 
photon propagator with two-pion intermediate states 


x 
Fic. 8. (a) Space-like hs 
photon propagator with ¥ o 
two-pion intermediate _ a ie vriir 
shabane (b) time-like | 2 7 
propagator with two- v 7s 
pion intermediate states x 
(a) (b) 


** After this work was completed, an article by L. M. Brown 
and F. Calogero appeared in Phys. Rev. Letters 4, 315 (1960), 
which treated the same problem. We include our treatment here 
for completeness. They suggest that this effect may be used for 
the determination of F,(¢). However, our emphasis here is to 
prove that this effect is negligible compared with the error in 
the calculation of the radiative corrections which is about 2°; 
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Pp P, 
kic. 9. Electron-electron scat | ~ 
tering with two-pion intermediate +—@ oO 
states in the photon propagator } = ‘ 
Pp 4 
M, (pion por ) 
may be written as 
1 yu» a 
De’ (q?) Su» f(q’), (A3) 
2 (2r)' x 
where 
1f4 47 1 4yu?\3 
q? Q 3y? a) ,2 


(1—4y? g*)} +1 
<In( )| (A4) 
(1 4° g’)! —] 


Here g may be either time-like or space-like. From the 
analytic properties of f(s), which is the analytic 
continuation of f(g), we can verify easily the dispersion 
relation 


1 * Imf(s*)ds* 
f(q’) f ; (AS) 
wy: s*—¢?— te 
where Imf(s?) can be obtained easily from (A4). 


Im f(s?) represents the absorptive process, and the pion 

form factor F,(s*) is defined here. Thus we may put 

x (s?—4y?)! 

Im f(s?) — - 
6 55 


F, (s*) (A6) 


If we F,(z) ? is analytic in the upper half 
plane and does not go to infinity for >, we may 
write the matrix element for the photon propagator 
intermediate 


assume 


with two-pion states (pion structure 


included) as 


1 
De’ (¢? Rus 


) 


Te a 


- (A7) 
(2x)* Gr 


* (s?— 4y?)5| F, (s?) |? 
f ds*. 


? s*(s?—g?— ie) 
Thus the matrix element for Fig. 9 can be written as 
M,(pion pair) 


a * (s?—4y' 
—M;, | 
4 


Or oy, s*(s?— g?—1e) 


ya FL (s?) | *ds? 
~ (A8) 


Equation (A8) reduces to Eq. (A2) if pions are struc- 
tureless, i.e., | F,(s?)\*=1. We have made numerical 
integrations for Eq. (A8) with various forms of | F,(s?) |? 
given in reference 20. The results are still negligible, 
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namely less than 0.12% 
section at 90° for Exp. I 
We have used the res 
tion method in our derivation of Eq. (A7). However this 
is not necessary We will 


contribution to the cross 


ult obtained from the perturba- 


show in the following that the 
same result can be obtained directly from the method 
ot the 
repre sentation 


pectral representation.”’ In terms of the spectral 


the matrix element for the photon 


propagator wit! vo-pion 


states may be 
vritten a 


bDe'(q Ru 


n\ 7*(O) 0), (A10) 


and p, and £, are four-momenta and energy of the 
intermediate state in the For 

four- 
and k, 


center-of-mass system. 


an intermediate state consisting of mesons of 


momenta g; and gz with isotopic spin indices 
we may write 


0 (0) n 
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factor (6 


where the 
at+fr 
Summing over the is 


over A, we have 


Hence, from Eqs 


Substituting Eq obtain 
exactly Eq. (A7 hu ve ha obtained the 
result as 
method. 


It is instructive to! 


Same 


befor« perturbation 


element for 


the photon propagat intermediate 


states [ Eq. \7 il xpres | (other than a 


constant tactor total 


’ 


cross section of the 


center-of-mass system over the 


solid angles and let F, 
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Nucleon-Nucleon Spin-Orbit Interaction and the Repulsive Core* 
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Recent proposals to explain the phenomenological repulsive core and spin-orbit interaction in nucleon 
nucleon scattering in terms of a vector meson field are discussed. Estimates of the mass of the vector meson 


made on the basis of the Bryan potential may need some revision on account of insuf 
bilities of modifying that potential teraction constants on the basis 
Marshak potential and the replacement of a two-body relativistic problem by a one 
appear applicable. Estimates based on a covariant matrix element but neglect 
the analysis of 300-Mev data are shown to be quite uncertain 
mass of 3m, or 4m, also appears to have little weight 
Masses 3m, and 4m, are shown to lead to central-field potential energy tails which extend into the one 
pion-exchange potential region and appear therefore to be improbably large. They also lead to repulsive cores 
which do not fit in with the usual phenomenological hard cores as naturally as the larger heavy-photon 


heiently studied possi 
of the Signell-Zinn 
body problem do not 


Estimates of 


ng wave function distortion in 


Accordingly the evidence for a vector meson 


masses. Brief mention is made of possible means of detectir 


mean life 


I. INTRODUCTION 
hap deesaneg earn of relativistic invariance of pre- 


dictions following from a Hamiltonian description 
of a two-body system are known! to require in certain 
cases the presence of spin-orbit interaction terms. Whil 
the derivations referred to have a relationship to the 
more familiar considerations regarding a Dirac particl 
in a four-vector or scalar field, they are distinct from 
these one-body theories, being concerned with an 
essentially different problem. Attempts at applying the 
two-particle L-S terms, derived along lines just men- 
tioned, to the calculation of the fine structure of nuclear 
levels have been made.’ * High-energy p-p scattering has 
indicated,‘ although it has not proved, that L-S-typ 
potentials are probably present. Support for the pres- 
ence of a large Vs in the interaction energy has been 
obtained in the work of Signell and Marshak,® Signell, 
Zinn, and Marshak,® and Gammel and Thaler.’ In the 
work of Signell and Marshak® the range parameter of 
Vis for the asymptotic dependence at large r was un- 
reasonably short.* The shortened range used by Signell, 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army 

1G. Breit, Phys. Rev. 51, 248 (1937); 51, 778 (1937); 53, 153 
1938 

*See the first part of reference 1 
Phys. Rev. 53, 459 (1938 

* Cabell A. Pearse, Phys. Rev 

4 L. Wolfenstein, Bull. Am. Phys. Soc. 1, 284 (1956); Phys. Rev 
76, 541 (1949); 82, 308 (1951). In the first reference an analysis of 
the scattering amplitude in terms of components in directions 
related to the spin has been made. It suggests the existence of a: 
L-S potential although, as emphasized by Wolfenstein, it does not 
prove its existence 

*G. Breit, Phys. Rev. 106, 314 (1957); see Appendix which 
contains a proof that the tensor interaction does not produce 
first-order effects on the polarization while the spin-orbit does. Ar 
independent verification has been given by M. S. Wertheim in his 
Yale dissertation, 1956 (unpublished 

* P.S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958); 
P. S. Signell, R. Zinn, and R. E. Marshak, Phys. Rev. Letters 1 
416 (1958). 
7 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 
5s 


; G. Breit and J. R. Stehn 


106, 545 (1957 


1° : 
*M. L. Goldberger, Y. Nambu, and R. Oehme, Ann. Phys. 2, 
226 (1957); G. Breit, Phys. Rev. 111, 652 (1958 


g the vector meson and of the effects of its finite 


Zinn, and Marshak’ is free from the theoretical objec- 
tions’ regarding the asymptotic behavior at large r. 
While the Zinn, Marshak note might 
produce a feeling of optimism regarding the applicability 
of the general Chew-Low approach when supplemented 


Signell, and 


by a phenomenologically postulated spin-orbit inter 
action having for its dominant spatial decay factor 
exp(—2yr), it may be mentioned that the question of 
the effect of changing the factor exp(—yr) to exp(— 2yr) 
has been independently investigated by Hull e¢ al.° with 
the conclusion that the fits to data are far from 
satisfac tory. 

Although the employment of the Chew-Gartenhaus 
potential by Marshak and Signell appeared to be pref 
erable from a theoretical standpoint to the more purely 
phenomenological approach of Gammel and Thaler,’ 
the fits to polarization obtained by the latter have been 
much the better. The spin-orbit potential used by 
Gammel and Thaler is located just outside the repulsive 
core and decreases much faster with r than exp(—2uyr). 
It has been determined by empirical adjustment without 
a theoretical bias. Polarization has more to do with the 
spin-orbit potential than the differential cross section. 
The indications are therefore that Vz is more correctly 
determined by the fits of Gammel and Thaler than by 
those of Signell, Zinn, and Marshak and that if the 
data are properly represented by means of potentials, 
the Vzs has a pronouncedly short-range character. 
This tentative conclusion is further supported by the 
marked success of Bryan” in fitting p-p data by a 
potential with a very short-range Vzs which is again 
located just outside the hard-core phenomenologi 
potential. This success reactivated verbal proposals 
made by the writer at the time of early work on K 
mesons to apply the general possibilities'* of obtaining 
a Vzs as a correction term needed to restore relativistic 
covariance of a two-body central interaction. An inter- 

*M. H. Hull, K. D. Pyatt, C. R 
Rev. Letters 2, 504 (1959 

R. A. Bryan, Bull. Am. Phys. Soc. 5 


Fischer, and G. Breit, Phys 


w 


5 (1960). 
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action through a vector field giving rise 
yields a Vzs with the required sign to 
empirical indications of 1 tt 
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In a second note Sakurai’ performs a calculation in 
which the vector field interaction is treated covariantly 


in first order employing undistorted plane waves in the 


f the International Conference on Nuclear 
n Problem, University College, London, 
July 8-11, 1959 | Pergamon Press, New York (to be published) } 
This report was basex work in collaboration with M. H. Hull 
Jr., K. D. Pyatt, Jr., C. R. Fischer, K. Lassila and T. Degges; 
M. H. Hull, G. Breit, K. Lassila, K. D. Pyatt, and H 
Bull. Am. Phys. Soc. 5, 268 (1960 

2G. Breit, Proc. Natl. Acad. Sci. (U. S.) 46, 746 (1960). A 
preliminary account of the has been read at the Annual 
Meeting of the National Academy of Sciences, April 27, 1960. In 
the fifth line after Eq. (2) of the paper quoted the value of ¢@« for 
x= 12m,c/h should have been 2.85X 10* Mev; in line 7 of the para 
graph following that of Eq. (2) the approximate values of the core 
potential should have been 1180, 295, 20, 1.5 Mev at x=0 5, 0.6, 
0.8, 1.0. The writer is grateful to Mr. K. Lassila for locating the 
error which led to the previously incorrectly given values which 
did not fit the relative magnitudes of Vp9 and Voor for y/x=12 and 
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potential and that obtained by Sakurai. It is possible 
that Bryan’s potential is only a phenomenological! 
device and that too much significance should not be 
attached to it. It is even conceivable that the trend 
towards a short range in the phenomenological V5 
which has occurred in the work of Gammel and Thaler 
and that of Bryan is in some sense fortuitous. It is also 
possible that the actual interaction cannot be properly 
described by a static potential. In the latter case all of 
the discussed arguments may be meaningless and all 
speculations regarding the vector meson may be point 

less. For the sake of definiteness it will be assumed, 
however, that the potential picture has sufficient sense 
to make qualitative considerations possible. On this 
view, the obvious difference between the two estimate 

of the mass of the heavy photon is that in the Gamme 

Thaler and Bry in calculations the distortion of the 
potential used is taken into 
while in Sakurai’s estimate this distortion is 
neglected. It is therefore, to 
legitimacy of the assumption that the wave function is 


wave function by the 
account 
necessary, discuss the 
sufficiently undistorted. 

In such a discussion it is useful to remember that the 
exact phase shift is related to the wave functions by the 
formula 


k nf V3_F ,dr, 
0 


where V is the potential, & the energy in the center-of- 


sind, 


mass system and %/r, F/r are, respectively, the dis- 
torted and undistorted wave functions normalized so 
large r, F; 
— Lxr/2), and k/ (2x) is the wave number. 
Lh is the orbital angular momentum and rela- 


that asymptotically at ~sin(kr—Lx/2), 
¥,~sin(kr+ 6, 
Here 
tivistic corrections are neglected. The undistorted wave 
function approximation is obtained from (1) by replac 
ing sind by 6 and S, by F,. The first replacement is 
relatively innocent in many cases and is easily corrected. 
The second has to do with the effect of V on F,. Eq. (1 
is directly applicable only to the cases of uncoupled 
phase shifts and will thus not be used for phase param- 
eters of the *P.—*F, coupled state and similar cases. 
®'If the vector meson has a mass 3m,, then the range 
constant which enters V;5 is #/(3m,c)=1.43/3=0.48 f, 
v= 4, a value close to that of the phenomenological core 
radius. In Bryan’s work the core radius of the central 
potential in triplet odd states is x= 0.38. From this view- 
point alone the employment of the undistorted wave 
function approximation does not appear safe becausé 
inside the repulsive core ¥,=0. In Fig. 1 are shown, for 
Ey»=300 Mev, graphs for Fz, (1+y)e~¥/y’, and 
F 2(1+-y)e~¥/y’, with y= 3x. It is seen that roughly 45% 
of the undistorted wave function approximation inte- 
grand falls in x<0.4. This error would by itself be not of 
1 major character because a 45% error could possibly 
be compensated for by an adjustment of the interaction 


constant. Since the error is connected with the vanishing 
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undistorted wave functions 
and of contributions of Vis at 300 Mev for *P; state. The regular 
undistorted) wave function is shown as /;, the distorted function 
for the Bryan potential at 310 Mev as 5,, the distorted function 
for phase shift —26.93° but without potential effects as F; cosé,' 
+-G, sindé;' as C. The similarity of the latter two curves is indicative 
of approximate independence of estimate on details of calculation 
Values of F?(1+ y)e-¥/y* and of FyF,(1+y)e¥/y* for m,,/m,=3 
are shown in curves A and B, respectively. Areas under these 
curves give the effect on the phase shift without and with partial 
account of wave distortion 


bu l (Comparison listorted and 


of F, inside the core, it implies, however, a much larger 
unreliability of the undistorted wave function approxi- 
mation. In fact , must have a node at the core radius 
x~0.4 and hence the relatively large contributions in 
the region 0.4<x<0.7 are seriously cut down by the 
employment of the distorted wave function. There is, 
therefore, no apparent reason for trusting the undis- 
torted wave approximation in this case. The curve 
marked F, cosé;'+G, siné,' shows what $, would be if 
there were no potential in the region x>0.4 and if the 
phase shift for */, had approximately the value required 
by empirical fitting of data." Its node is seen to occur 
not far from x=0.4, although it is not claimed that it is 
a good approximation to §,. It, nevertheless, illustrates 
the qualitative difference between the distorted and 
undistorted waves. In Fig. 1 there is shown also the 
function $ for the *P; state calculated for the 
Bryan potential and a bombarding energy of 310 Mev, 
is well as the quantity (F,5,)(1+ y)e~*/y*. Comparing 
the latter with F,’(1+ y)e~*/y’, a reduction factor of 
~4 is estimated in the absolute value of the right-hand 
side of Eq. (1) as the result of the replacement of the 
approximate by the exact integrand. The reduction 
factor is caused mainly by the removal of the region in 
the core and by the depression of the integrand at the 
core radius. It is thus not likely to be insensitive to the 
details of the calculation. Its approximate magnitude 
depends, however, on the employment of a reasonably 
hard core. If the core were eventually shown to be truly 
soft, the undistorted wave function approximation 
could conceivably be better than indicated by the 
above estimate. The present estimate of the effect of 
vave distortion is not strongly dependent on the 
employment of Bryan’s may be seen by 
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im, the values are comparable with the OPEP at 
x=1.6, ie., r=2.3f. This does not fit in naturally 
with the evidence” regarding the OPEP being the main 
contributor to the potential for r>2.9f and very 
probably so for r>1.6 f{(x>1.2). For *V=— one has to 
compare OPEP values of 0.4, 0.3, 0.25 Mev at x= 1.6, 
1.8, 2.0, respectively, with 1.4, 0.6, 0.23 Mev for the 


] 


repulsive core for m, 4m,, which makes this as wel 


as the lower value of m,, even less likely. In these com 
parisons no allowance has been” made for the omissicn 
in Sakurai’s estimates of the modification of F inside the 
phenomenological repulsive core region and the associ 
ated effect of the node of F at the core radius. These 
modifications make it necessary to use a larger g* and 
hence an even larger repulsive potential of heavy vector 
meson origin. 

The empirical evidence regarding the probable ab- 
sence of significant contributions to the potential at 
larger distances except for the OPEP is in agreement 
with the meson-theoretic calculations of Sugawara and 
Okubo.” According to these the fourth-order potential 
is largely canceled at the larger distances by an addi- 
tional effect arising from a unitary transformation of the 
wave function. While at the smaller distances there are 
questions regarding convergence which make the fourth- 
order calculations questionable, these questions should 
be less serious in the tail region. The combination of 
phenomenological and theoretical evidence appears to 
be, therefore, against the extension of the repulsive coré 
into the tail region. There is some disagreement, how- 
ever, among the meson-theoretic predictions regarding 
the fourth-order potential in the tail region. The ab 
solute values of the fourth-order potential calculated by 
Gupta are appreciably larger in the region 1.6<2< 2.0 
than those of Sugawara and Okubo. These values ar 
seen in Fig. 2 to be more nearly such as to be com- 
pensated by the 4m, repulsive core tail. It should be 
remembered, however, that the repulsive core tail does 
not include a correction for the effect of wave function 
distortion. According to estimates presented above this 
correction may amount to a factor ~4 and the potential 
tail, therefore, still appears too strong. It should also 
be mentioned that Gupta’s published calculation does 
not include velocity-dependent corrections. If these 
should prove negligible and if continuation of the 
empirical analysis” should indicate the absence of an 
appreciable tail in excess of the OPEP, then the con- 
clusion would have to be the best mass for fitting the 
x= 1.8 region is between 4 and perhaps 9m, 


III. DISCUSSION 


While the arguments presented appear to be excluding 
the possibility of y/x=3 and to be making y/x=4 un- 
likely, they may not be regarded as conclusive. In the 


* G. Breit and M. H. Hull, Jr., Nuclear Physics 15, 216 (1960); 


M. Sugawara and S. Okubo, Phys. Rev. 117, 605 (1960); 117, 611 

1960). The latter two references contain a meson-theoreti 
calculation indicating that at large distances the fourth-order 
potential may be canceled by another effect 
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first place it is conceivable that the expansion of the 
potential in powers of the interaction constant con- 
verges so poorly that the large repulsive effects are 
balanced by additional as yet uncalculated attractions 
in the interval 0.8<2<1.2. This possibility cannot be 
denied on pure ly logic al grounds but it raises the natural 
question as to why the heavy-photon interaction should 
dominate over the pion exchange interactions at x<0.4. 

he 1/r singularity is relatively mild and the objection 
to the exclusion of the smaller m,, appears from this 
vie wpoint to be a forced one 

Secondly the evidence” regarding the dominance of 
the OPEP at the larger distances is not specifically con- 
cerned with the central part of the potential. It has not 
been explicitly shown that disagreements with data will 
result from the employment of the relatively large tails 
following from the m,,/m,=3 and 4 possibilities. There 
is some unpublished evidence in work done in collabora 
tion with Dr. M. H. Hull, Jr., and K. Lassila, however, 
that the mathematical form of the actual potential 
is approximately that of the OPEP. On the whole, the 
argument against the masses 3m, and 4m, is more one 
of plausibility than of absolute necessity. 

It may also be mentioned that for *V~ Gupta’s V“ 
gives too much attraction in comparison with Bryan at 
x= 0.6 and 0.8 by such amounts that the addition of the 
repulsive core for m,,/m,=3 or 4 is about right to bring 
about agreement with Bryan’s *V =~. This would appear 
to speak in favor of the smaller m,,. It may also be 
relevant that Bryan’s values of the phase shift for ‘So 
are not especially good so that 'V* is not a good test 
case. There is no apparent reason, however, for expect- 
ing convergence of the potential in powers of the 
interaction constant g® in the region 20.7 since 

V |) >> V™. Itis probable, therefore, that this agree- 
ment is accidental. It appeared only fair to record it es- 
pecially in view of the fact that most of the arguments 
in the present note are against the small masses. 

The main attraction of the supposition that the 
masses are small lies in the possibility of identifying the 
heavy vector meson with a bound state of a three-pion 
system. It would be strange if this mass were as large as 
3m, because some energy must go into binding. If 
Mro<3m, the relationship to the phenomenological 
potential becomes even less plausible. 

The core radius used by Chew and Ball in their 
phenomenologic treatment of antinucleon-nucleon scat- 
tering is small and appears to fit in better with the larger 
masses of the vector meson than with the smaller ones. 
By itself this argument is, of course, not conclusive,there 
being probably many possibilities of fitting the avail- 
able data. 

On the other hand, the values of m,, derived on the 
basis of Bryan’s phenomenological potential may well 
be too large. While the present evidence is that a Vzs 
with a short range fits scattering data better than one 
with a longer range, it is not known that a somewhat 
longer range than that obtained by Bryan could not be 
used with a readjustment of other parameters. If this 
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should prove to be the case, a search for the heavy 
meson would not require as large energies of anti- 
nucleons as previously estimated." The energy which 
has to be supplied in the laboratory system in a nucleon- 
antinucleon collision in order to reach the threshold for 
the production of a heavy photon pair is 

E-M ,2=2 


I 


Mh; 


M,)*—1]M,2. 


For m,,/m,= 12, 10, 8, 6, 4 the values of this threshold 
2.2, 0.73, —0.41, —1.22 
) 


70m, was used in these 


energy are, respectively, 4.0, 
Bev. A nominal pion mass of 
estimates. Only for the first three cases does energy have 
to be supplied to produce the reaction. 

Since the heavy meson, if it exists, may have only 
temporary stability the most probable 
possibility is that it is neutral, a search for it in anti- 
nucleon-nucleon to be by 
observing pion multiplicities. At the threshold of th 
reaction N+MNanti— Ap+Ap’, new pion multiplicities 
may appear and the yield-energy curves of those already 
present may show cusp phenomena. If the mass of the 
heavy photon is small enough to make the 
exothermic, 


and since 


collisions may have made 


reaction 
no threshold phenomena would be observed 
at any energy. 

Another caution regarding a too literal interpretation 
appears appropriate in connection with the contribution 
of x<0.37 to the V zs effects. If the phenomenological 
core is interpreted literally as a hard core, then the type 
of estimate made in connection with Fig. 
priate. If, however, the role of the core is only that of 
determining the location of the node of the radial func- 
tion® and if inside it the potential is not strongly repul- 
sive, then the part of curve A in Fig. 1 for x<0.4 need 
not be wholly omitted and the reduction factor may be 
not as marked as }. This consideration favors somewhat 
the smaller heavy-meson masses but is hard to carry 
through quantitatively. Qualitatively it fits in with the 
difficulty of accounting for the binding energy of 7° 
encountered by Blatt and Derrick.” Although a number 
of causes have been previously cited” which might 


1 is appro- 


rectify the situation, a preponderance of attractions 
originating in pion effects at small x changing the inter- 
pretation of the phenomenological repulsive core with 
an elimination of the repulsive feature but retention of 
effects on F of the type caused by having a node at the 
core radius would be of help in producing the empirically 
required increase in the tightness of binding of H®. 

A word of caution appears appropriate regarding the 
possibly too short mean life of the vector meson to 
make it directly useful in the proposed explanations. 
Thus, if Fig. 1 of Carruthers and Bethe” 
as an indication of the 


may be taken 
100-Mev half- 
formed by the two 


width 


value breadth) of the « ompound State 
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nergy per nucleon of the heavy primary 


| 
iring the emission angle 
s for the reliable estimate of the primary energy by 
of primary energy between Sand #0 

break up into 2 or more 


iteractions ar a particles 


The energy of the primary particle obtained by knock-on electron method is then compared with the energy 


obtained by (i) opening angle of a particles and by 
results obtained by knock-on electron method are 


results obtained by other methods 


I. INTRODUCTION 


ETERMINATION of the energy of heavy par 
ticles is one of the fundamental questions in 
cosmic radiation work. The methods that are commonly 
used for the determination of the energy of the primary 
particles of known mass and charge are (i) range-energy 
relation, (ii) change of ionization with range, (iii 
multiple scattering method, and (iv) nuclear fragmen 
tation! of primary particles into a particles 
[here are certain limitations in the applications of 
all the above methods. While method (i) is useful only 
for stopping particles, method (ii) is generally used for 
nonstopping and low-energy (<<0.5 Bev) particles. In 
method (iii) the thickness of the tracks of particles 
gives rise to a large reading error and this method is 
useful for primary particles of energies up to only 2 or 
3 Bev/nucleon. Above this energy, the presence of 
spurious scattering in emulsion can cause a great error 
in determining the energy of the primary particle. In 
method (iv 7 first, the probability of fragmentation 
is rather small and secondly, if the cutoff energy per 
nucleon is not fairly high it will not be possible to make 
its on all the tracks by this 
method. At low energies the angles between the frag 


scattering measuremet 


| 


ments can be rather large and only very small track 
length is available for measurements before the separa 
tion between the tracks becomes too large. The energy 
from the 
limited to events in which many a particles are emitted 


measured opening angle of a particles 


It gives rise to large fluctuations for an individual] event 
having only a few fragments 


n the present paper we are going to use the ‘‘knock 


on electron” determination of the pri 


method for the 


mary energy of heavy 1 
of the 


wit! the 


lei. By measuring the energie 
ejected electrons and the angles that they make 


direction of the primary particle, one « 


determine the energy per nucleon of the heavy particl 
pported in part by a joint program of the [ i 
mission and the Office of Naval Research, and | 


al Science 


relative scattering measurements of a part les. The 


quite consistent, within the experimental error, with the 


The knock-on electron method has been used previously 
by different authors*~® for different purposes and more 
recently Biswas ef al.* have used this method for finding 
the energy of the primary particles from 0.2 to 9 Bev 

In order to check the reliability 
e wide range of primary energies 


nucleon ene rey range 
of this method over t! 
we have selected for this experiment only those heavy 
h interact in the nuclear emulsion and break 
up into @ particles. We thus compare the energy of 
heavy nuclei obtained with the energy obtained from 
the opening angles and from the relative scattering of 
a particles, produced in nuclear fragmentation. 


nuciel whi 


II. RELATIONSHIP BETWEEN THE ENERGY OF 
THE PRIMARY PARTICLE AND OF A 
“KNOCK-ON ELECTRON” 


From the application of conservation laws of energy 
and momentum one can get, with c= 1, 


7 Im Pr CO a1) (Ww +m, Pp cosy |, (1) 
and 


T nan = 2908 p’ WwW +m.) p 


and P 
I max 2 


and when M>m reduces to 


M then Eq. (2) 
p/M)*=2m8"/(1—# 


kinetic 


nass of the ele 


energy of the knock-on electron, m, 
tron, Y= angle of emission of the 
with respect to the direction of the 
ary particle, W=total energy of the primary par- 
p=momentum of the primary particle, M 
of the primary particle, 8=the velocity of the 
iry particle, and 7,..= maximum kinetic 
re kno k on cle 


we consider mm. M, Eq 


on elec tror 
rest 


energy 
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b) Frequency of Useful ‘‘Knock-On Electrons”’ 
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limit is always given by 3 Mev and the upper limit 
varies for different primary energies per nucleon, we 
get a complete solid curve as shown in Fig. 3. For 
energy values of heavy nuclei from 3 Bev/nucleon to 
2 Bev/nucleon, all solid curves show less number of 
knock-on electrons than the dotted curves, and below 
an energy of 2 Bev/nucleon for the primary particle, 
he number of knock-on electrons decreases very 


IV. EXPERIMENTAL PROCEDURE 


The heavy nuclei that we used in this experiment 
were selected from two stacks of nuclear emulsion. One 

he stacks was flown near Minnesota in 1958. It 
onsists of 200 G-5 emulsions of size 1515 cm. The 
other stack was flown near Guam* (Marianna Island 
n 1957 

rhirty-four flat events with primary energy betwee! 
3 and 30 Bev/nucleon were selected. All these events 
have a track length of at least 5 cm before they make a 
nuclear interaction and break up into two or more 
a particles. The energy of the primary nuclei was de 
termined from the opening angles of a@ particles and 
also from the relative multiple scattering measurement 
between the a particles, as described in detail previ 
ously.’ In order to get a reliable energy value from the 


relative scattering measurements, we en 
track length >2 cm per plate and with energy 


>3 Bev/nucleon. In order to get two or three useful 


Bev 


electrons a8 a functior 
iclei. See the text for 


knock-on electrons per plate and also that a primary 


heavy particle may fragment into two or more a@ par- 


ticles, we used only those heavy primary particles which 
} 


ad Z>4 


a) Scanning Efficiency of ‘‘Knock-On Electrons” 


The scanning efficie cy ol knock-on electrons is 

about 60 80%. depending upon the type of primary 

a Ww. or Hs nuclei and also upon the 

energy of the heavy nuclei. High-energy knock-on 

electrons are ejected at a very small angle to the 

primary particle and they travel together for some dis 

tance, and hence it is unlikely to miss them unless 

the number of knock-on electrons they are formed just near the surface and move steeply 
T,) of the primary particle for out of the emulsion. As the ene rgy of a knock-on elec- 
tron decreases, its emission angle and scattering in- 

Teucher, Phys. Rev. 115, 636 (1959 


ann. and M. W. Teucher. Phys. Rev reases. Sometimes it becomes difficult to distinguish 


low-energy knock-on electron from the background 





distribution of 
nate: numi 


electron. It is also po ible that a relatively low-ene rgy 
knock-on electron may be missed if it is formed near 
the surface of the emulsion and is emitted or is scattered 


Oo as to move steeply out of the emulsion 
b) Criteria for the Selection of 
**Knock-On Electrons” 


By following the he ivy primary partic le we looked 
lor high energy knock-on electrons. We tried to select 
about 3 or 4 knock-on electrons per heavy partic le 


which satisfy the following criteria 
(i) Projection angle with the direction of the pri- 
mary particle less than 15 
(11) Dip angle less than 15 
(iil) The first grain of the track of the 


knock-on electron should ippear within a distance of 


minimum 


about 5 to 6 yu from the heavy track 
(iv) The track of the knock-on electron should be 


long enough to give at | s for 


east 15 independent cell 
multiple scattering measurements 
tracks within 10y distance from the 


top or the bottom of the plate were not accepted 


v) Electron 


a single heavy the 3 most 
suitable electrons f The 


energy of the electrons was determined by the usual 


used 
measurements 


lor primary we 


routs energy 
method" of multiple Coulomb scattering measurement, 
in which signal to noise ratio was > 2. The length of the 
cell size used varied from 10 u to 100 u, depending upon 
the energy of the ki 
the electron 

scattering, we did 1 


1ock-on electron. In a few cases 


where tracks ¢ xpe rie n¢ ed a large -angle 
rest of the electron track 

length available 
Che 
shown in Fig. 4 


energy distribution of knock-on electrons is 


tive error on the energy de 
from. the 


termination of electrons was calculated 


relation 
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Dior = Measured sagitta, Dy 
true scattering sagitta, and m=number of independ- 
ent cells used in the scattering measurement 


where total noise, Daig 


c) Measurement of the Emission Angle of 
“Knock-On Electrons” 


In order lo measure 
track makes with the directi f the primary particle, 
um conditions under 


y which the electron 


we have made use of 


which the errors in the of the dip angles 


of electrons ¢ and of the primary track @o, and also the 
ich the electron track 
nary particle, were 

sed these points 


errors in the proje ction ang | 
makes with the direction of the 
Milone ef 

The in ti ilignment of the hair- 
given by k//' and 
error due to t] electron track 
lis given by &(/ ' where & is a 


minima 
quite in detail 
line of length / to t} 
the 
over a length 


constant and @ is scattering per 


100 u expressed in total error in 
angle @ is given by 
Ad k?/| 


u 


The error A@ is minimun 
:; 


optimum length is given by 


0.48 radian 


when tl 


where & has a value of termined experi- 


mentally. In f Ses optimum length 


given by Eq small we used a cell length 


which permitted a 


the electror 


5 Very 
good ilignment of the hair line to 
Just like Eq. (12 


for the optimum length J d fo measurement 


track the « xpression 


of the dip angle ¢ is given by 

/ be 1S {ly Al 
AZ 
and AL 


emuision, 


tang, s=shrinkage factor ofl 


reading he 1 Uf Cal ~O.5 yu ‘ 


where p 
error in 
~ip 
When the 


the angle y by measu 


prorectl 5° we calculated 


e « f dips and the 
horizontal separation of the two U ks (i. the pri- 
f optimum track 
then the 


mary and the electror 
length / of an electron but when @ was >5 
iw icnlated t} 

¥ was calculated fro ion 
either case the 


, 
sureme ingle ¥ 


angle angie and 
from the dip angles of the two tracks. Ir 
total error in the me was con 
sidered to be 


two readings for an angle ¥ 


~lyu L radia I lost we took 


their values 


d) Energy Determination of the 
Primary Particle 


he energy of the 
per 
The limits 


From the emission 
knock-on electron, one can ¢ line the 
nucleon of the primary particle from Fig. 1 


angle 


energy 
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Fic. 5. Relation between the 
kinetic energy (7) of the knock-on 
electron and the emission angle ¥ 
for various primary energies (7) 
Axes of the ellipse show the limits 
of errors in the measurement of 
energy and the emission angle of 
the knock-on electron. 


y of the 


3 


T ~ Kinetic Ener 


of error in the energy value of heavy nuclei are deter- 
mined the way it is shown in Fig. 5, where 7» represents 
the kinetic energy in Bev/nucleon of the primary 
particle. The error increases with the increase in the 
angle of emission of the knock-on electron. 

Out of 3 or 4 knock-on electrons by a heavy nucleus 
we accepted those electrons which gave the energy of 
the primary particle which did not differ from each 
other by more than 2 standard deviations. Then the 
weighted mean of the energy value of the accepted 
events was considered to be the correct value of 
energy per nucleon of the primary particie. 


the 


V. RESULTS AND DISCUSSION 


On the average we used three suitable electrons for 
the energy determination of a single primary particle 
The energy values of the incoming particle as deter- 
mined from these three knock-on electrons must be 
consistent with each other within the experimental 
errors. If the values of the primary energy as given by 
one of these three electrons differ from each other by 
more than two standard deviations, then we generally 
rejected this electron. The final value of primary 
energy was accepted from the weighted mean of the 
estimated values which were consistent with one an- 
other (within two standard deviations). 

Thus the energy value of each heavy primary par- 
ticle as obtained from the knock-on electron method 
was then compared with their energy values as ob- 
tained from the relative scattering method and from 
the opening angle of a-particle fragmentation. 

In order to check the reliability of the knock-on 
electron method for determining the energy of a pri- 
mary particle, we have selected a number of knock-on 
electrons from the same heavy primary and have thus 
calculated its energy from the emission angle and from 
the kinetic energy of the electron. Table I shows the 
consistency in the value of the primary energy as ob- 
tained from different knock-on electrons from the same 
primary particle of three heavy nuclei of different 


masses and of different energies. [The number of a 
particles in event number 6(M 30(1) 
while in 9(H/ are three. | The weighted mean of 
the primary energy as obtained from knock-on 
electrons method is then compared with primary energy 
per from direct scattering 
measurement of the heavy primary, from (iii) opening 
angle of the a fragmentation, and from (iv) the relative 


scattering of a particles from nuclear fragmentation. 


and is two, 
there 
(i) 
obtained (ii) 


nucleon as 


The following general results are summarized from 
lable I. (a) Energy values of the primary particle, as 
obtained from different knock-on electrons, are con- 
sistent with another, within the experimental 
errors. (b) In general, the error in the primary energy 
increases with the increase in the angle of emission of 
the knock-on electron. (c) The weighted mean value 
agrees fairly well with the value obtained from the 
relative scattering measurement. (d) The reliability of 
the primary energy, as obtained from the direct scatter- 
ing measurement of the heavy nuclei, decreases with 


one 


the increase in the mass number and with the primary 
energy. (e) Fluctuations around the true energy value 
in method (ii) and (iii) are of the same order and they 
are much higher than the fluctuations in methods (i) 
and (iv). 

Thus we see that there is a fair amount of agreement 
between the results obtained from knock-on electron 
method, and from other methods mentioned above. 

We know that the determination of the primary 
energy from the opening angle of a fragmentation is 
limited to events in which very many a particles are 
emitted. It is expected to give rise to large fluctuation 
for an individual event having only a few fragments. 
In Fig. 6(a) we have plotted the distribution of E,./En 
where E,. and E;, represents the energy per nucleon of 
the primary particle obtained by relative scattering 
measurements and by opening angle measurements, 
respectively. The distribution of individual measure- 
ments is asymmetric, as is to be expected from the 
mechanism of the evaporation process and as was 
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already own by Kaplon ef al.' In Fig. 6(b) we have In 3 events we found that alt igh the primary energy 
plotted the distribution of I Ey, where E.> as given by two or three k b electrons by ¢ 


repre ent the weight energy per ! 


kno¢ k on ele 


distribution is als 


the primary by 


tribution 


ame W by relative atter- 


s 
function may 
In Fig. 7 


ré pre sents 


he distribution 


He Cases 


own the distribution E,/E., where E 


ere 


the energy per ) ol the primary particle ob 
tained DV al ind \ knoe k-on electron. In this dis- 
tribution all the k k-on electrons were used including 


which were not used in finding the weis 


\ 
energy value of the primary particle. The 


symmetrical and has a shi 


peak at the center a | mg tals at the edges 


tail inderestimated or 


overestimated the a factor of up to 


10 in the measured energy range. In Fig. 8 we have 
plotted the energy values of 34 primary individual 
events ilong wit! I eir experimental errors as calculated 
ov relative scattering isurement and by knock-on 


electron method. We may note that the agreement bs 


tween the energy value given by the two methods 

fairly good up toa nary energy of 15 Bev/nucleon 
and bevond that the incertainties in the energy de- 
termination increase with the increase in the primary 


energy. 


In about 


70 ios I the cases ¢ events along Will 
their experimental errors lie on a straight line with a 
slope of unity. On the average the error of Ey. was 25%. 


same prim t 


within their experiment lead hast theis 


mean value was det ‘ t , ent wilt the 


values obtained fr gn irements 
This is due to t fact that alt igh we carried ou 
track-to-tra K catter gy me iT { the wu fl lence 
ol spurious scattering and of en yn distortions can 
not be disregarded complet " h results in giving 
1 wrong energy \ t e. In spite 
of the fact tha ¢ ( f vhich were 
selected for Is experi the range of 
useful angle, about 10-12‘ number of 





electrons gave quite different v of the primary 
energy The e ener oTeE witt the 
values obtained fr ( el ro ejected 
from the same primar particle ind also with the 
values obtained Iron the tter g measurements 
TI may be ¢ Nf f the f . gy 
reasons 

1) An event may be a backgr tron and may 
accidentally origil te Iror tne pri r tra k 

ii) Large-angle scattering of the electrons wit 
short distance of 10 t 15, g 

(iil) A high energy ¢ se energy by 
bremsstrahlung pr ( rig 

On the whole » . L electron 
method as used r r! ing the 
energy of heavy pr r good da 
reliable method 
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VI. CONCLUSIONS 
The energy per nucleon of the primary particle has 


been determined by measuring the emission angles and 


tne energies of the knock-on electrons which are pro- 
luced in elastic collision by the heavy primary particl 

its passage through nuclear emulsion. In order that 

KnocK-on electron May give a reliable energy Value 
of the primary particle, it has to satisfy certain nec 
sary conditions which have been discussed in Sec. IV, 
part (b) quite in detail. The frequency of these usefu 
knock-on electrons has been considered in Set ITI, 
part (b) for different primary nuclei with different 
energies 

One should not use only one knock-on electron per 


heavy primary to determine the energy per nucleor 


of the in oming partic le If this partic ular electron Fic. 7. Comparison between energy F, obtained by individual 
. , . . nock-on electron and energy /,. obtained by relative scattering 
happened to suffer from one of the sources of error kno eiectr 4 N | elative attering 
measurements. Ordinate: nur er of events 
mentioned in Sec. V, then it will give an energy value 
of the primary particle which will be quite different 
; ; aa jon its be \ by two of these electrons does not differ trom one an- 
from its true value. Thus it is important to use three or ; 
, k 4 other by more than 2 standard deviations. It is found 
> r~(jT | rons ,¢ S > ni < 1 | ’ . 
more knock-on electrons by a single primary particle that if the proper precautions are taken for the selec 
Su I h hee Qo ily f j r icle ¢ | | 
ich that the energy value of the primary particle given = gj,y of suitable knock-on electrons, then the energy 


by “knock-on electron”? method is quite consistent with 


that determined by other well-known methods, up to 


an energy of 15 to 20 Bev/nucleon. 
If the total energy of the incoming particle is known 
K " . 
then from Eq. (1) one can find the mass of that par- 
| ticle, provided the energy and the emission angle of the 
| knock-on electrons which have been ejected by the 
6} primary particle in its passage through emulsion is 
known. This technique may be good in studying the 
isotopic configuration of different nuclei present in the 
cosmic radiation 
n 
We * 
or, a 
4 é 2 ae 4 
b 
Fic. 6. (a) Comparison between energy E,. obtained by relative R Sev 
scattering measurements and energy Ey, obtained from the oper 
ing angle of fragments. Ordinate: number of events. (b) Con Fic. 8. Comparison between energy </> obtained from 
parison between energy <> obtained by knock-on electro knock-on electron and energy E,. obtained from relative scatter- 
and energy Ey, obtained from the opening angle of fragments ing measurements along with their experimental errors. Dashed 
Ordinate: number of events line makes 45° with either axis 
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provides he radi t ‘ is betwee ne-half r ri ce 1 
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ion prongs appear.’ The experims indicates' that age = 
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the distmbution ol e angie between pairs ol pions 
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aistribution, it Ss cle r 1 t 8 of the h . ke 





model (SM) are. For definiteness, consider the system 











A\NTIPROTON-PROTON 

enclosed in a large box with volume V and with periodic 
boundary conditions. A first assumption of the SM is 
that the rate of annihilation into any given Nr state 


is proportional to Py(Q), given by 


Py(Q)= (2/V)*. 1 


’ 

Here 22 is the “‘reaction volume” in which the statistical 
mixture of states is supposed to be produced. For what 
follows,’ it is helpful to interpret Py(Q) as the prob 
ability to find N free pions in the reaction volume 


Py(Q) = i . J des -dewlos "9 (2) 


where 
1 N 
on exp (i 2. ta*ts 3. 3 
N/2 1 
mel 
Thus, according to the SM, the total rate Ry of 
annihilation is given by 
Ry Cw Py(Q Fy(W) } 
Here Fy(W) is the Lorentz-invariant phase space 


introduced by Srivastava and Sudarshan.‘ 


, . ( f ( dpi: . -dpy 
| ) ome pelemsiagii 


Ww) “ON 


V\" 


8x? 


i=] 


x( WE a (Ep. — 


wi = (p?+y?)!, 


where W is the available annihilation energy and yu is 
the These authors noted that this invariant 
itself conveniently to the derivation of 
ursive in NV. This circumstance 
employed by Kalogeropoulos,*® 
what follows. 

The factor Cy in Eq. 
is usually taken to be 


7 mass. 


form lends 


} ~ , 
relations rec was also 


and is likewise used in 


4) does not depend on W, and 


Cy=const Xn(N)/N! (6 


is the total number of 7=0, 1 states of the 
Vx system. Hence the SM assumptions are a constant 


where nV) 


transition rate into a given Nw configuration, and 
equal weight for all allowed J-spin states. 

Thus the SM takes only incompletely into account 
the various conservation laws and asymmetries to 
which the system is subjected. In particular, angular 
momentum conservation is neglected in this version 


For a further discussion of this interpretation, see R. H 
Milburn, Revs. Modern Phys. 27, 1 (19 It does not affect any 


55 
subsequent argument if one takes Py(Q)=(Q2/V)"—", as is some 
times done 

* P. P. Srivastava and G. Sudarshan, Phys. Rev. 110, 765 


*T. Kalogeropoulos, thesis, Lawrence Radiatior 


1958 


Laboratory 


Report UCRL-8677, March 6, 1959 (unpublished). 
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of the SM.® Furthermore, BE statistics is rather 
cursorily taken care of by the factor (V!)~ in Eq. (5). 
It is this last aspect of the SM that we refine here. 
We again assume proportionality of Rw to Py(Q) given 
by Eq. (2), but employ suitable symmetrized wave 
functions instead of ¢y given by Eq. (3). 

‘Rigorously, Ry is the incoherent sum of transitions 
the various /=0, 1 For given J, these 

can be characterized by distinct spatial sym- 
metries.’? For a specific charge partition of the final 
products, such as, for example, for V=4 


into States 


‘ 


states 


(7) 
the rate R,4(2*,2-) is, of course, distinct from R,, the 
latter being the sum over all charge channels for NV =4. 
To get R,(2*+,2-) we must first project out that part 
of each J state which refers to the given charge partition 
and then sum the corresponding charge-partition 
probability over the J states. 

All of these projections have in common the property 
of symmetry between particles of like charge. They 
are distinguished (always for a given charge partition) 
by additional properties of symmetry and (or) anti- 
symmetry between particles of unlike charge.’ The 
problem that we study is characterized as follows. We 
again take free-particle states for the given charge 
partition and we assume that the summing over the 
isotopic spin states tends to cancel the additional 
symmetry or antisymmetry properties just mentioned. 
Hence we approximately describe Py (Q) by introducing 
in Eq. (2) an expression for ¢y, which is symmetrized 
with respect to the sets of particles of like charge only. 
This paper is devoted to a discussion of four charged- 
pion stars from this point of view. Here the simplest 
7); it is assumed 
(2*+,2-,1°) and 


IIT) 


Once the free-particle assumption is introduced, it 


reaction | 
in addition only the 
)+ 2- 2°) contribute (see, further, Sec. 


contributions come from 


that channels 


| of course, 


yecomes, a decidable proposition to find out 
actually how good is the assumption of a SM with BE 
symmetrization between like particles. Let us first note 
that this last assumption is certainly not rigorously 
satisfied. This can be seen as follows. Suppose we 
ignore isotopic spin conservation altogether and then 
i (J=0,1,-°--,N 


give all possible final isotopic spin states 


equal weight. The number of projections for the charge 
partition V=n.+n_+npz is ther 

nin. neon Vi/n rT N (8 
Now it is phys lly bvious that if all these states have 


equal weight, the net result will 


be just the BE- 


symmetrization effect between like particles and nothing 
*For an attempt to in 
thesis, Lawrence 
July 31, 1959 unpublished 
ee A. Pais, Ann. Phys 


see LeRoy F. Cook, 
Report UCKL-8841 





lished 
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else.> But if we adhere to isotopic spin conservation 
and only consider equal weights for /=0,1 states, the 
number of projections of the charge partition 
(n,,m_,mo) is in general smaller than n’, and therefore 
ome symmetries other than that of like-particle kind 
may remain 

Even so, the a ‘oximation is perhaps not too bad. 
In Appendix I we dis ; ; in a little more detail; 
there it is shown that for V=4 the assumption of equal 
weight for the projections of the charge partition (7 
nto the various isotopic spin states happens to give 
exactly the BE effect between like partic les only It is 
then shown, again for V=4, that the SM assumption 
of equal weight for the isotopic spin states [rather than 


ion (7 leads to a small ce viation from 


for the project 
the pure like particle only effect For the case ofl 
\ 5. 6, no such detailed studies have been pe rformed, 
but it is made plau ible that there also the present 
picture may be a reasonable approximation 
it would appear that, as a first orientation at 
umption of BE symmetrization 
is not much | well-founded than any other aspect of 
statistical consi itions in this domain. We repeat, 
however, that v onsi this work as an orienting 
approach rather than as a definitive answer and wish 
to give one more reason for this reservation. Of course, 
in adequate model hould at the same time give a 
reasonable account of all combined aspects ol the 
annihilation process, especially also of the mean 
multiplicity. The usual SM needs a radius of ~2.5 
h/uc to account for multiplicities.? Such a large radius 
is devoid of direct physical meaning. As we argue in 
Sec. IV, the inclusion of the BE effect tends to decrease 
this value of the radius, but at least in the way we 
proceed here, we cannot hope to fit the multiplicities 
vith a value ~0.75 #/uc for the radius, which was 
juoted above in connection with the angular-correlation 
ct. Until this probl resolved, our results must 
be considered as tentati' ssibly improved angular 
momentum col ratio! ni here bridge the gap, 


, perhaps the ] f a w-m interaction is making 


STATISTICAL MODEL WITH BE-CORRELATIONS 
A. The Correlation Function 


orientatior consider first the case of .\ ) 


particles, having momenta py, Po. 


piays an important role in 


ot base 

have the desir 
orthogonal; (\ 
of such a set « 

* See for exam] 
Tr. Kalogeropoul 
1615 (1959) 

”E, Eberle, Ni 
cimento 8, 625 (1958 
19590 


what follows and 
write 


Evidently (12 


longer de pe nds only 


volume 2 but als 
discuss tl is sha 
point is ot some c 


y(12 lor a spheric 


very little from ¥(12 


where 

known prope rty oO] 
relative to tl 

the two curves 


The Gaussia! 


follow and therefor 


However, we s! 
p of the interacti 
quantity relate 
In one furtl 
convenience to 
possible before 
techniques. Inste 


its relativistic count 


whe r¢ 


This is indeed 
with integrals of 
functions—the 
the integran¢ 
makes it possil 
formations on 


asked h 


premature to 
detail, but one 
t, namely that 
11), differs 


(,aussian 


nere on 
“radius” 
mean the 


argument ol 
as much as 

evaluation 
ictually used 


number of ¥ 
entering into 
rtorm of ¥(x 
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1. Evaluation of the correlation functions as a function of 
the argument. Here y.pn‘" and Weauss? correspond to the spherical 
and Gaussian models, respectively. As can be from the 
figure, the curves corresponding to the two models differ by about 
2°, at most. Note that the insert [Fig. 1(b)] 
factor of 100 vertically and 


seen 


is enlarged by a 
s reduced by a factor of 5 horizontal! 


ompared to Eq. (12). In two regions—!p;|, | po <u 
and p;'\~/ p:|—the difference is small. As the momen 
tum distribution in annihilation is fairly sharply peaked 
certainly for .\ , it follows that the replacement 
of Eq. (12) 14) cannot change the results 
drastically. We have made a numerical check of this 
vhich is mentioned below. 


Instead of Eq. (4 


5,6 


by Eq. 


, for Ry we now have 


dp, eee dpy 
™ J J i? Py (p, Pr * Py 
Wi Ww 


V 


xd(W-—S w,)5(> p (15) 


For the case of reaction (7), we must symmetrize 


separately with respect to two pairs of particles, and 
hence P, is a product of two correlation functions y 
The same is true for the channel (2+,2-,1°), while 
+ 2-2 the product of 


“2 ,e eo), 1S 


for 
three correlation 
functions 

Thus we see immediately that the deviations in 
due to the expression (15) a 
ompared to the usual SM must vanish in two limiting 
cases. First, y approaches a constant for p 
Eqs. (13) and (14) | and we are back to the SM result 
for small interaction volume, the BE correlations have 
no opportunity to develop. Second, for o> =x 
rather if 2 tends to V), it follows from Eq. (2 


ingular correlations 


0 [see 
> i 5ee 


(or 
that the 
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BE effects will be confined more and more to such 
configurations where two participating momenta are 
more and more equal to each other. Hence, the weight 
of the configurations affected by the BE effect gets 
smaller and smaller and can be ignored in the limit 
we reach the SM 
values. Hence an optimum finite p exists for which the 
BE effects are most marked. This is shown quantita- 
tively below 

We use dy'(y) and by"“(y 
in y 


considered, so that also for p— « 


to denote the distribution 
cosé of pion pairs of like and unlike charge, 
respectively (@ is the pair angle in the pp c.m. frame). 
For p— 0, both these functions approach the common 
limit of the SM distribution denoted by #5™(y). The 
ratio of pairs emitted in the backward hemisphere to 
those in the forward is denoted by y. Specifically, y', 
y“, and y®™ denotes this ratio for the cases of like pairs, 
unlike pairs, and the statistical model without cor- 
In the 
relativistic ¢ xpression 


relation functions, respectively 


the 


fc lle wing 


discussion y means (14) 


t xcept in Eq (29 


B. Calculation of the Correlation Effects 


1. ptp—2dxt+2r 


We 


nave 


dp,-- dp, 
R,(2*,2-) -f W(12)W (34 


Ws 


4 4 
xa(W Ew )a(E 
l 1 


I b,' we OVET Ps, Ps, Pil, | P2)- 
The integration over the 3, 4 variables is simplified by 
going to the system where p3+p, 


). (16) 


» find integrate only 


Q and using in- 
The result is 


b4'(y -f [rvs 12)duoydws 


< F’o( W y2)W(W 1? — 4y?), 


variance arguments 


(17a) 
where 

(pi +p»). (17b) 
Here 


2x1 ~—4yu?/W? (18) 


is the two-body The (w,,w2) integration is 


bounded by 
uu, Wy?> 4y (19) 


lo tind 4" we integrate in Eq. (16) over all variables 
except the angle between particles 1 and 3. The result 


Dy"(y = ff pipette k (W yo)Z (pi,P2, 8), (20) 


18 
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where 
2hAy ena 


- sinh(2A| B,| &)+ 


2A|B,/¢é 


. 
Z(Di,P2,€) = 1+ 
2d| Be! é 


2A(Art+A2 


e 
2d B, T B, é 
* sinh (2d B, + B, é 


sinh (2d | B,| £)4 


we 
teh. Cee) 


Wis 


rhe integration limits 


7) (24) 


over all variables except the 
[he integration over the 
rest 


lo 


angle 


integrat 


find P,', 
between Pi 


and Pp 
best performed in the (3,4,5 


finds 


(3,4,5) variables is 


system, ind one 


He re¢ | 
two like plu 


> dp,dpadps 
fk 241\ ui } | y 


three parti le phase space for 


We have 


6 5 
34 s(w- ws a(S n), 


integrating in the 


inct r ‘ticle 
1¢ MAT LIC IA 
} I 


\BI 


a AND PA 


Proceeding in a similar way with ®,", one gets 


f f PrPaledan f pub 


<F{W;(W, 


ie = 


vhere 


ire af 


The bounds in i 
iT ed in Eq. 


given in Eas. | 
and we have 
{ Ds 


for @& where the non 


correlation function is used 


We next give an 
relativistic form (12 


expression 
of the 
starting point is 
have 


which we shall here label yxrr. The 
again Eq. (24), with y replaced by ywr. Thus we 


; * ap.cp 
Ps'nr(y VNR 


12)G(W, 


where 


Here G has 


~dps pf dp;'dp,’ 
G( WW 12) > | f 6 
Ws A Ww, 


the lorm 


where 


and z is the 
(Pit Pot Ps). 
get 


dpidp2 
P5'nr(y) f VNR 


where 
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Che bounds of the (ws,x) domain are given by 


W 2? — 3y?— 2w,5(W ~w1— we) — 2ps Pit Pe x>0, 


while the limits on the 

indicated in Eq. (25). 
In the next shall discuss the relation 

between Eqs. (25) and (29) from a numerical point of 


(w;,w2) domain are again 
section we 


view. Here we only note the considerable advantage 
that the use of an invariant correlation function brings 
with it in simplifying the integrals. 


> 


J. pPtp- >lr 


++ 29+ 2x" 


In this case, the starting point is 


dps 
- W (12) (34 WW (56) 


"we 


6 6 
xa( WE wr )a(X P, 
1 1 
It will be obvious that 


eis = ff pbedeordan Fo,o(Wi2)¥(12), (31) 


W'i2?> 16y’, 


(30 


with 


where F2,2(W) is the four-particle phase space fortwo 


pairs of like particles. Thus we have 


+1 
Fo,2(W) f dy $,'(y,W), 32) 
1 


where #,' is given by Eq. (17). For &5"(y) one finds, 
after some transformations, 


De“(y) = i f Piprdu dw» f f PsPrbartcn f dx 
Tere es 1 


«W(34)Fo(W12')Z (pipet), (33) 


r= OS6 34, 


2(w ys — PaPsX) 
2W 12(ws Wi), 34 
and 
(4 W 2’)? —p? }}. 
In Eq. (33) the respective integration domains are 
further bounded by 
W 32> 2y, for (w3,w4), 
and 
Wi2>4u, for  (w,w2). 
Ill. NUMERICAL RESULTS AND COMPARISON 
WITH EXPERIMENT 


To compare the effect of the BE correlation functions 
with experiment, we have to evaluate the contribution 
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of each charge channel to the sample under consider- 
ation. Four-prong events of the type (2*+,2-,n°) consist 
(at the energy of the experiment under discussion) of 
four charge channels, ed a a 
(2+,2-,2°), and (2+,2-,3°). As has been 


Sec. II, the complexity of the integration involved in 


namely (2 
shown in 


evaluating the distribution functions of the pion-pair 
angles, @(y), increases with the number of particles 
partic ipating kor seven pions, a new type of correlation 
that three 
Che experimental indication is that 
the contribution of pions to the (2+,2- n°) 
sample is no more than 7+5%%. We have thus restricted 
our calculations to the first three charge channels only. 
For each of the three evaluated the 
functions &'(y) and “(y). To investigate the behavior 
of &(y) as a function of the radius of interaction, p, we 
0, 0.3, 0.5, 0.75, 


enters the problem, namely, between 
identical bosons 


seven 


channels we 


evaluated ® for six values of p, i.e., p 
1, and 2 (in units of f/p 


A. Numerical Evaluation 


rhe distribution functions of the pion-pair angles 
were numerically integrated either by the Simpson-rule 
technique or the Monte Carlo method, depending on 
the complexity of the problem 

Wherever possible, the symmetry properties of the 
integrand were used. Each function #(y) was evaluated 
at equally spaced intervals of y=cos@ for each of the 
above-mentioned p values. The functions ,', ®y", ®,', 
#," and %,' were evaluated on an IBM-650 computer 
by the Simpson-rule technique."* The more involved 
integrations of the functions, Bs“ and %,5'nR were per- 
formed by the Monte Carlo method on the IBM 704 
(see Appendix II). 


B. The Pion-Pair Angle-Distribution 
Functions, ®(y) 


Here we will illustrate the deviation of the functions 
#' and #* which include BE correlation effects, from 
the one obtained from the conventional statistical 
model @§™, In Fig. 2 we show #', @", and ©®™ for one 

0.75. As seen from a 
2(a), 2(b corresponding 
to 4, 5, and 6 pions, respectively, the variation of *™ 


particular radius, p can be 


comparison of Figs , and 2(c) 
towards greater isotropy with increasing N is very 
marked 
less pronounced as .V increases 

In Fig. 


d,* Py SM 


‘he BE correlation effects become somewhat 


dy'/by®™"_ and 


perhaps even more 


3 we display the ratios 
These ratios indicate, 


2 The #,', 6." functions were calculated to 2%, the #;' to 3% 
and the 5" to 5% accuracy individual y values for #," 
were evaluated to a 2% accuracy as a check on the calculations 
For the function 4! [Eqs. (31)] the calculation was carried out 
in two steps. First the function F2,.(W) [Eq. (32) ] was computed 
by the 2% Simpson rule and fitted with an expansion. Second, 
%,' was computed by using the above expansion with the 2% 
Simpson rule. As a cross check, several values of %' were also 
computed by the Monte Carlo method (see Appendix IT). 


Several 





clearly than t listributi unct | , the lowering it 
effect he BE lation functi n tl atistical the converse 


model t I ng I th: these lor Phe experiment 
V=4, 5, and 6 fall rather close together. The BE ‘© compar 


I 


correlation func ! lor like plons have the effect of juantity, 


, numb 


raising the distribution for small pair angles and 


numbe 
obt un 


ere J corre spol d 


WI 
The ratio y gives 
of the modifications occurring in 1 { by the intro 


duction of the orrelation functions as a function 


4 


of p. In l , Ww DI! nt tor .' z _ and 6 for both 
he like a nlik rrelation fur It id 
th; 


C. Comparison between Invariant and 
Noninvariant Correlation Functions 


The re 


i ction ¥ i 


rather involved 
validity of this 
calculation also 
selected cases, i.€ 
pions [ see I 
in which we show 


9 


As can be seen, the qualit 
tions are similar. Results of tl 
by 10% from each other at ,; 
form deviating more from 


dy"™ for like and unlike pior correspondi! gy ¢ ilculations pe 
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(not given in this paper) give essentially the sam 
results as for five pions. 


D. Comparison with Experiment 


lo enable us to compare the calculated distribution 
functions with the experimental data, we need to know 
the relative weights of the contributing charge channels 
Che latter were obtained from the experimental data 
by determining both the average number of neutral 
pions produced in 2r*+2x~ stars and the distribution 
of the energy not accounted for by the charged pions 
Eien). A detailed discussion of the method is given 
below 
(a) The average missing energy per event (Ennis. 
was determined for the sample (2*,27,n°) 

b) The average was 


neutral-pion energy (E, 


estimated from the experimental-average charged-pion 


energy. Here we assume that for stars of a given multi 
plicity the charged and neutral pions have the 
energy spectrum. A 

E,o) has been applied 
fact that 


Same 


small correction which lowers 
rhis correction arises from the 
(E,*) was obtained from stars with four, five, 
six, and seven pions, while (E,0) comes from stars with 
five, six, and seven pions. 

(c) The average number of neutral pions is thus 


n (Emiss)/(Eeo). The experimental result is (#' 





p 


4. The ratio r e and 
radius p Here p iS give! 
respond to four charged pions (2%* 


Ve4 5 and6 


unlike pions as a functior 
unit of #/yuc. All calculations cor 
and 2 


respectivel 


with zer ne 


7 esons (1.6 


ATION 








Fic. 5. A compar y distributions calculated with the 
relativistic and nonrelativistic correlation functions, respectively 
Here ys'xr refers to the from the non 
relativistic t refers to the 


distribution obtained 


correlation function, whereas ys’ 


vistic one 


1.15+0.1. This value is in excellent agreement with 


the one obtained from a direct count of electron pairs 
produced from the 
1.1+0.1 


experimental 


conversion of the r°-decay y rays, 
viz., (n 

(d) The Ente 
responds to a folded distribution of the energy in 
neutral pions. If could unfold this distribution 
would determine the weights of the 
corresponding charge channels uniquely. The experi 
mental errors in the momentum determination and the 


distribution of cor 
one 


completely, it 


luctuation in neutral-pion energies do not permit such 

complete unfolding. It is possible, however, to set 
\arrow limits for the two end points of the distribution 
From obtain the 


4 0.15+0.05 and S; 


hese we corresponding weights 


0.07+0.05 for V=4 and N=7, 
respectively 


r To solve for th weigh 5 and Se, We used the 


two equations 


and (n°) to vary 
within their quoted uncertainty, imposing the constraint 


In these allow 5S, S 


4, 7» 


equations we 
that only one maximum can occur in the multiplicity 
distribution 

Finally, as these calculat for ® have not been 


bons 
extended to seven pions, we have added the seven-pion 
contribution to that from six The ratios of the 
0.15 :0.60:0.25, 
limiting values of 0.10:0.70:0.20 and 0.20:0.50 
by ,, 
Sot Sph5+ (Set S7)¥¢, is very insensitive to which 
In Fig. 6, the experimental 

with that calculated for 
The dashed curve gives the result of the SM 


pions 
resulting weights are 54:.8,:(Se+S; 
w t} 
0.30, respectively. Fortunately %y,, given 
f the above sets is chose 
distribution is compared 
p=0.75 


Silberberg 
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It is clear from this figure that the fit to the exper 
mental data is improved for both like and unlike 
pions by the introduct 

In Tables I the experimentally 
determined values for y together with a series of ¥ 
values calculated for radii of interaction. An 
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to experimental 
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IV. CONCLUDING REMARKS 
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Fic. 7. The distribution of y,! as a function of p for various 


incident p energies. The energies in the center-of-mass system 
are W =1.88, 2.5, and 4.4 Bev and the curves are labeled with 
hese correspond to p-p collisions at laboratory momenta 0, 2.25, 
and 6 Bev/c, respectively. The dotted curves refer to y.°™ 


existence of w isobars. These isobars are often thought 
of as pseudoparticles compounded of two (or more) 
x mesons and with prescribed spin and angular momen- 
tum. It is clear on qualitative grounds that the existence 
of such structures would reduce the p value for given 
average multiplicity. Again on qualitative grounds it 
follows that under the same conditions the present 
model also will lead to a reduction in the p value. This 
is because correlated pairs are somewhere between 
pseudo two-body systems and totally free pairs. 
Preliminary estimates indicate, however, that the BE 
effect seems to be insufficient by itself to lead to the 
right multiplicity for p~0.75 h/uc. It must be added, 
however, that several points are at present not quite 
clear to us. In particular, it may be asked whether the 
use of the factor (V!)~' occurring in Eq. (6) is indeed 
a proper way to deal with the question of indistinguish- 
ability. This particular N dependence plays a sizable 
role, of course, in the theoretical determination of 
average multiplicities. Thus a further study of the 
effect of BE symmetries is needed in conjunction with 
improved considerations on angular momentum and on 
the possible role of strong x-x forces. 
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APPENDICES 


I. Derivation of the BE Correlation 
Functions for N=4 


We shall here give a rather detailed discussion for 
the 4 of the validity of the use of wave 
functions symmetrized with respect to like particles 
only.}For the case N=5, 6, 
with some qualitative remarks 

Thus we partition (2*,2>). . 
First note that if we would ignore isotopic spin (as 


case .\ 


we shall content ourselves 


consider the charge 
described in the Introduction), we would have, by 
Eq. (8), six independent and orthogonal (2+,2-) states 
for a given momentum configuration. Their spatial 
wave functions can be chosen as follows. Define [ijkl] by 


[ijkl ] 


Next define a symbol of the [ijkl] type, with a bar 
over two letters to mean symmetrization with respect 


exp i(pi-Xi+ py: X24 Pe Xa+ pr’ X,) |. (Al) 


to the two momenta marked by a bar and symmetriza- 
tion with respect to the two remaining momenta. For 
example, 


(3142]=(3142]+[4132]+[3241]+[4231]. (A2) 


The six functions, 
&,=[3124 ], 
t,= [3142], 
&= [3412], 


(A3) 


form a complete orthogonal set of spatial functions 
spanning the configuration (p,,---,p,). (We referred 
to this set earlier in footnote 8.) Note that we have 


f £,|%dxydx.dxydx,~y(12)¥(34), i=1,---,6, 


Q 


(A4) 


where ¥(12) is given by Eq. (11). Thus, as already 
stated for general V in the Introduction," it is trivially 
correct that equal weight for all six states just means 
like particle symmetry and nothing else. 

Next consider the /=0,1 states for V=4. By the 
methods described in reference 7, we may label these 
states by their correlation numbers and divide them 
in the classes: (4), (31), (22), (211). The number of 
states pertaining to these classes is 1, 3, 2, and 3, 
respectively.'* This totality of 9 states may be chosen 
as:‘an orthogonal set. We must now project out the 
(2+,2-) parts of these nine states. Observe that the 
three states of class (211) have projection null. This 
is easily seen from the Young tableaux corresponding 
to these states, which imply antisymmetry between 
the coordinates of three of the four particles, a condition 
that leads to identically vanishing wave functions for 
the charge partition in hand. Thus, the number of 
orthogonal isotopic spin projections for J=0, 1 


iss 


is 
'® See also footnote 8 
* See reference 7, Eq. (10 
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equal to 9—3=6. Hence these « projections must we construct 


be related to the functior E1,° °° &% of Eq. (A3) by a denote the x 
unitary transformation. Thus equal weight for these 
projectior again gives u the BE effect between like 
particles only, a result mentioned in the Introduction 
We verify this explicitly by constructing the various 
isotopic spin projections of (2+,2-), a procedure that 1 
also helpful for the rest of the argument. To do this, 


These O operators hay the isotopic spin an Evidently this procedure guarant he combined BE 
ymmetry properties required by the classes that label symmetry with regard to charge and space coordinates 
them by superscript; the subscript distinguishes the Proceeding in this way, o1 nds 1 the operator 
] otopic pin states with ch class he construction O for i , il vive t ro t mentioned 
of this set of operators was first given by Halpern" earlier. The t I] 
and was also recently discussed elsewhere It is a as W(1234), where 

simple matter to deriv om these O operators the momentum labels 

wave functions for the ! quali axl system. One imagines 

the 7) i) to be Fourier- <panded and picks off in all VY (1234 

possible ways the contributions to the momentum 


configurations p;,:-+,p,s for the charge channel (2*,2 One finds 


Here x,* denotes the amplitude for a r* meson with different symmetry, and 
momentum p;. The space wave functions § are as over charge and i 
defined in Eq. (A3). Now if the projections ¥ (1234) Performing all these « 
into (2+,2-) [given by Eqs. (A7) and (A8)] all have terms of the type & 
equal weight, the total rate of transition into a given (A4), we have verified 
momentum configuration is equal to metry between like part 
previously on general grout 
(1234 AQ Let us next 
weight to tl 
to their (2* 
where the summation is taken over the six states of This means that we must weigh each of the six terms 


7 Explicit time depender not needed for what follows in Eq. (A9 ith tl ing ratio (or correlation 
8 F. Halpern, Ann. P! , ' 
See reference 7 Apper 


rhis is apart from a common normalization factor 6 part in 


coefficient 





tN i 
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the spin states built up. These 
relative weights, which can be read off from Table IV, 
N=4 of reference 7, are 8/15 for class (4); 4/5 for 
31), and 1/3 for class (22). Hence it follows that 


now the over-all rate of transition into a given momen- 


which isotopk are 


Class 


tum configuration becomes, in the SM, 


18: 


ce 


The first integral just corresponds to pure BE sym 
like particles. The term 
constitutes a correction to this. To 
magnitude of this correction term, we have computed 
,'(y 0.75 at three selected y values 
The integrations, in which 80 individual integrals were 
involved, were performed on the IBM-704 computer. 
The results that for y=+1, 0, and —1, th 
correction terms are all positive and amount to a 2% 


Os 
> 707 
mH! /Os 


metry between second 


evaluate the 


for the case p 


show 


and 2.1% change in ®,', respectively. Since the 
corrections are all positive, the effect on y is even 
smaiier. 

For .V greater than four, we have not made such a 
analysis, but merely the following. 
Evidently something special happens for V=4 in that 
the number of (2*,2-) states is equal to the actual 
number of projections of the orthogonal J=0, 1 states 
into this charge channel regardless of isotopic spi 
restriction to J/=0,1. This accounts to a large extent 
for the fact that the BE assumption is particularly 
5, 6, this equality is no longer 


detailed note 


good in this case. For .V 
true. Equation (8) tells us that the total number of 
(2*+,2-,1°), (2*,2-,2°) states is equal to 30 and 9%, 
respectively, wheras the number of orthogonal pro- 
jections from J=0 and 1 is equal to 21 and 51, respec- 
tively.2) As the latter numbers are of the same 
as the former ones, it is at least plausible that most of 
the additional symmetries between unlike particles 
will cancel out, so that also here the assumption of 
like particle symmetry only may be a 
approximation. 


order 


reasonable 


II. The Monte Carlo Method Used for Multiple 
Integrals in Phase Space 


For the evaluation of the n-fold integrals with n>4 
occurring in the various expressions in many-particle 
phase space, we have used a Monte Carlo method 
(MCM) of integration. These calculations were coded 
in FORTRAN by Marjory Simmons and were evaluated 
with the IBM-704 computer of the University of 
California Computer Center in Berkeley. 

An n-fold integral corresponds to a volume in n+1 
dimensional space. This volume can be expressed as 
the average height of the function multiplied by the 
“area’”’ of the domain of integration. Here the domain 


2% These last two numbers follow from reference 7, Table I 
There are no null projections in these instances 


NIHILAT $11 
extends over m dimensions and contains all the permis 
The MCM used here 


consists of generating m random numbers which, after 


sible values of the variables 


suitable normalizations, correspond to a point in nm 
dimensional space 


’ 


to ascertain whether this “point” lies inside ( 


The essence of the method is just 
SUCCESS 
or outside failure) of the domain of integration 
For each “success” point, we then compute the value 
of the The values of the 
integrand divided by the number of ‘tries,”’ N, for a 


to a number proportional 


integrand sum over the 

sufficiently large V converges 

to the desired integral 
lo be more specific, let us consider an n-fold integral 


and write 


Here 
n-dimensional domain D(x,-++.x,;3 4a 

M1,°°* Xn, a8)>O0. The 
known upper and lower bounds: a,'"< 
k=1,-++ n(a,™" are constants). The domain 
D(x),°++,%n5a) integration is carried 
out is an n-dimensional volume which is thus contained 
maller than, J) 


f( vi, Xn aD) 


x dx,- dx,. (A10) 


the integrations are to be carried out over an 
where we have 
, are limited by 


<=T <x7,0™ - for 


nN variables, 1 
and x; 


over which the 


n, but is in general where 


(All 


[> (um xm 


We will designate the n variables in an n-dimensional 
point by x(=x, 
Our procedure can be best if we now 


say the function &¢"(y) 


understood 
consider a 
[ Eqs. (33), 
five-fold integral 
y( cosé 
To obtain a distribution in y, we 


specilt exampl 
(34). (35 
T he 
respectively, as defined in the text. 
need to evaluate the 
integral for several values of the parameter y. We 
chose seven distinct values for y, and thus need seven 
five-fold integrals. In addition, we need a distribution 
in p. We chose six values of p, giving us 42 five-fold 
integrals in all. Fortunately we were able to evaluate 


This function is given by a 
parameters a and § are now 
and p, 


all 42 integrals at the same time, because of the follow 
ing two circumstances. First, the domains are independ- 
can order the 


domains as a function of the parameter y in such a 


ent of the parameter, p Second. we 
fashion that each domain contains all the subsequent 
domains, 


D(x; ¥1) DD(x; ¥2 ) D(X: Vo 


the ith 
domain D(x; y,;), we know it will also lie outside all 
the subsequent domains, i+1,---,m 


Thus, when a given “point” x lies outside 


We will proceed in describing the MCM by giving a 


sequence of steps that correspond crudely to the logic 
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Tase Ll 
Monte 
correspo 


of the 


De ta is ¢ j ve or t f ] ‘ } l Dd." 1 the 

ad F mi ) \ 67 000 
ng to 4.5 hr on tl rrors are given for six 
' 


42 integrals perfor 


Carlo meth 


followed during the 
repeated a large numl 


each repetition represent 


a) Generate 
prope rtyv U r 
(b) ¢ ompule 


the { random ni 


This 
x chosen at ral 
Eq. (All 

c) Te y { ne point X 1s ce ital 
If it is, thi 
D(x; y 
considered a 


(ordered 1 n-dimensional point 


domain D defined in 


ed in D =e 
‘success’ for the domain 

proceed t | t ij t, this try 1s 

and for all 


Start at step 


ubsequent 
uned in D(x: 

for 1 try 1 t a uccess” for the 

domains and a ailur 


i=l, ; wl is the fir 


irom 
domain that does 
means that 


not contain tl t re l_—1l=m 


the point l domains Proceed to 
Step (¢ 

(e) Compute /(x; , the integrand at the point 
x for the values of the 
pj lor 7 1, ~~ . 


of my number 


‘ 


parameters 1 1, 


Re pe 


is the average value he integrand, where we use the 


convention that whenev is not inside the domain, 


DHA 


B 


p IS set 


given by 
Pp, ViyPy 
Lim D(y,)f 


‘P 1 
Lim( D> = ) 


Lim D=™ 5° 
\ s 


The pract 


above 


o its limiting v 


has the 
To answer thi 
variance. In 
errors in the 
us define ?,* 
after a cons 


l") 
manner 
q / yh 
distributior 
good approximat 
obtained by pit 
of .\ 


tries by the exp 


tries 


lo give a qualit 
IBM 704 involve 
examples erew 
,"(y,p) were evalu 
of tries, V = 67 000 
us A 
resulting 
given in Table III 


67 points for 
number 


2 See, for example 
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The gravitational effect on the classical Coulomb self-energy of a point charge i 
It is shown that the total mass then becomes finite (although still quite large), ar 


the charge and not on the bare mechanical mass. Thu 


calculated rigorously 
| that it depends only on 


S, a particle acquires mass only when it has non 


gravitational interactions with fields of nonzero ran 
extend the canonical formalism, previously obtained for the free gravitatior 


the Maxwell field and the point charge system. It i 
field are unaltered while those of the 
The determination of the total energy of a state car 


given time. The self-mass of a particle is then the tot 


taining no excitations of the canonical variables of 
to pure particle states of two like charges are also 
one-particle results 


1. INTRODUCTION 


HAT gravitational coupling may be of relevance 

in the self-energy problem has recently been 
suggested by a number of authors.' We shal! here 
investigate the effect of gravitation on classical self- 
energies of static point charges. 

The aim of classical point electron theory, since its 
inception, has been to obtain a finite, model-independent 
electromagnetic self-energy, and if possible, to dispense 
with mechanical mass altogether. Thus the total mass 
of the particle would arise from its coupling to the field. 
Such a program, however, was not feasible, since the 
self-energy diverged linearly, with no realistic com 
pensation possible. In terms of renormalization theory, 
this implied an infinite ‘bare’ mechanical mass. Since 
gravitational interaction energy is negative on the 
Newtonian level, this field may be expected to provide 
compensation. Indeed, a simple argument yields 
limit on the self-energy due to just such a compensation 
Consider a bare mass mp distributed in a sphere of 
radius e. In the Newtonian limit, the total energy (i.e., 
the clothed mass) m is given by m= mo— }ym¢*/e. For 
sufficiently small e, m becomes zero and then negative. 
In general relativity, the principle of equivalence 
states that it is the total energy that interacts grav 
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matter system 


till } 


the Maxwell or Einstein fic 


btained, an 


order to treat this problem, it is necessary to 
il field, to include « vupling with 
wn that the canonical 
ure natural ge 
/ 


variables of the gravitational 


neralizations of their flat 


space forms 


be made from knowledge of the spatial metric at a 
f a pure one-particle state, i. 


Soluti 


ul energy « a state con 
ns corresponding 


1 their energy is shown consistent with the 


tationally and not just the bare mass. Thus, as the 
interaction energy grows more negative, were a point 
reached where the total energy vanished, there could be 
no further interaction energy. Consequently, there can 
be no negative total energy, in contrast to the negative 
infinite self-energy of Newtonian theory. General 
relativity effectively replaces mo by m in the inter 
Solving for m yields 
2ym,e)' |. This relation is the rigorous 


ction term: m=my—4ym"/« 


m= "| — et (e€ 


one obtained? in IV for a neutral point particle and 
shows that m 
More interesting i 


>O as e > O in this case. 
the fact that the gravitational 
natural cutoff for the Coulomb 


self-energy of a point charge 


interactions produc ‘i 
Here the self-mass resides 
in the Coulomb field, 4 /(e/4xr*)*d*r. By the general 
argument above, on gravitational compensation, one 
expects that the Coulomb energy near the origin 
(which is, in fact, “denser” than the neutral particle’s 
6-function distribution) will have a very strong gravi- 
tational self-interaction, resulting in a vanishing {total 
contribution to the Thus, the integral 
effectively extends down only to some radius a, yielding 
mem =) So" (e/4ar dr = (2/4 We can deter- 
this effective cutoff a by the same 
equivalence principle argument. Without the gravi- 
tational contribution, the mass is mo+4(ée/4re), so 


the total clothed mass is determined by the equation 


self-mass 
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of freedom that characterize 
system. As in ITI and IV, we 
order form of the Lagrangian t} 

We will se n Sec. hi is a rigorous’. illustrate the methods involved, 

consequence f ti fh | uation I e limit «e— 0 reduction for the 

vi (e?/4ar)*y—*. The bare mechanical mass mo pace. The extensi 

again does not contribute to the clothed mass. Our traightforward fa 

result is then equivalent to a cutoff a=4(e/41)*y! on The Lagrang 

the flat space Coulomb integral. The solution of the to be 


+} 


field equation for e case of two like charge ; will also 


: ) ° ‘ P = ra = 
be given in sec. 3 ind seen to be onsistent with the ~ ae Lem ad AI 


conclusions of the one parti le Case, 

In order to derive the above, it is necessary first to t 1 Fur Faby on at f 
have a canonical formalism for the coupled fields in " 
question. This is required to ascertain that the various 1)" (s 
one- and two-particle solutions are truly pure particle sities 
states and involve no independent gravitational or 
electromagnetic excitations (waves). Only then is the 
total energy of the system the particle’s mass. In 
pre vious work (III, IV), the general theory of ré lativity Here A, and 5” are the ve 
has been put into Hamiltonian form in terms of two variant electromagne 
*, tively, while ny» is 
we begin with the extension of these results to include 5 


} } +} 


the situation in which the electromagnetic field and 


point charges are coupled to the gravitational field. We 


independent canonical degrees of freedom. In Sex 


variable x*(s) is the 
of an arbitrary parameter 
velocity and }’ 


«} see t] _ tion leaves ' ame singe ‘ 
all see that this generalization leaves unaltered many variation gives 


1 y ] »\ 1 ha icte isti S f * SYS I 4 
of the formal an phy il chara ristics of the ystem. rr +m 0. In 
] 


Thus, the gravitati canonical variables and the 


independently, 
coordinate conditio1 hoice of intrinsic coordinates and $”" gives rise 
remain unchanged he canonical variables for the fret order form: variatior 
Maxwe and matt ystems are found to be simple vields the parti e’s firs 
generalizations of familiar flat pace ones. Also, the with the Lorentz force. 
expression for total energy is formally identical to that 


: _ dr/moy where dr is the 
given in III and IV for the free field and expressible 


Aly may next perform the 
entirely in terms of the metric at spatial infinity. to obtain: 
The renormalization treated in Sec. 3 (which relates 
the clothed mass to the bare parameters) did not involve *pt4i 
any divergent manipulations, unlike the usual pro 
cedures of Lorentz covariant field theory. In Sec. 4, ; 
1) ' ; c . where A 
we shall apply the renormalization techniques used in : a: 
P hy ; é. , . . written in ° 
divergent proble: to e finite results obtained in 
Sec. 3 to see if a consistent reinstatement of mechanical 
mass can thereby be made. The gravitational coupling 
constant must then also be renormalized (with infinite 
renormalization consta! n order to obtain the correct 
Newtonian limit at ge interparticle separatior 
However, the higher ord ‘ms still diverge, requiring where & 
an infinite number o 11 terms, as in a non- 
Notat i 
the Newto 


zation procedure is a liv inconsistent and does not o 3. Greek 


renormalizable field the Thus, such a renormali 


; , ‘ perations ar 
provide an acceptable alternative . : 
AL TIX iInvers 
with respect t 


2. CANONICAL REDUCTION OF THE tensors is dete 
COUPLED SYSTEMS 


In this section we analyze t ipled gravitational- The totally ar 
tensor densities of weight 
‘Equation (2 is 

he canonical form, at n nde lent degree s(s) with d’ tra 


electromagnetic point charge system in order to obtain 
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the constraint variables by looking at the differential 
equations. These equations arise from 
varying the Lagrange multipliers Ao and A. (The 
constraints of course arise from varying 
by Wr 1 
in Lay.) In terms of the orthogonal decomposition of a 
vector f; into its transverse and longitudinal parts 
(f= f 7+ £7 :=0, curlf“=0), the Maxwell con 
straint equation reads 


constraint 


ile brak 


¥, and merely tell one to replace §, 


Sil = e5(r—r(t)), 2.4 


ae in the 


one that 


of 


has 


eliminate terms 
r({ Similarly, 
ry= —(xar'+m)'. In terms of the notation ), 

Tite 1,7(r(t),d) and & e*4,7 the reduced La 
grangian, with all constraints eliminated, reads 
within diverge nces and total time derivatives 


to 
variables 


allowing one 


= 1 
particie 


L y= (— &'7)d,A,"4 pi(dx' dt)5*(r—r(t)) 
(pi—eA 57) (pi—eA" 


+m? }45°(r—r(t))} ree 


eo . r 
{ 2 { & & + ‘ \ + 
2 ' t 


re 


2.5), &© is understood to be the solution of 


Eq. (2.4) and thus £y depends only on A,7, &'7, x*(¢ 
ind p,(t). Note that A,” has disappeared from Ly, du 
to the particle’s equation of continuity (which is an 
identity here 
canonical pg—H (p,q) form with A,7, — 
Maxwell canonical variables and x‘(t), p;(t) 
for the particle. The total Hamiltonian density i 
course, the usual one for this system. 

The inclusion of gravitation is achieved simply by 
adding the term’ £4¢=(—*g)!4R to Ly in Eq. (2.1), 
replacing n, there by the metric g,,, and inserting a 
factor (—‘g)~? in the S$ term. The canonical reduction 
of the free gravitational field was performed in detail in 
III. We merely record here the form of L¢ after algebraic 
Using the notation 


The Lagrangian is now in the desired 
&,7 being the 
being those 


ol 


constraints have been eliminated 


4T" Ogim)\ 
— pq Tim'g'™)g'"¢ 2.62 


2.6b 
Le becomes 
-NR°—N;R', 


Lo= Td gi 


R® 
R dr 


g§4R+-¢ §(4a°— wie, ‘ 2.8a 


2.8&b 


The quantities N and N, are the four Lagrange multi 
pliers of the field. The , 
generalized Lagrangian Ly of Eq. (2.1) can also be 
in terms of this notation. Thus, 

g'i—(N'‘N?/N?*) where V'=g'4N,, and the definitions 
St == FO = (—4p) 1 F% and @'=c'*A,7 
straightforward calculation® 

5 The four-dimensional 
{3 (x—a) f(x)d*x= f(a 


ransfr rms as 


covariantly 


gravitational 


* } nail 
r xpre ssed using 


_ one finds after a 


defined accord 
scalar function f(a 
inder coordinate transfor 


é-function is 
ior an\ 


a scalar densit 


kk 
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Ly = (— 8'7)0,A 57 + pi (dx'/dt)H®(r—r(t)) 

—N (4g Lg i; (6°8'+ B'BY) | 

+[ (pi eA ,7) (py—eA gy") g*4+ me *'(r—(t)))} 
+N '{€5;,8°B*+ (p,—eA H(r—r(t))}. (2.9) 


The equation determining &'! 


the orthogonal decomposition ot & 
(ne 


is again Eq. (2.4) and 
and A, is formally 
can see from this form of 
Ly that the same matter variables are canonical as in 
flat space. It should be stressed that this would not be 
the case had one introduced, for example, &;= g,,8’ as 
the primary variables. Under these circumstances, one 
ld h simple pg—H form of La. As will 
be seen below, it is equally important in order to reach 

canonical form, that the Lagrangian be linear in A 
ind N,. The fact that &'= 5", A,, p(t), and x‘(/) are 
the appropriate variables can also be seen from geo- 


defined as in flat space 


Wot ave lost i¢ 


metrical considerations in that these variables can be 
defined on const surface independently of 
how the coordinates continue off the surface. Thus, 
both the requirement of canonical form and that of 
having appropriate Cauchy data single out the same set. 

The total £, which 
and (2.9 is the 


an initial ¢ 


is obtained by adding Eqs. (2.7) 


, now h: form 


r"0 gis4 &i7 


r(t))dx'(t)/dt 
NR‘, (2.10) 


IA T+ p (DC 
NK 
where A depend only on wr’, g;,, &'7, Ax", pi(t), and 
The remaining step consists in reducing the 
gravitational variables to canonical form. This can be 


r'(t). 


carried out in a manner identical to the free gravi- 
tational field procedure of Ii] 


the gravitational 


k*=0, and impose 
make the orthogonal decomposition of gi 


according to 


ism fii? fist Si (2.11 


Thus, one must eliminate 
variables by solving 
conditions. Again we 
and 


constraint 
coordinate 


on the right-hand side can 
ssed as a linear functional of f;;. 
two transverse traceless components 


if! 7=0); f;;7 is transverse and is 
{T 


where each of the ¢ 
be uniquely expre 
Here f 5377 are the 
of fi; (f4;77,;=0, 

quely determined by its trace 


i ifs ‘T 2 7 
1 5.;f% — (1/V*) f 
> trace of the transverse part of f,,; and 
i+ f,.4 contain the longitudinal parts of f;;. In the 
above, 1/¥* is the inverse of the flat space Laplacian 
uppropriate boundary conditions) 


0 read 


operator (with 
TI e constraint equations he» 


1 —if 4 
ig LSE, +-B'B, | 


R' 
7 


+L (pi—eA 57) (p (2.12a) 


(2.12b) 


—eA‘T) +m 4 (r—r(t)), 


R= [erind'B™+ (peels PME—H(O) Ie 


The three-dimensional 4 
with respect to three-space and in ar 
= # (r (i 


the metric 


s the identity 4 
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These differ from the free field constraints only in 
having the matter’s energy and momentum densities 
on the right-hand sides of Eqs. (2.12a) and (2.12b) 
respectively. Thus, Eqs. (2.12) can again be solved for 
-V2gT and —2r' ; The same 


coordinate conditions as 


in an iteration series. 
used in the free field case, 


put the full coupled theory into canonical form wi 
Lagrangian of Eq. (2.10) reduced to 


TT T\ A T 
(Rij T © 0.A,; 


t pida ; dtés*(r 


L=w'iTT9 
r(t)) 

Tol gis? w77,A 57,87 x(t), pi(t)] is the 
solution of the constraint equations for — Vg" and is 


where KH 


the Hamiltonian density of the total system. Again, % 
does not de pend expli itly on the chosen coordinates x* 
(2.10) is the 


generator arising from the endpoint variations of the 


Associated with the Lagrangian of Eq. 


action. The #* terms do not contribute here either, 
since they vanish by virtue of the constraints. One ha 


V2gT)al 


and 


To, 


Upon insertion of the coordinate condition (2.13 
the solutions of the 


ar"! T®,, the 


G f astm a 


constraint equations V?g" 


generator be comes 
iT)§ AY! 


ox? + T° ba 2.16) 


t pda ({ or 
We see that /* 


lations, while P 


time trans 
to be interpreted as the 
generates spatial trans- 
IIIa that the 7°, derived directly 


Lagrangian (2.14) agree with the 
a spatial divergence 


S # T 
f d*x T" is 


total field momentum 


generates 


since it 
lations. It is shown ir 
the canonical 
2.16 
] 


from 
T™, of Eq. 
of the canonica 
The 7,° are 
matter variables. In the 


to within at most 
V iriable . 


of course, functionals of the metric and 


lat space limit, one can im- 
mediately 
for the 
this limit, the left-hand 

V°g" and —2zx 


sides the 


ro 


recover the Lorentz covariant expressions 
Chis follows from the fact that in 
ides of Eqs. (2.12 
and the 
energy-momentum 
Eas 


, are the energy-momentum densities 


matter 7”, 
are just 
right-hand 
The 


2.12) rigorously for 


respectively, 
correct cle nsities. 
obtained by solving 

V?g" and —2r* 
of the coupled gravitational and matter systems (and 
are highly nonlinear in the two parts of the system). 
If one is interested in the numerical values of P* for a 
particular solution of the coupled equations, however, 
expre terms of the 


one need not canonical 
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R AND 


variables. Here P* can be obtained directly from the 
metric quantities g’ and x‘. This is no different from 
the fact that the electromagnetic variable &” determines 
the total charge. 

One need not 


(2.13) to reduce the theory to canonical form 


1 ¢} 


have used the coordinate conditions 


Indeed, 
with asymp 


any conditions consistent 
I< 


totically flat boundary conditions could be employed 


coordinate 


to obtain a canonical form (in terms, of course, of 


different canonical variables hat the numerical values 
of P*, as well as ot } : 


changed by such a proce 


quantities, are un- 


a forth- 


nown i 
coming paper (IVa). For the ions of this paper, 


we shall find it us 


coordinate 


conditions 


ntroduced 
lecomposition of the 
breakup (2.11) ] 
parts. By 


rearrangement of the generator of Eq. (2.1 


G fos miTT59. TT 4 &'T)6A,7 


vector rz‘ [arising 


into its transverse and longi ina a simple 


we obtain 


rif )ox'it 


Since f and rt! 2r yj Can be 
solved for in the 
2.12) and are the 
5x* in G, they may be taken to be T 
tively. Note that, gh the gravit 


these are 


chosen as the four quantities to be 
coefficients of 


and 7°; respec- 


constraint equations 


itional canonical 
different 
considered since 


variables are still g 
quantities from the s previously 
they are transverse-traceless with respect to a different 


Simul ire different functional 


coordinate frame ’ 
of the new canonical varial 

rhis coordinate syste m is 
Li; takes on the form 


£; gi 
h the boundary con 
canonical variable 


there fc re 1S¢ yt ro] kK 


3. COULOMB SELF-ENERGIES OF POINT CHARGES 


The formalism of the preceding on allows us to 


treat the problem of static self of charged 
particles. As we have seen, the energy, £, of a system is 


given by the numerical value of the H 


fo 
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where dS; is the two-dimensional surface element at 
spatial infinity. Thus, the energy is given by the 
coefficient of 1/(49r) in the asymptotic expansion of 
g’, since this term is the monopole part of (1/¥V*) 7%. 
A one-particle state is one that contains no in- 
dependent excitations of the gravitational or electro- 
magnetic fields in the rest frame. This requires that, 
for this state, gj;77=2'77= Af=6T= pi 
ever /=const surface the energy is being computed. 
With the coordinate conditions of Eq. (2.17), we are 
therefore dealing with the time symmetric situation, 
0. According to Eq. (2.19), then, the metric 
isotropic; it is convenient to write it as g; 


0 on what 


ie is 
x'(r)é 
From the discussion of Eq. (3.1), the energy is the 
coefficient of 1, (32xr) in the asymptotic form of x(r) 
The field equation determining g? and hence x is Eq 
2.12a). One has® 


1 22 I ? 


g)®R= —8y Vy = me*(r) + 4x _ 


with the electric field, &€“, determined by Eq. (2.4) to be 


eil 
&'* 


(—e/4ar) ,. 3.3) 


A forma] solution of Eq. (3.2) may be found by 
setting x*=¥— ¢. One finds 
“8x Vx = 8( ¢V?o—V VY) 
+82 ¢)( ety WT ¢ 
mod (r) +4 (ye— ¢)71( 84). 
If one then makes the assumption 
&4=4(eVy¥—vV_¢), 


and y=1+m/(32mr), Eq. (3.4) 
correctly reproduces Eq. (3.3). Equation (3.2b) then 
determines the total mass m to be 


(16nr) 


with g=e 
] 
i 


m=lim 16r{—¢e+[ e+ (e/8x)?+ moe/8x }'}. (3.5) 


e 0 


In Eq. (3.5) the parameter ¢ has been introduced by 
setting 6*(r)/r to 4*°(r)/e, and is thus essentially the 
“radius” of the 6-function. [This interpretation of the 
6-function corresponds to viewing 6*(r) as the limit of a 
shell distribution, 6(r—«)/4ar’, of radius e. In the 
Appendix, it is shown that the results of this section are 
independent of the model chosen for &(r) in the point 
limit. ] The result (3.5) is that m= 2e, or in conventional 
units, m= (e*/4)4y—4. Hence, the total mass is finite 


3.2a) 
8xV*x =po(r), where po is any bare mass distribution ] 
can be obtained by simple equivalence principle arguments 
starting from Newtonian theory. The Poisson equation V*@ 
= 44-ypo= }po, for the gravitational potential ¢, must be corrected 
to include the particle's gravitational self-energy, 4¢, as part of 
the source, i.e., V49=}9=4(po+49¢). Eliminating p, one obtains 
V*6 = }00(1—4¢)'. In terms of x=1—4¢, this is just Eq. (3.2a) 
in the neutral case. For the point electric charge, the same argu 
ment with po replaced by po+4.¢, leads to an equation for @ 
which yields the correct total energy 


* Professor L. N. Cooper has pointed out to us that Eq 
with e=0[ - 
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and independent of the bare mechanical mass.’ The 
gravitationally renormalized electrostatic self-energy is 
now finite. The analysis also points out that mass only 
arises if a particle has nongravitational interaction 
with a field of finite range. For example, an electrically 
neutral particle coupled to a Yukawa field would still 
acquire a mass by virtue of this coupling. 

A solution may also be obtained for the case of two 
particles of like charge. For simplicity, we consider a 
system of equal charges and equal bare masses. The 
field equations (3.2) and (3.3) are now 


&y Vex 2Li1 fil 


mol 6° (r,) +69 (42) |+4x78""S (3.6) 


L-e 
r— a; 2 with a», the positions of the charges. 
Again, y*="7—¢, where g= (e/16mr)(1/r;+1/re) and 
Y= 1+ (2/649) (1/r,4+-1/re). As the one-particle 
case, Eq. (3.4) holds. The parameter £ is the total 
energy of the two-particle state since again the canonical 


and 


(4er,)—e/(42re) } i, (3.7) 


where Ti? 


in 


variables of the fields and the momenta of the particles 
are zero. One finds 
E=\lim 32r{—e+[« +-(e/8r)* (142 

+ (moe/8r) (1+) |} (142%), (3.8) 


where x= é/ry=e a,|. In the limit e=0, 
obtains E=4le No interaction energy (rie 
dependent term) survives. This may be understood by 


a; 
2m 


one 


examining the Newtonian limit of large r;.. One would 
to find there that (e?/4a—-ym?)/r yo. 
However, as was seen, m= (e*/4ary)', and so the right- 
hand side vanishes. The fact that E=2m generally, 
indicates that the electric gravitational forces 
cancel in all orders of 1/r;2 which further implies that 
the initial metric g;;= x‘d;;, r'’=0 actually determines a 
static solution of the Einstein equations. This is indeed 


expect E—2m 
| 


and 


the case.* 

The solution (3.8) correctly reduces to twice the m 
of Eq. (3.5) (even for finite €) as r1.—+ ©. One can 
all the results (including 
interaction energies) by taking mp and e small and rj. 
large before passing to the limit «—> 0. This may be 
viewed as the “dilute” limit since the extension of the 
particle is large compared to its bare mass and charge. 


recover usual Newtonian 


Alternately, it corresponds to a perturbation expansion 
in powers of y. One easily sees that 


E~2mot+ 2(e/44—ym¢)/2e+ (2/49—yme)/ri2 


+OU1 ‘21 (r32)?,1 €f\2). (3.9) 

7 It is interesting to note that, even though m=O for the neutral 
particle, this does not imply that space is everywhere flat. The 
metric is indeed flat for r>e, but rises steeply in the interior. 
Using, for example, the model leading to Eq. (A.3), one finds that 
S fg rd ref otx'd’x= (4/6)(32e)*m? in the limit «#0. In 
general, x~(m»/e)* for small ¢ in the interior and so this integral 
is always finite wher limits to the point particle. Also, 
S 0° *R(g)'d*x= my, which shows, in a model independent way, 
that space is curved at the origin 

* A. Papapetrou, Proc. Roy. Irish Acad. 51A, 191 (1947) 


one 
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rhe higher term 

among the lower order 

unrelated, there 

econd and third 

usual Coulomb 

is a whol f ( ivergent tern l ror 

rigorous 

um to a finite a I owing the inapplicabi 
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4. RENORMALIZATION METHODS 
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the neutral I irt t! ( } l zero, 
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particle’s mass arises entirely its electromagneti 
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variant field theory 
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for E in terms of the renormalized 


parameters approaches 2my as € goes to zero. Hence, 


lormula $.5 


the Newtonian interaction is rigorously absent in spite 
of the fact that the y renormalization was carried out 
explicitly to obtain it 

Similar difficulties occur in the charged particle case. 
1/ry. part of FE that y is to be 
renormalized as before. 


be renormalized in such a fashion that 


One finds from the 


n order to obtain the Coulomb 


energy, e must 


e/¥ is unchanged. Again, however, the lr and 


higher terms are still divergent. 
5. CONCLUSIONS 


In this paper, we have analyzed the effects of general 
That 


com 


relativity on the classical self-energy problem. 


effect a 
self energic s 


gravitational interaction can realistic 


pensation of positive follows from its 


intrinsically attractive nature and the fact that it is the 
total energy that interacts gravitationally. The gravi 
tational coupling is then of such a type as to damp out 
large positive energies arising from the other interactions 
which the particle may have. This was seen rigorously 
the static Coulomb self-energy. I 


in the case of 


general, the total static energy remains positive 


definite if the matter energy density — 7% is positive.’ 
This follows from the general equation 
8x Vx 


g'(— To) =x— T°o(x)) 


which can be integrated to vield 


- 


-8Q@ x, dS; fa x°(— To(x)) >0 


Equation (5.1) also gives an upper limit on E. If on 
integrates by parts,” on the left side, one obtains 


| fas g*( Pa(x))—8 f (ws 


Thus & is bounded by the matter energy computed in 


i gravitational field x. For the coupling discussed in 
this paper, the further limitation that EF is less than 
flat space value can be established, showing that 
/mpensation indeed takes place. Here, Eq 5.2) take 
rie form 


d°x &*&' 


E(x) = mo/x(0)+} 


as we will see shortly, x(r) Fi, 
1). This formula makes clear 
| T* 
n,n’]*, where n, 

like surtace This correspor 

2gn,n’ (*R*,—&, *R 

,=0 n,n’) *,= T* 

re we have made 
> suriace at infinity 


space value t 


319 


derived in Sec. 3, x(r)~r-! near the 


hus, the first 


\s Was 
T 


term vanishes (showing again 
to the total 


ivior ol s also suthcient to con- 


doe Ss not cor tribute 


the bare ma 
mass), and the bel 


verge the integral in Ee The compensation of 


he Coulomb infit brought out by the 


relatior 


obtained by multiplying Eq. (5.1 first term 
| 


on the right is infinite, its divergence being compensated 


by x*. The 


by the last term 
That the f 


unity follows 


everywhere greater than 


from the condition 
Sy 5.6 


The minimum Laplacian then 


principle for 


guarantees that x takes or s least value (unity) at 


Infinity 
obtained above 


The numerical value for the mass of 


cl ICal with electron 
tary I~ 1()' 8m... is 


would not 


point particle 


charge, 


m = ¢ much too large. Of course, one 


expect classical theory to give correct 


numerical values for masses. Any realistic discussion of 
self-masses must be based on quantum theory. How 
etlective flat utotl 


obtained in this paper were to hold also in quantum 


ever, if the space | a~[e (4dr)? + 


the numerical values for the mass and charg: 
different 


theory," 
would be quite 
cutoff in Landau’s 

irge, one finds e//4r= 10 
cnarge as has 
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For example, using such a 


estimate’ for the renormalized 
independent of the bare 
been Landau 


previou ly noticed by 


" Landau obtair 


In{ (h/mc)/a} 
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where v™~10 is essentially the number of charged fields. 


Equation (5.7) was obtained by summing the dominant 
With an effective 
cutoff of physical origin, the usual objections to making 


an estimate of what otherwise 


In cat h st if ene rey diagram 
is a divergent series need 
no ionger hold The methods of Landau also yield a 
formula for the renormalized mass in terms of the bare 
mass and the charge.” In tl 
that the bare mass did no 
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the bare mass distribution remains a 6-function) is not 
clear. Finally, it should be emphasized that we have 
assumed in the above discussion the simplest possibility 
that the gravitational effects on the quantum theory 
be summarized in terms of a cutoff of the 


can type 


considered by Landau 
APPENDIX 


that the results of 
3 are independent of the model one uses for the 
functions. In order to 
the solutions, we the 

shell For 
simplicity, we consider the neutral case in detail, where 


In this Appendix, we will show 
sec. 
6*(r) 


structure 


source 
of 
of a 


see the general 


first examine 


b(r—e) 


will 


model distribution, torr? 


8V*x = mA(r dorr°x (r) 


| mo/x(e) j6(r ive’. (A.1) 


exterior solution 
1+[ mo/x(« 


mo X\€) 


lorrzZe 
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x (7) 


has the form 
total 


xe 


of course 
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1/32xr with mass 
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m by 
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h{ — 4 
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m [ 2 +-2myoe |}, (A.2 


Sec. 3. Note 
used in obtaining Eq. 


>O the 


precisely the result that only the 


(A.2), 


result is model 


exterior solution was 
suggesting that in the limit « 
independent. The inner solution is a constant x(r) =x (e 
It is the jump discontinuity in the derivative of x(r) at 
r=e that reproduces the shell distribution. For small « 
one finds 


XV A.3) 


The above result, that 
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mass distribution. 


0 in the point limit, is 
indeed independent 
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for the cz of an extended source 
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If € repre sents the radius of the matter distribution, the 
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Interior Schwarzschild Solutions and Interpretation of Source Terms 


R. Arnowitt,*t S. Deser,* anp C. W. Misner{ 
Department of Physics, Brandeis University, Waltham, Massachusetts 
(Received April 27, 1960 


lhe solutions of the Einstein field equations, previously used in deriving the self-energy of a point charge, 
are shown to be nonsingular in a canonical frame, except at the position of the particle. A distribution of 
“dust” of finite extension is examined as the model whose limit is the point particle. The standard “proper 


’ 


rest-mass density’ 


is related to the bare rest-mass density. The lack of singularity of the initial metric g,. 


is in contrast to the Schwarzschild type singularity of standard coordinate systems. Our solutions for the 
extended source are nonstatic in general, corresponding to the fact that a charged dust is not generally in 
equilibrium. However, the solutions become static in the point limit for all values of the bare-source param 
eters. Similarly, the self-stresses vanish for the point particle. Thus, a classical point electron is stable, 
the gravitational interaction cancelling the electrostatic self-force, without the need for any extraneous 


“cohesive” forces. 


1. INTRODUCTION 


HE simplest physical solutions of the Einstein 
field equations in the presence of matter are the 
well-known Schwarzschild and _ Reissner-Nordstrom 
metrics. In these spherically symmetric cases, the 
the exterior solutions can be obtained without a 
detailed description of the mass and charge distributions 
which produce the gravitational field. However, the 
interior solutions come into play in relating the source 
parameters to the observable mass occurring in the 
exterior solutions. For example, in obtaining the self- 
energy for static point particles (changed or neutral) 
one must relate the exterior mass parameter m, to the 
bare mass mo and charge e of the particle, as was 
discussed in previous work.' In this note, we examine 
in more detail some properties of the inner spherically 
symmetric solutions in their relations to the sources 
In Sec. 2, we shall concentrate on the initial value 


problem, which, in the present case, completely de- 
termines the spatial part of the metric? (g;;);.0 in 
dependent of go. Our model of the extended particle 
will consist of a cloud of ‘“‘dust” (no pressure terms 


present). In the self-energy analysis, the basic parameter 
is the bare rest-mass mp. We will relate it to the more 
conventional parameter, the “proper rest-mass density” 
poo, usually defined for “dust”.* The comparison is 
carried out in isotropic coordinates, where g;; is every 
where regular. (It turns out that the Schwarzschild 
coordinates are so singular that a relation between p 


* Supported in part by the National Science Foundation an¢ 
the Air Force Office of Scientific Research under Contract 
t On leave from Department of Physics, Syracuse Universit 
New York 

t Alfred P. Sloan Research Fellow. On 
Physical Laboratory, Princeton 
lersey 

1R. Arnowitt, S. Deser, and C. W 
487 (1960); Phys. Rev. Letters 4, 
paper [ Phys. Rev. 120, 313 (1960) } 
V in text. The present paper is Va. 

? Our notation is as in earlier work. Latin indices run from 1 to 3, 
Greek from 0 to 3, and »° =1. We use units such that l6ryc"*= 1 =< 
where y is the Newtonian constant 

+See, for example, C. Mdller, The Theory of Relativity 
New York 195? 


Syracuse 
Palmer 


New 


leave from 
University, Princeton, 


Misner, Nuovo cimento 15 
375 (1960), and preceding 
The last paper is denoted by 


Oxford 


l'niversity Press 


and my cannot be obtained when the particle’s dimen 
sions become sufficiently small 

In Sec. 3, the rest of the metric (gq) is computed at 
the initial time in the canonical coordinate system! 
whose spatial part is isotropic initially. These canonical 
coordinate conditions fix the go, uniquely. The analysis 
is carried out for the simple model of a “shell” distri- 
bution of matter and charge of radius e. The go are 
shown to be regular everywhere, independent of the 
size of «. Thus no restrictions on the bare mass due to 
size arise. This is in contrast to the situation in the usual 
Schwarzschild solution (even in the isotropic frame) 
where one regards m as the basic parameter and must 
require m<e in order to avoid singularities. The usual 
restriction on the mass is due to a singularity in the 
coordinate system and is not in the geometry. (That 
the Schwarzschild singularity is spurious has, of course, 
previously been noted* from the exterior solution 
alone.) A relation does exist between m and the source 
parameters mo, 
invariant in the point limit and actually has an in- 
variant significance for extended bodies as well. It is 
also seen that the 


e, and ¢e which is manifestly coordinate 


solution in the canonical frame is 
static only in the point limit (e=0), where it represents 


} 


a stable classical charged particle 


2. ANALYSIS OF SOURCE TERMS 


Ihe generally covariant Lagrangian governing the 
Einstein-Maxwell point charge system has previously 
been shown (V) to reduce to the form® 


rf TT 008i; +(— & T JOgA J 


+S 4 pilt){dx'(t)/dt}o'(r—r(t)) V det (2.1) 


where 
Fes — gh *R— g(a? —3''n, 
+ 44 T sis BG, |+d04 (0 r(t)) 


L C OF; 
< [me+ (pi—eA,")(p'—eA*™) },  (2.2a) 
ynsdal, Phys. Rev. 116, 


inpublished ); and C. Fr 


*M. Kruskal 
778 (1959 

5 All tensors anc 
} 


i covariant operations are three-dimensional 
y a superscript ‘4’, g’’ being the matrix inverse 
at 


nless specified 
and ‘',”’ indicating the covariant derivative with respect to 
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quantitative understanding of the A-meson nucleon 
teraction 
Dispersion relations for partial wave amplitudes will 
be deduced from the double dispersion representation. 
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of the partial wave dispersion equation has been 
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KINEMATICS 


We commence with the kinematical characterization 


of the pion kaon tering and the crossed processes, 
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represents approximately its effects 
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tering length approximation : 
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may be used. To expedite the integration in Eq. (19), 
we further make the nonrelativistic approximation 
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C. P Wave in the Kx Scattering 


In writing down the dispersion relations for higher 
angular momentum amplitudes, we take advantage of 
the fact that, as s—> (M+-y)’, Ai(s) approaches zero as 
[s— (M+ )*}', to suppress very high energies under the 
dispersion integrals. We write 
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Again in the spirit of effective-range approach, we 
shall only consider the nearest singularities: the branch 
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write [s— (M+)? A 4!" (s) = my" (s)/d, (s), where 
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tering-length approximation for the phase shift of the 
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The quantity g(mo) is a rather sensitive function of mo. alone is considered 
An estimate shows that £(o) = 0.28, 5.16 for n= +] al a” will pre 
and —1, respectively equivalent, B 


7 


are taken into act 
V. CONCLUDING REMARKS { sf 0 j 


Implic it in our treatment is the as umption that a . salistying the cro 
in the s-wave dispersion relation, Eq. (10), is large com branch cut ’ 
pared to the contributions from the left-hand branch than that ot | 
cuts for not too high energies This corre sponds, phy Sl- eet rmediate st 
aegeneracy ol tne 


If. in the futur: 


the isotopi spin 


cally, to the assumption that the Aw interaction can 
be approximately described by a contact interaction 
between two bosons. Such an interaction produces an - 
s-wave dominant scattering. In the effective-range introduce two pher 
formula for the proc rt+ax—>K+kK, Eq. (20), the 
initial-state interaction was taken into consideration 


eters a and a 
alternatively, 

bootstrap mec! 
, P 


; ; , inter 
idering two plon exchange between the pion and the \n it o 
K meson. On the other hand, if we assumed a“? to be in unstable ve 


small, the contributions from the unphysical brancl 


The p-wave scattering parameter was obtained by con- 


conserved isoti 


1° 1 . " ar ing artici 
lines should have been taken into account seriously. cung parucn 
a thic G t he 
If, moreover, it turns out that ImA, s) for s< (M—yp Unis Case, 
: the resonanc« 


left-hand branch « 
tion, with the resonan 


is large, then the po ibility of the p-wave resonance 


appears in the kaon-pion scattering also.' It is unlikely, 


however, in view of the corresponding situation in the . , 
’ , orresponding situation in the magnetic structure of 


pion-pion problem,’ that the ‘adiabatic’ solution large isotopic splitt 


whose starting point we outlined here will actually de- 


velop a resonance in the p wave, even if the left-hand ACKNOWLEDGMENT 
onsidered serioual a 
re eriously. [he author is indebted 


branch cuts are 


he adiabatic solution we described here corresponds encouragement throughout 
l ag nt thro ( 


to the Hamiltonian of Eq. (1) in the conventional Frazer for some comme! 
Lagrangian theory , im equivalence of the phase 

1G. F. Chew 

Radiation Labora 


the approximation as long as the Hamiltonian of Eq. (1 27. J. Sakurai 


shifts for the 7=4 or 7 =} states is true independent of 





Octoaer 1, 1960 








: yi ioe ca AT cee a net : f tom # es e i a ) i. seaman L. Fatxofl 


ten 4 sh B Keller 


» Lehman and Ken: A. Shape 
H.R. Philipp — E. A, Taft 
yo Lone : ohn Myers 
E. Kaus and Vi i. Watson 

t. and L. Apker 
janie!  Mattis 
| Laurasce 

iY. Yatet 


1. Field for Resonance . 
F. Dillor :, } se and } 


: Bay and H. H, Seliger 
a. |= Nicholas A. Krall aed E. Gerjucy 
: Norman W. Baziey 

© Henderson and Charles W. Scherr 
Bridence for Zero S: in of idie™. -. 

, Vi W. Hughes, sayy A. White 

. CC. Schmii and S, 8. Burson 





dad 4. Schwarzschild 
B. James Rag 
Ja Ralph A. Tobia 
tie Transitions KR. ], Biin-Stoyle 
s and the Bi" Branching Ratie 

ite W. Eakins, and E. N. jensen }. 

JCB, Simmons and R. L. Hesikel wa . ° 

200M. Bianivk and J. C. Hensel j : 

. Pe i Lite ane detain, Y.C. Tang, and K. Wildermuth 

: eke, cic es in the Heavy Maas Se kate WER iianot, W. 1. sme and A. O. Niet 


L Harris, : K asturi Rangaa 
it Shell Mods cane 

snd Charites §.. Porter 

Barshay 

ul Barshay 

og Su Tsai 

. %. Breit 

L.. Jain 


raham Pais 
W. “Aisner 


. W. Miener 
-tiatin W. Lee 325 


PRESS, IXC., LANCASTER, PA. 











